A Bound on the Approximation Order of Surface Splines

M. J. Johnson Dept. Mathematics & Computer Science Kuwait University P.O. Box 5969, Safat 13060 Kuwait

Abstract

The functions ϕ_m := j � j^{2m−d} if d is odd, and ϕ_m := j � j^{2m−d} log j � j if d is even, are known as surface splines, and are commonly used in the interpolation or approximation of smooth functions. We show that if one’s domain is the unit ball in R^d, then the approximation order of the translates of ϕ_m is at most m. This is in contrast to the case when the domain is all of R^d where it is known that the approximation order is exactly 2m.

1 Introduction

The area of Radial Basis Function Approximation is motivated by the practical problem of approximating a smooth function f : R^d → C^d which is known only at finitely many scattered points Ξ ⊂ R^d. A standard technique for approximation is that one starts with a radially symmetric function ϕ ∈ C(R^d), and then seeks an interpolant of f|_Ξ from the space spanned by the Ξ-translates of ϕ. In other words, one seeks s ∈ span{ϕ(· − ξ) : ξ ∈ Ξ} such that s(ξ) = f(ξ) for all ξ ∈ Ξ. Of course there is, in general, no guarantee that such a function s exists, but conditions on ϕ which ensure the existence of such an s are known. However, for many interesting choices of the function ϕ, the above setup needs to be modified slightly in order to guarantee the existence of the interpolant s.

Definition 1 Let ϕ ∈ C(R^d) and m ∈ Z_+ := {0, 1, 2, . . .}. For finite pointsets Ξ ⊂ R^d, we denote by S(ϕ; Ξ, m) the collection of all functions s of the form s = ∑ ξ∈Ξ λ_ξϕ(· − ξ) + p, where p ∈ Π_{m−1} := {polynomials of deg ≤ m − 1} and the coefficients {λ_ξ} satisfy ∑ ξ∈Ξ λ_ξq(ξ) = 0 for all q ∈ Π_{m−1}.

Micchelli [8] has given general conditions on ϕ which ensure that for all f, there exists a unique s ∈ S(ϕ; Ξ, m) such that s|_Ξ = f|_Ξ . Examples of suitable ϕ are the surface splines given by

ϕ_m := { ρ^{2m−d} if d is odd ρ^{2m−d} log ρ if d is even , m > d/2. Here, ρ : R^d → R is given by ρ(x) := |x|, x ∈ R^d. The surface splines, ϕ_m, arise naturally in the solution of a variational problem. Duchon [6] showed that of all functions which interpolate f|_Ξ, the one which minimizes a certain semi-norm is the one which belongs to S(ϕ_m; Ξ, m). The results of the present work apply primarily to this example.

In order to raise the issue of approximation, let us suppose that we desire to approximate f on an open bounded domain Ω ⊂ R^d. One hopes that the interpolant s approximates f better and better as the pointset Ξ becomes ‘dense’ in Ω. To make this notion precise, let us measure the density of Ξ in Ω by

δ := δ(Ξ; Ω) := sup_{x∈Ω} min_{ξ∈Ξ} |x − ξ|.

In other words, δ is the smallest value for which Ω ⊂ Ξ + δB, where B := {x ∈ R^d : |x| < 1} is the open unit ball in R^d.The notion of ‘approximation order’ is typically used to describe the asymptotic rate at which the error decays when f, the function to be approximated, is smooth. Let us say that interpolation from S(ϕ; Ξ, m) provides approximation of order γ in Ω if ‖f − s‖_{L∞(Ω)} = O(δ^γ) as δ → 0

for all sufficiently smooth functions f, where s ∈ S(ϕ; Ξ, m) is the unique interpolant to f|_Ξ. A basic problem is that of determining, for a given ϕ, the largest such γ; that is, determining the approximation order of interpolation from S(ϕ; Ξ, m). In the literature there are two rather distinct approaches to this problem.

One of the approaches starts by writing the interpolant s ∈ S(ϕ; Ξ, m) as the solution of a variational problem. The error can then be estimated by careful consideration of the variational problem. In the case of the surface spline ϕ_m, what is known is that if Ω is a compact subset of R^d satisfying a uniform interior cone condition, then interpolation from S(ϕ_m; Ξ, m) provides approximation of order m − d/2 (cf. [12], [11], [10]). That is ‖f − s‖_{L∞(Ω)} = O(δ^{m−d/2}) as δ := δ(Ξ, Ω) → 0, where s ∈ S(ϕ_m; Ξ, m) interpolates f at Ξ.

The other approach started under the simplifying assumptions Ω = R^d and Ξ = hZ^d. Of course these assumptions violate our initial setup, but it was hoped that the results and insights gained under these assumptions would shed light on the original problem. The reader is referred to the surveys [4],[1],[9] for descriptions of these works. For the sake of the present discussion, we mention only that for the surface spline, ϕ_m, it is known that interpolation from S(ϕ_m; hZ^d, 0)^1 provides approximation of order 2m in Ω = R^d.

Later, Buhmann, Dyn and Levin [2] were able to dismiss the assumption Ξ = hZ^d, while still retaining the assumption Ω = R^d (see also [5],[3]). By and large they obtained the same approximation orders as were obtained under the simplifying assumption Ξ = hZ^d. It should be pointed our that their work was done not in the context of interpolation from S(ϕ; Ξ, 0), but rather in the context of approximation from S(ϕ; Ξ, 0). The difference being that one doesn’t insist that the chosen s ∈ S(ϕ; Ξ, 0) actually interpolate f|_Ξ. With regard to the surface spline, ϕ_m, they showed that one can approximate from S(ϕ_m; Ξ, 0) with approximation of order 2m in Ω = R^d. From their results, one can derive the following concerning the case when Ω is bounded: If ~Ω is a compact subset of Ω (necessarily at a positive distance from the boundary of Ω), then as Ξ becomes dense in Ω, one can approximate from S(ϕ_m; Ξ, 0) with approximation of order 2m in ~Ω. In other words, it is possible to choose s ∈ S(ϕ_m; Ξ, 0) so that ‖f − s‖_{L∞(}e_{Ω)} = O(δ^{2m}) as δ := δ(Ξ, Ω) → 0 for all sufficiently smooth f. This of course leaves open the question as to how well f can be approximated near the boundary of Ω.

The purpose of the present work is to examine this boundary question primarily in the context of the surface spline ϕ_m. Since we intend only to give an upper bound on the approximation order, we will consider only the nice case when the domain Ω is taken as the unit ball B. We will show that the approximation order of interpolation from S(ϕ_m; Ξ, m) is at most m. Note that this lies strictly between the values m − d/2 and 2m mentioned above. Our bound on the approximation order applies not just to the error of interpolation from S(ϕ_m; Ξ, m), but in fact to the error of best approximation from S(ϕ_m; Ξ, m) (or more generally, from S(ϕ_m; Ξ, ℓ), ℓ = 0, 1, . . . , m). The arguments also apply in case one measures the error in the L_p(B) norm. Here is the result:

Theorem 1 For all 1 ≤ p ≤ ∞ and ℓ = 0, 1, . . . , m, there exists f ∈ C^∞(R^d) such that E(f, S(ϕ_m; Ξ, ℓ); L_p(B)) ≠ o(δ^{m+1/p}) as δ → 0. Here, E(f, V ; X) denotes the error of best approximation, measured in the X norm, from the space V to the function f: E(f, V ; X) := inf_{v∈V} ‖f − v‖_X . 1S(ϕ; Ξ, 0) is often used in place of S(ϕ; Ξ, m) when Ω = Rd or when one is not interpolating f.

Throughout this paper we use standard multi-index notation:

D^α := ∂^{α1} ∂x^{α1}_1 ∂^{α2} ∂x^{α2}_2 · · · ∂^{αd} ∂x^{αd}_d , α ∈ Z^d_+.

The Laplacian operator is denoted by

Δ :=

∂^2 ∂x^2_1 + ∂^2 ∂x^2 + · · · + ∂^2 ∂x^2_d . For α ∈ Z^d_+, we define |α| := α_1 + α_2 + · · · + α_d, while for x ∈ R^d we define |x| := √ x^2_1 + x^2 + · · · + x^2_d. The natural basis for R^d is denoted as {e_1, e_2, . . . , e_d}. We employ the function r : (0..∞) → R defined by r(t) := t. For t ∈ R, the greatest integer ≤ t is denoted by ⌊t⌋. 2 A reduction of the problem

Our plan for proving Theorem 1 is to exhibit (the existence of) a function f ∈ C^∞(R^d) and a family of pointsets {Ξ_h}_{h∈(0..1/2]} such that δ(Ξ_h; B) = O(h) as h → 0, but

E(f, S(ϕ_m; Ξ_h, ℓ); L_p(B)) ≠ o(h^{m+1/p}) as h → 0. (1)

Let {Ξ_h}_{h∈(0..1/2]} be any family of finite pointsets satisfying

Ξ_h ⊂ (1 − h)B and δ(Ξ_h; B) = O(h) as h → 0.

As hinted in the introduction, when examining an approximation to f from S(ϕ_m; Ξ_h, ℓ), we will focus our attention not on the entire domain B, but rather on just the boundary layer B\(1 − h)B. So rather than (1), we will in fact be showing E(f, S(ϕ_m; Ξ_h, ℓ); L_p(B\(1 − h)B)) ≠ o(h^{m+1/p}) as h → 0. We can further reduce our focus to just the interval [1 − h..1] by employing the spherical averaging operator R : C(R^d) → C([0..∞)) given by Ru(t) := 1 c ∫ |x|=1 u(tx) dσ(x), where c := ∫ |x|=1 1 dσ(x). Here, σ is the measure associated with spherical coordinates (see [7]). In words, Ru(t) is the average of u over the sphere of radius t with center at the origin.

Lemma 2 Let ϕ ∈ C(R^d). If there exists g ∈ C^∞(R) such that E(g, R[S(ϕ; Ξ_h, ℓ)]; L_p[1 − h..1]) ≠ o(h^{k+1/p}) as h → 0, (2) then there exists f ∈ C^∞(R^d) such that E(f, S(ϕ; Ξ_h, ℓ); L_p(B)) ≠ o(h^{k+1/p}) as h → 0. Proof. Let 1 ≤ p ≤ ∞, and assume that for all f ∈ C^∞(R^d), E(f, S(ϕ; Ξ_h, ℓ); L_p(B)) = o(h^{k+1/p}) as h → 0.

Let g ∈ C^∞(R). Since we are only concerned with g on the interval [1/2..1], we may assume WLOG that g is identically 0 on a neighborhood of 0. Hence, f := g ∘ ρ ∈ C^∞(R^d). For the case 1 ≤ p < ∞, we note that if s ∈ S(ϕ; Ξ_h, ℓ), then ‖g − Rs‖^p_{Lp[1−h..1]} = ∫_1 1−h | | ∫ |x|=1(f(tx) − s(tx)) 1 c dσ(x) | |^p dt ≤ ∫_1 1−h ∫ |x|=1 |f(tx) − s(tx)| p 1 c dσ(x)dt, by Jensen’s inequality, ≤ 2^{d−1} ∫_1 0 ∫ |x|=1 |f(tx) − s(tx)| p t^{d−1 1}_c dσ(x)dt =^{2d−1}_c ‖f − s‖^p_{Lp(B).} Taking p^{th} roots proves ‖g − Rs‖_{Lp[1−h..1]} ≤ 2^{(d−1)/p} c^{1/p} ‖f − s‖_{Lp (B)} (3) for the case 1 ≤ p < ∞. That (3) holds as well for the case p = ∞, can be seen by taking the limit as p → ∞. The proof of the lemma is now completed by taking, in (3), the infimum over all s ∈ S(ϕ; Ξ_h, m).

Although S(ϕ_m; Ξ_h, ℓ) has a rather complicated structure, the structure of R[S(ϕ_m; Ξ_h, ℓ)] (the spherical averages of the functions in S(ϕ_m; Ξ_h, ℓ)) is surprisingly simple. We will show that there is an m-dimensional space V_{m,ℓ} (independent of Ξ) whose restriction to the interval [1 − h..1] always contains the restriction of R[S(ϕ_m; Ξ_h, ℓ)] to the same interval. The upshot is that we can replace the (apparantly h-dependent) space R[S(ϕ_m; Ξ_h, ℓ)] with the (h-independent) space V_{m,ℓ}. This allows us to show, in a rather simple fashion, that there exists g ∈ C^∞(R) such that (2) holds with k = m.

Theorem 3 Let ϕ ∈ C(R^d). If there exists a k-dimensional space V ⊂ C[1/2..1] such that R[S(ϕ; Ξ_h, ℓ)]|_{[1−h..1]} = V|_{[1−h..1]} for all h ∈ (0..1/2], then there exists f ∈ C^∞(R^d) such that E(f, S(ϕ; Ξ_h, ℓ); L_p(B)) ≠ o(h^{k+1/p}) as h → 0.

Proof. Assume to the contrary that

E(f, S(ϕ; Ξ_h, ℓ); L_p(B)) = o(h^{k+1/p}) for all f ∈ C^∞(R^d).

Then by Lemma 2,

E(g, R[S(ϕ; Ξ_h, ℓ)]; L_p[1 − h..1]) = o(h^{k+1/p}) for all g ∈ C^∞(R).

Since R[S(ϕ; Ξ_h, ℓ)]|_{[1−h..1]} = V|_{[1−h..1]}, it follows that

E(g, ~V ; L_p[0..h]) = o(h^{k+1/p}) for all g ∈ C^∞(R),

where ~V := {v(1 − ·) : v ∈ V }. Let v_{n,h} ∈ ~V be such that ‖r^n − v_{n,h}‖_{Lp[0..h]} = o(h^{k+1/p}) as h → 0, for n = 0, 1, . . . , k. Let p^′ be the exponent conjugate to p. Note that even if p > 1, we still have ‖r^n − v_{n,h}‖_{L1[0..h]} ≤ ‖1‖_{Lp′ [0..h]} ‖r^n − v_{n,h}‖_{Lp[0..h]} , by Holder’s inequality, = h^{1/p′} ‖r^n − v_{n,h}‖_{Lp[0..h]} = o(h^{k+1/p+1/p′} ) = o(h^{k+1}). Since dim ~V < k + 1, there exists scalars c_{n,h} such that k∑ n=0 c_{n,h}v_{n,h} = 0 and max_{0≤n≤k} |c_{n,h}| = 1, ∀ h ∈ (0..1]. Hence, ‖ ‖ ‖ ‖ ‖ k∑ n=0 c_{n,h}r^n ‖ ‖ ‖ ‖ ‖_{L1[0..h]} = ‖ ‖ ‖ ‖ ‖ k∑ n=0 c_{n,h} (r^n − v_{n,h}) ‖ ‖ ‖ ‖ ‖_{L1[0..h]} ≤ k∑ n=0 |c_{n,h}| ‖r^n − v_{n,h}‖_{L1[0..h]} = o(h^{k+1}). Define

M := min_{0≤n≤k} E ( r^n, span{1, r, . . . , r^{n−1}, r^{n+1}, . . . , r^k}; L_1[0..1] ) . Since {1, r, . . . , r^k} is linearly independent in L_1[0..1], it follows that M > 0. Note that

inf ‖ ‖ ‖ ‖ k∑ n=0 a_nr^n ‖ ‖ ‖ ‖_{L1[0..1]} : max 0≤n≤k |a_n| ≥ 1 ≥ M

Hence, ‖ ‖ ‖ ‖ k∑ n=0 c_{n,h}r^n ‖ ‖ ‖ ‖_{L1[0..h]} = h ‖ ‖ ‖ ‖ k∑ n=0 c_{n,h}(hr)^n ‖ ‖ ‖ ‖_{L1[0..1]} = h^{k+1} ‖ ‖ ‖ ‖ ‖ k∑ n=0 h^{n−k} c_{n,h}r^n ‖ ‖ ‖ ‖ ‖_{L1[0..1]} ≥ h^{k+1}M

because max_{0≤n≤k} h^{n−k} |c_{n,h}| ≥ 1. Thus we have a contradiction.

3 The space V_{m,ℓ}

Definition 2 For n = 0, 1, . . . , m, define v_n : (0..∞) → R by

v_n(t) := (Δ^nϕ_m)(te_1).

For 0 ≤ ℓ ≤ m, let V_{m,ℓ} be the subspace of C^∞(0..∞) given by V_{m,ℓ} := span{v_n : ℓ ≤ 2n ≤ 2m − 2} + span{1, r^2, r^4, . . . , r^{2⌊(ℓ−1)/2⌋}}. That dim V_{m,ℓ} ≤ m can be easily seen. Indeed, if ℓ is even, then dim V_{m,ℓ} ≤ #{n : ℓ/2 ≤ n ≤ m − 1} + #{0, 1, . . . , ⌊(ℓ − 1)/2⌋} = (m − ℓ/2) + (ℓ/2) = m;

while if ℓ is odd, then dim V_{m,ℓ} ≤ #{n : ℓ ≤ 2n ≤ 2m − 2} + #{0, 1, . . . , ⌊(ℓ − 1)/2⌋} = #{n : (ℓ + 1)/2 ≤ n ≤ m − 1} + #{0, 1, . . . , (ℓ − 1)/2} = (m − (ℓ + 1)/2) + (ℓ + 1)/2 = m.

Now, in view of Theorem 3, in order to prove Theorem 1 it suffices to show the following

Theorem 4 For all h ∈ (0..1/2], R[S(ϕ_m; Ξ_h, ℓ)]|_{[1−h..1]} = V_{m,ℓ}|_{[1−h..1]} . In order to prove 4, we need the following lemmata:

Lemma 5 Let 0 ≤ a < b ≤ ∞. If g ∈ C^{2m}(a..b), then Δ^m(g ∘ ρ) = 0 on the annulus {x ∈ R^d : a < |x| < b} if and only if g ∈ span{1, r^2, ..., r^{2m−2}} + { span{r^{2−d}, r^{4−d}, ..., r^{2m−d}} if d is odd span{r^{2−d}, r^{4−d}, ..., r^{−2}, log r, r^2 log r, ..., r^{2m−d} log r} if d is even Proof. It is a straightforward matter to verify firstly that

Δ(g ∘ ρ) = g^{′′}(ρ) + d − 1 ρ g^′(ρ), and secondly that

Δ^m(g ∘ ρ) = g^{(2m)}(ρ) + p_{2m−1}(ρ)g^{(2m−1)}(ρ) + · · · + p_0(ρ)g(ρ),

for some functions p_0, . . . , p_{2m−1} ∈ C^∞(0..∞). Hence, we can appeal to the classical differential equations theory to conclude that the solution space of the linear DEQ

g^{(2m)} + p_{2m−1}g^{(2m−1)} + · · · + p_0g = 0

has dimension 2m. Since the proposed space of solutions has dimension 2m, it suffices to simply show that these are solutions of the equation. For m = 1, this can be verified by inspection. Continuing by induction, assume the Theorem is true for all m^′ < m. Consider m. It suffices to show that 1) Δ(ρ^{2m−2}) ∈ span{ρ^{2(m−1)−2}} 2) If d is odd or 2m − d < 0, then Δ(ρ^{2m−d}) ∈ span{ρ^{2(m−1)−d}} 3) If d is even and 2m = d, then Δ(ρ^{2m−d} log ρ) ∈ span{ρ^{2(m−1)−d}} 4) If d is even and 2m − d > 0, then Δ(ρ^{2m−d} log ρ) ∈ span{ρ^{2(m−1)−d} log ρ, ρ^{2(m−1)−2}} Each of these can be easily verified.

Lemma 6 Let u ∈ C(R^d), and for t > 0 define f_t : R^d → R by f_t(ξ) := R[u(· − ξ)](t). If u ∈ C^∞(R^d\0), then f_t ∈ C^∞(tB) and

D^αf_t = (−1)^{|α|} c ∫ |x|=1 (D^αu)(tx − ·) dσ(x) on tB (4) for all α ∈ Z^d_+.

Proof. We begin by noting that

f_t(ξ) = R[u(· − ξ)](t) = 1 c ∫ |x|=1 u(tx − ξ) dσ(x). Clearly f_t ∈ C(tB) and (4) holds for α = 0. Proceeding by induction assume that f_t ∈ C^k(tB) and (4) holds for all |α| ≤ k. Let α, β ∈ Z^d_+ be such that |α| = k and |β| = 1. Let y ∈ tB. Then for h of sufficiently small magnitude, D^αf_t(y + hβ) − D^αf_t(y) h = (−1)^k c ∫ |x|=1 D^αu(tx − y − hβ) − D^αu(tx − y) h dσ(x) → (−1)^{k+1} c ∫ |x|=1 D^{α+β}u(tx − y) dσ(x) as h → 0, by the Dominated Convergence Theorem. Therefore,

D^βD^αf_t = (−1)^{|α+β|} c ∫ |x|=1 (D^{α+β} u)(tx − ·) dσ(x) on tB. Note that D^βD^αf_t is continuous on tB. Therefore, f_t ∈ C^{k+1}(tB) and (4) holds for all |α| ≤ k + 1. Lemma 7 If p ∈ Π_k, then Rp ∈ span{1, r^2, r^4, . . . , r^{2⌊k/2⌋}}. Proof. Since Π_k is spanned by homogeneous polynomials and since R is linear, it suffices to show that if q ∈ Π_k is homogeneous of order n, then Rp ∈ span{r^n} if n is even and Rp = 0 if n is odd. So let q ∈ Π_k be homogeneous of order n and consider first the case n even. If t > 0, then Rq(t) = 1 c ∫ |x|=1 q(tx) dσ(x) = t^n 1 c ∫ |x|=1 u(x) dσ(x) = t^nRq(1). Hence Rq ∈ span{r^n}. On the other hand, if n is odd, then Rq(t) = 1 c ∫ |x|=1 q(tx) dσ(x) = 1 c ∫ |x|=1 q(t(−x)) dσ(x), since σ is a symmetric measure, = − 1 c ∫ |x|=1 q(tx) dσ(x) = −Rq(t).

Hence Rq = 0.

Proof. (of Theorem 4) Let s ∈ S(ϕ_m; Ξ_h, ℓ), say s = ∑ ξ∈Ξ_h λ_ξϕ_m(· − ξ) + p for some p ∈ Π_{ℓ−1} and coefficients satisfying ∑ ξ∈Ξ λ_ξq(ξ) = 0 for all q ∈ Π_{ℓ−1}. (5)

Then Rs = ∑ ξ∈Ξ_h λξR[ϕm(· − ξ)] + Rp. By Lemma 7, Rp ∈ span{1, r^2, r^4, . . . , r^{2⌊(ℓ−1)/2⌋}}. (6) We turn now to analysing R[ϕ_m(· − ξ)]. As in Lemma 6, for t > 0, define f_t(ξ) := R[ϕ_m(· − ξ)](t), ξ ∈ R^d.

Since ϕ_m ∈ C^∞(R^d\0), we know, by Lemma 6, that f_t ∈ C^∞(tB) and D^αf_t = (−1)^{|α|} c ∫ |x|=1 (D^αϕ_m)(tx − ·) dσ(x) on tB for all α ∈ Z_+.

Hence, since Δ^mϕ_m = 0 on R^d\0, it follows that Δ^mf_t = 0 on tB. Therefore, by Lemma 5 (note that f_t ∈ C^∞(tB) has no singularity at 0), f_t ∈ span{1, ρ^2, . . . , ρ^{2m−2}}. Hence there exist c_0(t), c_1(t), . . . , c_{m−1}(t) such that

f_t = m−1∑ n=0 c_n(t)ρ^{2n} on tB. (7)

The coefficients c_n(t) can be determined in a straightforward fashion: First, one shows that (Δ^kρ^{2n})(0) = { 0 if k ≠ n a_n if k = n , where a_n := ∏_{n−1} j=0 2(n − j)(2(n − j) + d − 2) is positive for n ∈ Z_+. Applying Δ^n to (7) and evaluating at 0 yields (Δ^nf_t)(0) = a_nc_n(t). Hence c_n(t) = 1 a_n (Δ^nf_t)(0) = 1 a_nc ∫ |x|=1 (Δ^nϕ_m)(tx) dσ(x) = 1 a_n Δ^nϕ_m(te_1) , since Δ^nϕ_m is radially symmetric, = 1 a_n v_n(t).

Therefore, R[ϕ_m(· − ξ)](t) = m−1∑ n=0 1 a_n v_n(t)|ξ|^{2n}, |ξ| < t. Now, if t ∈ [1 − h..1], then |ξ| < t for all ξ ∈ Ξ_h. Hence, ∑ ξ∈Ξ_h λ_ξR[ϕ_m(· − ξ)](t) = m−1∑ n=0 1 a_n v_n(t) ∑ ξ∈Ξ_h λ_ξ|ξ|^{2n} = ∑ ℓ≤2n≤2m−2 1 a_n v_n(t) ∑ ξ∈Ξ_h λ_ξ|ξ|^{2n} , by (5).

Thus ∑ ξ∈Ξ_h λξR[ϕm(· − ξ)]|[1−h..1] ∈ span{vn|[1−h..1] : ℓ ≤ 2n ≤ 2m − 2} which, in view of (6), completes the proof.

References

[1] Buhmann, M.D., New developments in the theory of radial basis function interpolation, Multivariate Approximation: From CAGD to Wavelets (K. Jetter, F.I. Utreras eds.), World Scientific, Singapore, 1993, pp. 35–75.

[2] Buhmann, M.D., N. Dyn and D. Levin, On quasi-interpolation by radial basis functions with scattered centres Constr. Approx. 11 (1995), no. 2, pp. 239–254.

[3] Buhmann, M.D. and A. Ron, Radial basis functions: Lp-Approximation orders with scattered centres, Wavelets, images, and surface fitting (Chamonix-Mont-Blanc, 1993), A K Peters, Wellesley, MA, 1994, pp. 93–112.

[4] Dyn, N., Interpolation and approximation by radial and related functions, Approximation Theory VI (C.K. Chui, L.L. Schumaker, J.D. Ward eds.), Academic Press, New York, 1989, pp. 211–234.

[5] Dyn, N. and A. Ron, Radial basis function approximation: from gridded centres to scattered centres, Proc. London Math. Soc. (3) 71 (1995) no. 1, pp. 76–108.

[6] Duchon, J., Splines minimizing rotation-invariant seminorms in Sobolev spaces, Constructive Theory of Functions of Several Variables, Lecture Notes in Mathematics 571, (W. Schempp, K. Zeller eds.) Springer-Verlag, Berlin, 1977, pp. 85–100.

[7] Folland, G., Real Analysis: Modern Techniques and their Applications, Wiley, New York, 1984

[8] Micchelli, C.A., Interpolation of scattered data: distance matrices and conditionally positive definite functions, Constr. Approx. 2 (1986), 11–22.

[9] Powell, M.J.D., The theory of radial basis function approximation in 1990, Advances in Numerical Analysis II: Wavelets, Subdivision, and Radial Functions (W.A. Light ed.), Oxford University Press, Oxford, 1992, 105–210.

[10] Powell, M.J.D., The uniform convergence of thin plate spline interpolation in two dimensions, Numer. Math. 68 (1994), 107–128.

[11] Schaback, R., Approximation by Radial Basis Functions with Finitely Many Centers, Constr.

Approx. 12 (1996), 331–340.

[12] Wu, Z. and R. Schaback, Local error estimates for radial basis function interpolation of scattered data, IMA J. Numer. Anal. 13 (1993), 13–27.