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Introduction.

The present paper is the reference [8] in the monograph [15], which was planned but not yet written
when [15] appeared. The paper is divided into four parts called A, B, C, and D. We aim here at three or four
different results. The unifying link between them is that they all involve the sign structure of what one might
call a “Green’s spline”, i.e., a function which consists of two null-splines pieced together at a certain point
to satisfy at that point several homogeneous conditions and just one inhomogeneous condition, much as (any
section of) a (univariate) Green’s function consists of two solutions to a homogeneous ordinary differential
equation which are pieced together at a point in just that way. The different results are further linked by
the fact that we use an extension of the Budan—Fourier theorem to splines in an essential way. In each of
our applications of this theorem, the circumstances are such that the inequality furnished by the theorem
becomes taut, i.e., must be an equality, and this provides an unexpected amount of precise information.

In Part A, we state and prove the Budan—Fourier theorem for splines with simple knots in the form in
which we need it. We also apply it right away to the “Green’s function” for odd—degree spline interpolation
at arbitrarily spaced knots in a finite interval, i.e., to the Peano kernel for the error in that interpolation
process.

In Part B, we develop the information about the sign structure of cardinal nullsplines required for later
applications, using the Gantmacher—Krein Theory of oscillation matrices in an essential way.

Part C: The study of the remainder of cardinal spline interpolation for odd degree n = 2m — 1, as given
n [17], depended on the behavior of the remainder K (z,¢) of the interpolation of the function (z — )"
where ¢ is a parameter, 0 < t < 1. The assertion (Theorem 3 of [17]) was that sgn K (z,t) = (—)™ sgnsin 7z
for all real , and this was stated in [17] without proof. A proof is given in Part C, where we also discuss the
remainder of even degree cardinal spline interpolation as well as the fundamental function of this interpolation
process.

Part D: The elementary cases of the Landau—Kolmogorov problem were discussed in [16] by means of
appropriate formulae of approximate differentiation with integral remainders. However, [16] was restricted
to the orders n = 2 and n = 3, when only finitely many of the ordinates of the function appear in the
differentiation formula. In [16], and also in [15, Lecture 9. §1], the first non—elementary case n = 4 was briefly
mentioned. In Part D, we study the general case. Cavaretta gave in [4] an elegant proof of Kolmogorov’s
theorem that uses only Rolle’s theorem. Our approach is much more elaborate, but provides information on
the extremizing functions.

Part A. The Budan—Fourier theorem for splines and spline interpolation on a finite interval.

1. The Budan—Fourier theorem for splines with simple knots. We begin with the introduction
of some standard notation.

For v = (v;)? € R", S~v and S*v denote the minimal, respectively maximal, number of sign changes in
the sequence v achievable by appropriate assignment of signs to the zero entries (if any) in v. Hence, always
S~v < Stv. Further,

S7v < liminf S~u < limsup STu < S*Tv.

U—v U—v

Should S~™v = S*w, then it is customary to denote their common value by Sv. The identity
(1) S™(w)7 +ST(=)'w)f =n—1

will be used repeatedly.



If v is, more generally, a real valued function on some domain G C R, then, with * standing for — or +,
S*vi=sup{S*(v(t;)) : ()T In G, nelN, & <---<ty}.

If £ C G, then we will write Sgv for S*(v|g).
Induction establishes the following useful lemma which is essentially Lemma 1.2 of Karlin and Micchelli
[7]-

Lemma 1. If f € C™[0,6] and f(™(0) # 0, then, for some positive ¢, f9) does not vanish on (0,¢],
7=20,...,n, and

STF(O0), s F(0)) = B S*(F(1), o, F(1)).

Therefore, with (1),
ST(f(0),..., f(0)) =lm S™(£(t),..., F™ ()

10
in case f("(0) # 0 and f € C("M[-4,0].

Next, we define the multiplicity of a zero of a spline function f of degree n on [a, b] with simple knots, i.e.,
f is composed of polynomial pieces of degree < n in such a way that f € C("~D[a,b]. Then f € LY [a, b].
If n =0, i.e., if f is piecewise constant, then we say that the (possibly degenerate) interval [o, 7] in (a,b) is a
zero of f of multiplicity {]} iff f vanishes on (o, 7) and fe™) f(rT){Z}0. With this definition, the number
of zeros counting multiplicity of a piecewise constant function in (a,b) equals the number of its strong sign
changes on (a,b). If n > 0, then we say that the (possibly degenerate) interval [o, 7] in (a,b) is a zero of f
of multiplicity r iff either r =0 and 0 = 7 and f(0) # 0 or else > 0 and f vanishes on [0, 7] and [0, 7] is a
zero of f(1) of multiplicity » — 1. We denote the total number of zeros, counting multiplicities, of f in (a,b)
by

Zf(a, b).

To give an example, Z(0,12) = 6 for the linear spline f drawn in Figure 1, with a double zero at [3, 4],

f
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Figure 1

a simple zero at [6, 6], a double zero at [8,8] and a simple zero at [10,11], and no other zeros of positive
multiplicity in (0,12). In particular, the interval [0, 1] is not counted as a zero in (0,12) for this f. Its first
derivative has simple zeros at [2, 2], [3,4], [5,5], [7, 7], [8,8], [9, 9] and no other zeros of positive multiplicity
in (0,12), so Z;1)(0,12) = 6. In particular, [10,11] is a zero of 0 multiplicity for fM, and, again, [0,1] is
not zero in (0,12) for (V). For this particular f, we would have equality in (2) below.

The number Z;(a,b) is necessarily finite if f has only finitely many knots in (a, b). Also, if f(a)f(b) # 0,
then f(a)f(b) < 0 iff Z;(a,bd) is odd. Further, Z;(a,b) + Zs(b,c) < Zs(a,c) for a < b < ¢, and, as we said
eatlier, Zpom (a,b) = S, o,



Theorem 1 (Budan-Fourier for Splines){. If f is a polynomial spline function of exact degree n on
(a,b) (i.e., of degree n with f(™)(t) # 0 for some t € (a,b)) with finitely many (active) knots in (a,b), all
simple, then

2)  Zsla,b) < Zon(a,b) + S (f(a), ..., f" " (a), f(0T)) = ST(F(B),..., f V() f™ (7)),
with {‘T’} = {;ﬁ)}{te (a,b) : M (t) # 0}

Proof: There is nothing to prove for n = 0, hence suppose that n > 0. Further, suppose first that
F@) f®) fD(at) D (b~) # 0. We claim that then

(3) Z(a,b) < Zgoo (a,b) + S(f(a), fP (@) = S(F(b), fD (7).

Indeed, if Zy(a,b) = 0, there is nothing to prove unless also Z;u)(a,b) = 0, but then S(f(a), fM(a™)) =
S(f(b), fV(b7)) and (3) holds trivially. On the other hand, if Z;(a,b) > 0, then we can find a and 3 so
that (o, 8) D {t € [a,b] : f(¢t) =0} while f()f(8) # 0, and f(a)/f(a) and f(b)/f(B3) are both greater than
1. But then
Zg(a,0) 2 1= S(f(a), fD (@), Z (8,0) = S(F(b), (7))
! f
while, by Rolle’s theorem and our definition of multiplicity of zeros,
Zs(a,b) =1 < Zyoy (a, B).
Hence, (3) holds in this case, too.
If now fU)(a®t)fU(b=) #0 for j =0,...,n, then

n

S(f@),.... fM () =S (@), f9 ()

j=1
for x = a™, b~, while by (3),

Zpi-(a,b) < Zs (a,0) + S(F97Y(a), 9 (a™)=S(FID (1), f9 (b)),
j=1...,n,

which proves (2) for this case. From this, a limit process establishes (2) with the aid of Lemma 1 in case
merely £ (at) ™ (b7) £ 0.

If, finally, f(™(at) = 0, then, as f is of exact degree n on (a,b), there exists o € (a,b) so that f™
vanishes on (a,0), but f(™ (o) # 0. Note that [a,o] is not counted as a zero of £ in (a,b) by our

definition. By Lemma 1, we can find & > o so that f) does not vanish on (o,5] for j = 0,...,n and so that
(1) S (F(@)s-r fPU0) = SU@), ... ST ().

Then

(5) Zi(a,b) = Zy(a,0) + Z(0,0), Zswm(a,b) = Zswm)(7,b).

We claim that

(6) Z(a,5) < S™(f(a),.... [ D(a), f(0)) = S(f(@),.... F™M(@)).

T The theorem as published was stated as if [o, 7] = [a, b]. In all applications of this theorem in the present
paper, this is, in fact, the case. However, the added reference, [19], points out that the theorem as published
is in general wrong when [o,7] # [a,b] and proposes the present version. The present proof reflects this
change, mainly in (7).



For this, let

.o if f vanishes identically on [a, 0],
J = {max{i €[0,n—1]: f(a) # 0} otherwise.
Then
(7) S=(fD@),- -, [Nah)) =0, ST (o)., [ (0") = 57 (1P (a), F (7)),

the latter since f(™) is constant on [a,o]. Now, (4) implies (6) in case f vanishes identically on [a, o] since
then [a, o] is not counted as a zero of f in (a,), therefore Z;(a,5) = 0. Otherwise, ) is a nonzero constant
on [a, o], therefore
Z1(a,5) < S™(f(a),..., f9(a) = ST(f(0),..., fP(0)) + mult. of o as a zero of f
<S5 (f(@) o @) = S(f(0), o, [0)

S (f(@),.... SV (a), fM (0 F) = ST (f(0).- ., FM (o)),

the last equality by (7), and (4) now gives again (6).
These considerations also imply, by going from t to —t, that, for some 7 € (&,7), fU(F) # 0 for
7=0,...,n, and
Zp(0,b) = Z;(0,7) + Z§(T,b),  Zpw(G,b) = Zp (0,7),
Zy(7.6) < S(F@)seeos SO GT)) = STFO), o, F70 ), S (7)),
and combining these facts with (5) and (7) and with (2) as already proved establishes (2) in the general
case. O

It is possible to derive from this theorem appropriate statements concerning splines with multiple knots,
e.g., monosplines, by an appropriate limit process. But we will not pursue this further here, as the theorem
is sufficient for the purposes of this paper.

If f has its support in (a,b), then we obtain that

Zp(a,b) < S, ) [ = n.

Since Zs(a,b) > 0, we recover in this way well known facts about B-splines, such as their sign structure or
the fact that B-splines have minimal support. Further, we obtain Z;(a,b) < S(_a b)f(”“) —(n+1), which is

the polynomial case of a more general result for Chebyshev splines due to H. Burchard [3].

We note that the particular choice of an f without any active knots in (a,b) and the replacement of ST
by (the weaker) S~ leads to the classical Budan—Fourier Theorem [14]. The further specialization a = 0 and
b = oo produces Descartes’ familiar Rule of Signs.

2. A simple application to complete spline interpolation. If n is odd and greater than 1,
n=2m-—1>1,

and (x;){’ is a sequence in [a, b] with
a=x0<--<axn=Dh,

then there exists for given f € C*~1[a, b] exactly one spline Sf of degree n with simple knots 1, ..., zx_1
in (a,b) which agrees with f in the sense that

(1) Sf(l‘l):f(xz), izl,...,N—l

(2) (S (x) = fO(x;), j=0,...,m—1andi=0,N.
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This spline has been called the complete spline interpolant (of degree 2m — 1 with knots 21, ...,2x-1)
to f.

An imitation of the error analysis carried out for cubic spline interpolation in [1] leads directly to the
statement that, for f € ILg"H)[a, b],

b
3) f(2) — Sf(x) = / K () f) (1) di /!

with the Peano kernel K also equal to the interpolation error when applying complete spline interpolation
to (x — )% for fixed  as a function of ¢, i.e.,

(4) K(z,t) = (z = 1)t = S(z = )L(D).

Hence, if, for fixed =z,
g(t) := K(z,t) for t € [a,b],

then g vanishes at least once at x1,...,zy_1 and vanishes m—fold at a and at b. Because of this latter fact,
() S7(g(a), - 9" (a*) =57 (" (a),....g" () <n—m=m—1

and

(6) SH(g(b),- - g™ (7)) = SH(g(b),- -, g (b)) = m.

If = x; for some i € [1,N — 1], then g = 0 since then (z — ¢)"} is its own spline interpolant. Otherwise,
g is a spline of exact degree n (since ¢™ has a nonzero jump at x) with simple knots at x1,...,2y_1 and
at z and nowhere else in (a,b), and vanishes (at least) at all but one of these. Now let [@,b] be an interval
in [a, b] which is maximal with respect to the property that it contains only isolated zeros of g. Then either
G =uaorelse S (g@),...,¢g™(@")) =0, and either b = b or else ST (g(b),...,¢g™ (b~)) = n. Therefore, by
the Budan—Fourier theorem for splines and by (5) and (6),

Z4(@,0) < Zy(@,0) + S (9(@), ..., g™ (@")) — S* (g
< Zyo (@,0) + S (g(a), ... (a™)) — S*(g(b),.... g™ (7))
< Zyw (@,0) +m—1—m

< number of knots of gin (a,b) — 1

-~

< Zy(a,b),

the last inequality since g fails to vanish at only one knot and since the preceding inequality already shows
that (@, b) contains at least one knot. It follows that all inequalities used to establish this string of inequalities
must have been equalities.

In particular, S~(g(a),...,g"™ (@")) = m — 1, hence, as m > 1 by our assumption that n > 1, we must
have @ = a, and, similarly, ST(g(8),...,9™ (b=)) = m and so b = b. Further, these equalities produce a
wealth of information about the z—section g(t) = K (z,t) of the Peano kernel in case x; < < ;111:

(i) Since Z,x (a,b) = N, g™ changes sign strongly across each of its simple knots. Since jump ,g(™ =
—(—=)"n! < 0ff, this implies that

—(=)7g™ > 00n (zj,xj11) for j=0,...,i—1

—(=)Y"g™ < 0on (zj,xj41) for j=i+1,...,N —1.

1 published version has x; = x < x;41
11 published version has = (—)"



(ii) S~ (g(a),...,g"™(a*t)) = S~ (g™ (a),...,g" (aT)) = n—m, therefore g)(a™) # 0 forj =m,...,n,
and, with (i), -
(—)*=igWD(a*) > 0 for j=m,...,n.

Since also g\ (a) =0 for j = 0,...,m — 1, it follows that
—(=)*1""g(a+¢€) > 0 for positive ¢ near 0.

(iii) g has a simple zero at x1,...,xN—1 and vanishes nowhere else in (a,b), hence changes sign across
each z; and nowhere else. Therefore, with (ii),

—(=) gty > 0 for w; <t < wje1, j=0,...,N—1.
(iv) St(g(b),...,g" (b)) = ST (g(b),...,g"™ (b)) = m, therefore, with (i) or (i),
—(=)y*NgD By > 0 for j=m,...,n.

It follows, in particular, that, in the usual pointwise estimate

b
) £@) = S7@)] < [ 1K@ 0] del £ oo/
obtained from (3), we have equality iff [f("TV| = ||f("D|| and f("+1) changes sign across each of the
interpolation points x1,...,zN_1, i.e., f is a perfect spline of degree n+ 1 with simple knots at z1,...,zxy_1

and nowhere else. If such a spline has a positive (n + 1)st derivative in (a,z1), then

(=)= (f(x) — Sf(x)) > 0.

The sign structure of the fundamental functions for complete spline interpolation can be completely
analysed in the same way. More interestingly, such an analysis of the sign structure of Peano kernel and
fundamental functions can be carried out just as easily for spline interpolation with a variety of other side
conditions, such a matching of value and odd derivatives at the boundary, matching of value and even
derivatives at the boundary, matching of value and the m—th through (n — 1)st derivatives at the boundary
etc. The essential feature shared by these side conditions is that they are of the form

)\pS’f:ALf, i:l,...,2m
with (X\;)#™ a sequence of linear functionals linearly independent over IPy,, = ker D?™ := polynomials of
degree < 2m, and (\;)7" a “good” m-sequence at a and (\;)?™ | a “good” m-sequence at b.
Here, we call an m—sequence (u;)7" of linear functionals a “good” m—sequence at a, provided (u;)T"
has the following properties:

(i) wif = E?ZLO_l aij fY) (a) for appropriate a;;’s, i = 1,...,m.
Further, with

ker(p;) :={g € C®" Y near a : ;g = 0, nocomma? fori=1,...,m},

(ii) g € ker(u;) implies that ST (g(a),...,g®™ Y (a)) > m,

(iii) g € ker(u;) implies that g* € ker(u;), with ¢* (o + z) = g(ae — ), all x;

(iv) f, g € ker(u;) implies that

2m—1
> (P (@)D () =0,
Jj=0

We note that (ii) and (iii) together give

(ii)’ g € ker(y;) implies that S~ (g(c),...,g®™ 1 (a)) < m — 1 because of (1.1).

A particularly simple way of choosing a “good” m—sequence (u;)}" at « is to choose a strictly increasing
subsequence r = (r;)7* of (0,...,2m — 1) so that, for every j =0,...,2m — 1, either j or 2m — 1 — j occurs
in r and then to take u;f = f")(a), i = 1,...,m. All of the examples mentioned earlier are of this simple
form. For more complicated examples, we note that property (ii) is insured by having all m—minors of the
m X 2m matrix (a;;) of (i) of one sign with at least one of them nonzero.
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Theorem 2. Let m > 1, n:=2m—1,leta =29 < --- < xy = b, and let (A;)i™ be a sequence of linear
functionals, linearly independent over Py, = ker D?*™ and so that ()\;)* is a “good” m—sequence at a and
(Ni)2m, is a “good” m—sequence at b. Then

(i) For every f € C™[a, b] there exists exactly one spline Sf of degree n with simple knots 1, ..., xx_1
in (a,b) which agrees with f in the sense that
9) (SH) (i) = f(zi), i=1,...,N—1,
(10) NSf=MNf, i=1,...,2m.

(ii) If L; is the unique spline of degree n with simple knots x1,...,zx—1 in (a,b) for which

L](l‘l)zéﬂ, izl,...,N—l,
/\iLjZO, i:l,...,2m,

with j € [1, N — 1], (i.e., if L; is a fundamental function for the interpolation process), then L; has simple
zeros at x; for i # j and vanishes nowhere else in (a,b), and its n—th derivative changes sign strongly across
each knot.

(iii) For f € ILY*™[a,b] and for x € (a,b),

b
(1) f@) = 85(0) = [ K. 6)de/n
where g := K(x,-) is the error in interpolating (x — ), i.e.,
(12) K(x,t) = (x —t)} — Spy(x—1t)7}.
This x—section g = K(x,-) of the kernel K is a spline of degree n with simple knots x1,...,xy—1 and x.
Ifx ¢ {x1,...,xNy_1}, then g has simple zeros at x1,...,xn_1 and vanishes nowhere else in (a,b), and its

n—th derivative changes sign strongly across each knot in (a,b); otherwise g vanishes identically. Hence, for
feLZa,b],

b
(13) £0) = S7@)] < 174w [ 1K ()] e/

with equality if and only if f is a perfect spline of degree 2m with simple active knots at zi,...,Tn_1
in (a,b) and no other active knots in (a,b), i.e., f*™) is absolutely constant and changes sign strongly at
Z1,...,2N—1 and nowhere else in (a,b).

Proof: The proof parallels closely the earlier arguments for the special case

Aff f(iil)(a)v izla"'vmv
LSO, i=m41,..., 2m.

Property (iv) of a “good” m-sequence insures the selfadjointness of the problem
D*f=y Nf=0, i=1,...,2m,

which then gives (11) and (12), and the sign structure of L; and of K(z,-) follows from the Budan-Fourier
theorem for splines and properties (ii) and (ii)’ of a “good” m-sequence. We omit the details.

Remark. For the particular side conditions of matching even derivatives at a and b, (iii) of the theorem
was stated by C. Hall and W. W. Meyer in [6], with the proof of the sign structure of K (x,-) deferred to an
as yet unpublished paper (see Lemma 3 of [6]).

We add here that we learned only recently of a paper by Avraham A. Melkman entitled “The Budan—
Fourier theorem for splines” which will appear eventually in the Israel Journal of Mathematics. In it, the
author establishes such a theorem even for splines with multiple knots.
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Part B. The sign structure of cardinal null splines

1. Introduction. A cardinal spline function of order k is a piecewise polynomial function of
degree < k in C*=2)(R) with knots o + m, for all m € Z and some a. We denote their collection by

$k,a+%-

A cardinal null spline is a cardinal spline which vanishes at all points of the form 7+ m for m € 7Z
and some 7. Cardinal null splines have been analysed by Schoenberg [15] who showed them to be linear
combinations of finitely many eigensplines. Here, an eigenspline is a nontrivial solution in $; 4+z of the
functional equation

flz+1) = zf(2),

shown by Schoenberg to exist for certain exceptional values of z called eigenvalues.

We wish to note in passing the work of Nilson [12] and earlier work by Ahlberg, Nilson and Walsh
referred to therein where this eigenvalue problem is considered from another point of view.

Schoenberg used methods from the theory of difference equations for his analysis. We will proceed here
somewhat differently and without reference to Schoenberg’s earlier work. We start from the observation that
a cardinal nullspline is completely determined by any one of its polynomial pieces, and study the linear trans-
formation which carries such a polynomial piece into its neighboring polynomial piece. A convenient matrix
representation for this linear transformation can be shown to be an oscillation matriz, and Gantmacher
and Krein’s [5] theory of such matrices then provides the detailed information about the sign structure of
nullsplines needed in the later parts of this paper.

We wish to bring to the reader’s attention the beautiful recent work by C. Micchelli [11] in which he,
too, uses oscillation matrices in the analysis of cardinal nullsplines and eigensplines, but covers much more
general splines and much more general interpolation conditions. We became aware of his work after we had
completed the following sections and decided then to retain our arguments as that seemed more convenient
for the reader than being told how to specialize Micchelli’s more general results.

2. Cardinal splines which vanish at all knots. With the usual convention that (JZ) =0 for j <1,
we have, for a polynomial p of degree < k,

k=1 .
() | = TN\ pi=in@ 2y /51 i = _
p'(x + h)/d! ;(i)h pY(x)/4!, i=0,...,k—1.

Hence, if such a polynomial vanishes at = and at x + h, then, for i = 0,

0= Z (5 i)

and, on subtracting (kzl) /h® times this equation from the i—th equation, we obtain

k=2 .
P (x+h)/il = Z((i) - <k ; 1))hj1p(j)(a:)/j!, i=1,...,k—2.
This we write as
(1) p(x + h) = —Hh_lAthp(;v)
with p(x) the vector
(2) p(2) = (p(2),p? (@)/2,....p"* P (@) /(k —2)1),
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Hj, the diagonal matrix

(3) Hy, :=diag[1,h,...,h*?| = H]} |

and Ay the matrix
4) Api=((%51) = ()2
If p is a polynomial of degree < k vanishing at x and at x 4 1, then it vanishes also at  + 1 and at
(x 4+ 1) + (—1), therefore (1) implies
1= —-H {AyH (—H; ' A Hy)
or, with H; =1,
(5) ATt =H-1ALH
showing A to be invertible and similar to its own inverse. Therefore,
(6) spectrum(Ay) = 1/spectrum(Ay) = {1/ : X € spectrum(Ay)}.

Suppose that u is a (nonzero) eigenvector of Ay belonging to some nonzero eigenvalue A. Let p be the
polynomial of degree < k which vanishes at 0 and at 1 and for which p(0) = u. Then p(1) = —Axu = —Ap(0),
hence,

PP (1) = =2pD(0), j=0,....k—2.
The rule
S(x+mn):=(-N)"p(z), neZZ, =z€]0,1)

therefore defines a spline of degree < k with simple knots at ZZ, and this spline is evidently an eigenspline
belonging to the eigenvalue —A. This explains our interest in the eigenvalue—eigenvector structure of the
matrix Ay.

In [2], the matrix Aj was claimed to be totally positive. Actually, Ay is an oscillation matriz, i.e., Ay
is totally positive and some power of Ay is strictly totally positive. To see this, observe that

1o k=2
A’“__B’;<1 k—2)

By, = ((z))f;:lo

by subtracting the last column of By from all other columns. This implies that

0,01, ..., ir ) ,( 0,01, ..., ir )
det By | . . =det B[ . .
k(jl,...,jr,k—l k J1s--sgr k=1

and that the first row of B}, vanishes except for a 1 in column k — 1. Hence, further,
detBl< 077;17...77;7‘ ) :(—)TdetBl (7;17-"77;7‘)
M\Ji, ek —1 \dt, g

— det Ay <%1, . ,’L’T)
Jis-esJr

provided 0 < 41,...,%r,71,---,Jr < k — 1. This shows Ay to be totally positive since By is known to be
totally positive (cf., e.g., [14]). Since Ay is also invertible, Ay is proven to be an oscillation matrix once we
show that none of its entries on the first subdiagonal and the first superdiagonal vanishes (Gantmacher and
Krein [5, Theorem 10 in Chap. 2, par. 7]). The numbers in question are

=0, i=1,... k=3, and (*}), i=2,... k-2,

and clearly all are positive.
The fact that Ay is an oscillation matrix allows the following conclusions (cf. [5, Theorem 6 in Chap. 2,

par. 5]):

with Bj, the matrix obtained from



Theorem 1. (i) The spectrum of Ay, consists of k — 2 (different) positive numbers which we will think of
as ordered:
0<Ap—2 <--- < Ar

Further, by (6),
(7) )\i)\jzlfori—i—j:k—l.

(i) If (uD)¥=2 is a corresponding (necessarily complete) sequence of (nonzero) eigenvectors for Ay, and
Cp,- - -,Cq are numbers not all zero, then

q q
p—1< Sf(z ciu(i)) < S+(Z ciu(i)) <qg-1.
i=p i=p

As a particular consequence of (ii), we have

(8) STy =5ty =i—-1, i=1,....k—2,
therefore
9) ugi) # 0 and u,(;zz #0

(since otherwise S~ (ul?) < S+ (u?). ) Further, let p be the polynomial of degree < k which vanishes at 0
and at 1 and for which _
p(0) = ul”.

Then .
p(1) = —4,u = —)\;p(0)

hence '
pE=D) = pE=D(1) — p=2(0) = —(x; + Duf?,

therefore, with (9),
p*20)p* 1 (0) < 0 < p*2 (1)p*H (1)

and so, again with (9),
S™(p(0),....p" "D (0)) =i = ST(p(1),...,p* V(1))

Finally, these statements about the sign structure of p persist if we perturb p slightly because of (8) as long
as we keep p(0) = p(1) = 0.

Corollary. Ifu'? is a nonzero eigenvector belonging to the i—th eigenvalue of Ay, (ordered as in the theorem),
then, for any polynomial p of degree < k vanishing at 0 and at 1 and with p(0) close to u®,

S=(p(0),....p*1(0)) =i = ST(p(1),...p* V(1))

In particular, such a p has no zeros in (0,1), by the Budan—Fourier Theorem.

If now f is a cardinal spline function of order k with knots ZZ which vanishes at its knots, then
f(m)=—Apf(m —1) for all m € Z

hence
f(m) = (—Ar)™£(0) for all m € ZZ.

10



Further, expanding f(0) in terms of a complete eigenvector sequence (u(i))]f*2 for A, we have

k2 k2
f(m) = (=A)"cu =Y ¢;Ui(m)
i=1 i=1

with U; the unique cardinal spline of order & which vanishes at its knots Z and satisfies U;(0) = u”, hence
satisfies
Ul(m) = (—Al)mUl(O), allm e Z,

i.e., U; is the eigenspline belonging to the eigenvalue —\;. Therefore

3. Cardinal nullsplines which vanish between knots. The analysis is slightly more complicated
when the nullspline vanishes at 7 + ZZ with 7 not a knot.
Let 7 € (0,1) and let p be any spline of order k vanishing at 7 and at 7 + 1 and with simple knot at 1.

Then
k—1

i(p(j)(T)/j!) <Z> (1= Y= =p®()/il, i=0,... k-2,

=1

<.

and
k—2

Ser/i(]) - (V) =0 i =1k
j=0
Hence, with
By, = ((3)i720
and Bj the matrix derived from Bj by subtracting the last column from all other columns as before, we
conclude that

—Ag.p(t) =p(t+1)

where

_ 1. k—1\, _ 0,....k—2
Ak = _(Hle;“HT)<0 k—2> (Hl—lTB’“Hl‘T)<1 k—l)

geeey

1—7 1. k—1 0,....k—2
= H'B [ HH > By, " Hi_.
r T k(O,...,k—?) PR\ k=)

(1)

and now
p(e) = (p(2)/11,....p" "V (@)/(k — 1))).
By considering the spline ¢ given by
ql+2z)=p(1—2), allux,
which then vanishes at 1 — 7 and at 14 (1 — 7) and has a simple knot at 1, we find that
—H {Apy - H 1 (=Apr) =1,

hence Ay, ; is invertible and
Al =H [ Agy - Ho o

It follows that

(2) spectrum(Ay, ) = 1/spectrum (A 1—7).
Both By (?’:::’Zj) and — By, (é’:::’iié) are easily seen to be oscillation matrices with the aid of arguments
used earlier to establish that —Bj, GZ:;) is an oscillation matrix. Ay . is therefore also an oscillation

matrix.
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Theorem 2. (i) The spectrum of Ay, consists of k — 1 (different) positive numbers which we will think of
as ordered:
0< /\k71(7') <0 < )\1(7’).

Further, by (2),
(3) Ai(MA\j(l—=7)=1fori+j=k.
(ii) If (u(i>7))f;11 is a corresponding (necessarily complete) sequence of eigenvectors for Ay, -, then
STy =S5ty =i—1, i=1,...,k—1

(iii) Ifp is a spline of degree < k which vanishes at T and at 7+ 1, has a simple knot at 1, and for which
p(7) is close to u'*™), then

S™(p(r), . p*E) +1=i =T (p(r +1),...,p* (7 + 1))

In particular, such a p does not vanish on (7,7 + 1), by the Budan—Fourier theorem for splines.

Proof: In view of the preceding discussion, only assertion (iii) needs argument. For this, we note
that p(7) = p(r + 1) = 0 while, by (ii), S(M(7),...,p* V(1)) =i —1. 0

Since Ay, -~ is an analytic function of 7 € (0, 1), so is each A;(7). Further,

k—1

[TX() =(=)F"det A, =(1—7)/7

i=1
so that

lin%) A (T) = +oo, 1im1 Ar—1(T) = 0.
Also
lim H ' BLH, . =1, lim H-'B,H, = B},
therefore
1,...,k—1 o k=2

lim Apr = Ap—1 := By, <O: . : o 2) 1 <(1): N : b 1) = <_1 Ak_ : I 8 > , asyouadvised, Ididnotworryaboutit

with A the oscillation matrix discussed earlier. Hence

. A i=1 k-2
lﬂAi(T)_Al(l)'_{o, i—k—1

where A\j_o < --- < A are the eigenvalues of Ag. Consequently, from (3) and since \;\j = 1fori+j=k—1
by (2.7) above,
hn% )\i(T) = 1/ hIIl1 /\k—i(T) = 1/)\k—i = /\i—l = hIIll /\i—l(T)
fori=2,...,k—1.
Theorem 3. The function Ay defined on (0,00) by

N(r—i—1), i-1<7<i, i=1,....k—1
Ak(T)::{ (0 ) P

is continuous (in fact in C*=2)(0,00)) and maps (0,k — 1) to (0,00). Also, Ay is strictly monotonely
decreasing on (0,k — 1), and Ag(7) = Ap(k — 1 — 7).

Proof: We only have to establish the strict monotonicity of Ay on (0, k—1). For this, it is sufficient
to show:

12



if 71, 72 € (0,1) are such that A\;, (11) = Ai,(72) = A, say, then 71 = 75 and i1 = is.
For this, let g. be a spline of order k vanishing at 7. and at 1 + 7., with a simple knot at 1 and such
that q,(7,) is a nontrivial eigenvector for Ay . corresponding to A = A; (7). Then

dP (1) = =2\ (0), isthe = afterthecommacorrect? j=0,... k— 2.

T

If now ¢,-(0) = 0, then (qﬁl)(()), . ,qﬁkiQ)(O)/(k — 2)!) would be a nontrivial eigenvector of Ay, hence ¢,

would have to be nonzero on (0,1) by the Corollary to Theorem 1, a contradiction. Hence, ¢,(0) # 0, and
(iii) of Theorem 2 implies that

> <
(4) qT(T)/qT(O)<O for T T
With this, the spline
q:=q1/q1(0) — q2/42(0)
is of degree < k, vanishes at 0 and at 1 and satisfies
g (1) =-xgD0), j=0,....,k—2,
while

q(m1)q(m2) = —(Q1(Tz)/Q1(0)) (Q2(Tl)/Q2(0)) <0

by (4). Hence g vanishes in (0, 1), and therefore must vanish identically since otherwise (¢(*(0),...,¢%*=2)(0)/
(k—2)!) would be a nontrivial eigenvector for Ay, hence g couldn’t vanish in (0,1). It follows that g /¢1(0)
q2/q2(0), therefore 71 = 72 by (4), and i3 = i3 follows from (i) of Theorem 2.

O
A different proof of the theorem can be found in Schoenberg [18]. The theorem itself is due to C.
Micchelli who proved it in [10] for the much more general case of cardinal L-splines.
If we combine the earlier statement

(3) /\i(T))\j(l—T):lfOri+j=]€
with the strict decrease, just proven, of each \;(7) as 7 goes from 0 to 1, then we obtain the following
corollary which will be helpful in the discussion of even degree cardinal spline interpolation in Part C.

Corollary. Let p = p(7, k) be the smallest integer so that \,(7) < 1, and let q be the largest integer so that
Ag(7) > 1 and let 7 € (0,1]. Then, with m := |k/2],

m+1, m) fork odd and T € (0,1)
m, m) for k odd and 7 =1
(

NIEg

(
(
(p,q) =4 (m—+1, m) fork even andr € (0,3)
(m, m) for k even and T =
(

’1)

(SIS

m, m—1) for k even and 7 € (

It is now a simple matter to describe a cardinal spline of order k with knots ZZ which vanishes at 7+ 7
for some 7 € (0,1). If f is such a spline, then

k—1

f= Z ;Ui r

i=1
with U, » the eigenspline belonging to the eigenvalue —\;(7) and satisfying
Ui,‘r(T) = u(i,7)7

and the ¢;’s so chosen that f(7) = If_l cuhm),
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Part C. The sign structure of the fundamental function and the Peano kernel
for cardinal spline interpolation

1. A theorem on cardinal Green’s functions. The application of the Budan—Fourier theorem for
splines to cardinal spline interpolation takes the form of the following theorem.

Theorem 1. Let K be a real valued function on R having the following properties:
(i) K is a polynomial spline of order k > 2 not identically zero and has simple knots at all integers n
with |n| > N for some N. K has no more than r additional knots, all of which lie in (—N, N') and are simple.
(ii) For some T € (0,1] with

(1) T#k/2—|k/2]+1/2

and for allmn > N, K vanishes at T +n and at T —n — 1. In addition, there are at least r distinct points
n (—n, N) at which K vanishes and no more than one of these occurs in any interval (a, 3] formed by
neighboring knots of K.

(iii) K is of power growth at +oc.
Then, K vanishes exactly r times in (—N, N| and has simple zeros at the points T +n and 7 —n — 1 for
n =N, N+1,..., and vanishes nowhere else, and its (k — 1)st derivative changes sign strongly across each
knot. Also, with (\;()) the strictly decreasing sequence of eigenvalues of

L Akﬂ'? T<1
(2) A'_{Ak, T=1

as described in Part B, we have

O<hﬂs§ip|K( )|/ Ap(T)|* <
3
3) 0 < limsup [K (x)[/[Ag(T)]" <

Tr——00
with

(m+1, m) ifk odd
(4) (p,q) =4 (m+1, m) ifkevenandr € (0,3%)
1

(m, m—1) ifk evenandr € (3,1]
and
= |k/2].
In particular, K(x) decays exponentially as |x| — oc.

Proof: We intend to apply the Budan—Fourier theorem to the spline K and therefore begin with
the observation that K is necessarily of exact degree k — 1 since otherwise K would be a polynomial (of
degree < k — 1) which vanishes infinitely often, hence would have to vanish identically.

We recall from Part B the abbreviation

£(z) := { (F@), o fED @)/ (k= 1)), 7<1,
(f(x),...,f(k_Q)(:C)/(k—2)!), T=1.

Since A (= Apg,r or Ay) is diagonalizable, we can write K(7 + N) as

K(r+ N) =u®") 4+ Z c;ul®™

i>p
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with (u(”)) an appropriate complete eigenvector sequence for A corresponding to the eigenvalue sequence
(A\i(7)). Then
K(t+N+n)=(—A)"K(r+ N)

= (X)) 4 3 (= Ai(r) "l

i>p
forn=1,2,..., hence
(5) K(7 + N +n) = (=2(7))"u®™ + o((\p(7))") as n — oc.
Since K is of power growth at oo, it now follows that
Ap(T) <1,

hence, by the Corollary to Theorem B3 we must have

m+1, if kis odd
(6) p>{ m+1, ifkisevenandr€(0,3)

m, if k is even and 7 € (3, 1]
while, by (iii) of Theorem B2 (if 7 < 1) and by the Corollary to Theorem B1 (if 7 = 1),
(7) S(KW(r+n),..., K*¥V(r4+n7))=p—1,
therefore
(8) SHE (T +n),..., K*V(r4n7)) =p

for all large n € IN. One proves analogously that, for a possibly differently normalized eigenvector sequence
for A,

(9) K(tr—N-1—-n)= (—/\q(T))_"u(q’T) +o((Ag(T))™™)as n — o0
with
m, if k£ is odd
(10) g< < m, if k is even and 7 € (0, 3)
m—1, if kis even and 7 € (3,1],
hence
(11) ST(K(r—n—c¢),...,K* V(r—n—¢)) =

q
for large n € IN and small € > 0. Now take n large enough so that (8) and (11) hold and abbreviate

a=7T—n—1—¢, b:=74+n.

Let [a,b] be an interval in [a,b] which is maximal with respect to the property that it contains only
isolated zeros of K. Then either @ = a or else S™(K(a),..., K*~1(@%)) = 0, and either b = b or else

~

ST(K(b),.. .,K(k’l)@*)) = k — 1. Therefore, we obtain from assumption (ii), from the Budan-Fourier
theorem for splines, from equations (8) and (11) and from inequalities (6) and (10) that

-~ -~

Zgw-n(a,b) < number of active knots of K in (a,b)

-~

< number of knots of K in (a,b)

< Zk(a,b)+1

< Zgon (@, b) + 14+ ST (K(@),..., K¥ V@) — ST(K®),..., KED{®)
< Zgo-n(@,b) + 1+ 8 (K(a),..., K& D(ah) = STE®),...,KED(07)
< Zgon @b +1+q—p

~

hence equality must hold in all inequalities used to establish this string of inequalities. In particular, [a,b] =
[a,b] since k > 2, and (6) and (10) must be equalities, hence (4) holds and (3) follows from (5) and (9). O
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Remark. If (1) is violated, then the assumption (iii) of power growth at oo is not sufficient to
conclude the exponential decay of K (z) as |z| — oco. For, then A, (7) = 1 by the Corollary to Theorem B3,
and even boundedness of K would only imply that ¢ < m < p, and would therefore not lead to equality in the
Budan-Fourier inequality. Yet, replacing assumption (iii) by a stronger assumption such as that K € L(R)
for some s < oo would force ¢ <m —1 < m+ 1 < p, and application of the Budan—Fourier theorem would
lead to a contradiction unless we add additional freedom to K. We exploit this further in Part D.

Corollary. Under the theorem’s assumptions, let (t;) be the knot sequence for K, and let (r;) be the
increasing sequence of its zeros, numbered so that

tn € (Th—1,7s] for all large n,
as can be done by assumption. If also t1 < 7 < to, then
sign KW (7)) K*= D (r7) = (=)~
Proof: Since all zeros of K are simple, and K changes sign strongly across each knot, we have
sign K (1) KW (1) = (=)' 7" = sign K"V (1) K*V(ty),
hence sign K (7)) K =D (77) = sign KW (7,,)K*=D(77) in case t; <7y < tg and t,, < 7, < tpy1. On the

other hand, S(KM(7,),..., K*=V(r-)) = p — 1 for all large n, by (7). O

2. Cardinal spline interpolation. The k—th order cardinal spline interpolant Sy f to a given function
f on R of power growth at +o0o is, by definition, the unique spline of order k with knots ZZ+ k/2 which agrees
with f at all integers and is of power growth at +o0o. A detailed discussion of this interpolation process can
be found in Schoenberg’s monograph [15].

The fundamental function of the process is, by definition, the unique cardinal spline Ly of power
growth at oo with knots Z + k/2 which satisfies

(1) Ly (n) = dop for all n € 7Z

and so allows one to write the interpolant as

(Sef)(@) =Y fW) Ll —v).

veZ
Ly, is a cardinal Green’s function in that

L(z), =< -1
Lk(m):{R((x)), r>1

with both L and R cardinal nullsplines. For even k, K := Lj satisfies the hypotheses of Theorem 1 with
N=1,r=1and 7=1. Forodd k, K := L;(- — %) satisfies these hypotheses with N =1, r=1and 7 = %
It is therefore a consequence of Theorem 1 that L has a simple zero at every nonzero integer and vanishes

nowhere else. Therefore

sinx

(2) sign Ly(x) = sign for all z € R,

a fact apparently known (see, e.g., F. Richards [13]) but not proved anywhere as far as we know. Further,
L;ﬂl)(l) must be negative since Ly, is positive on (—1, 1), hence, by the Corollary to Theorem 1, (—)pLgﬂ_l)(l*)
must be positive, with p given by (1.4). In particular, L,(Ck_l)(()*) = L,(f_l)(lf) and p = k/2 in case k is

even, while p = (k+ 1)/2, and L,(f_l)(O*) and L,(ck_l)(l’) have opposite sign in case k is odd. So,

(3) sign L;gk—l)(OJr) — (_)Lk/QJ
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Theorem 1 also implies the known fact that
(4) 0 < lim |L;€(:C)|/7,‘f‘ < oo

with ~y the largest eigenvalue less than one of Ay or of Ak 1 as k is even or odd.
2
Schoenberg [17] has obtained sharp estimates for the interpolation error f — Sif in terms of || f®| .
for even k. He uses the representation of the error

(5) f@) = (5u0)) = [ 7 K, t) /) e (k — 1))
with
(6) Ki(z,t) == (z —t)k* —Z(V—t)]fr_lLk(x—u)

v

which he shows to be valid for f € ILY)C])OC(R) with f(*) of power growth at +o0, and for even k. He leaves to

the present paper the proof of the following theorem.

Theorem 3 of [17]. For even k greater than 2 and for ¢t € (0, 1), the function K (z) := Ky (z,t) has simple
zeros at all integer values of x and vanishes nowhere else.

Proof: For fixed t, Ky(x,t) is the error in interpolating (x — t)ffl in x by cardinal splines of order

k, hence Ky (-,t) = 0 in case t € Z since then (- — t)i_l is its own cardinal spline interpolant. Further, for

€ (0,1), Ki(-,t) is of power growth at +oo, vanishes at Z and has simple knots at Z and at ¢, and is of
exact degree k — 1 since its (k — 1)st derivative has a nonzero jump at ¢. In short, K := Kj/(-,t) satisfies the
assumptions of Theorem 1 with NV =1, » = 2, and 7 = 1 and must, therefore, satisfy its conclusions. |

3. Even degree cardinal spline interpolation. We discuss now in more detail the interpolation
error for odd k, i.e., for even degree cardinal spline interpolation,

k=2m-+1,

say. Let K} be as defined in (2.6). Then, as (v — t)’i_l is a spline of order k in ¢ with a simple knot at v,
and is of power growth, we can write

k—1 k—1
=05 =Y (w—p— 5 Lt —p—3),
o
with the series converging uniformly on compact sets, by (2.4). Therefore

S5 ke =) = 3 (S - )kl — = 3)) Bl )

= Z (Z(V e %)]jrflLk((E — V))Lk(t_ﬂ— %)
=S @ —p= D5 Lt - b

with the interchange permitted because of the absolute convergence of the series involved, and the last

equality justified by the fact that (x — pu — %)’i_l is a cardinal spline of order k in x. Since

(x — t)ﬁfl —(t— :c)fffl = (z—t)*!
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for odd k and since cardinal spline interpolation of order k reproduces the right side of this identity, we
conclude that

(1) Ki(z,t) = —Kp(t— 1,2 - 1).

Further, we conclude that, for fixed x € (0, 1),

Kz, t+3) = (=5 - )5 = (z— 5 — Wi " Li(t — ),

ie., Kig(z,t+ %) is the error in cardinal spline interpolation in ¢ to (z — % — t)’i_l, hence is of power growth,

vanishes at 7, and has simple knots at 7 — % and at © — % and nowhere else. The function

K(t) == Ki(z,t)

therefore satisfies the hypotheses of Theorem 1 with 7 = %, N =1, and » = 2, and must therefore also

satisfy its conclusions. In particular, K(¢) has simple zeros at ZZ + % and vanishes nowhere else, i.e.,
sign Ky (z,t) = ep(z)w(t — %)

with
w(t) := sign sinmt

and e(z) equal to 1 or —1 or 0. In order to determine e (x), we observe that e;(n) = 0 for all n € Z.
Further, for z € (0, 1),
juump , K60 = (k= 1)(=)¥1 = (k — 1)

since k is odd, therefore
sign K*=D(z+) = 1.

If now z < %, then the Corollary to Theorem 1 applies to K with t; =z and 7, = %, ie.,
sign KW (r)K*V () = (=)
with p = m + 1, hence, as K~V (z+) = K =D (7)), we have
sign Ky (z,z) = —sign KM (1) = —(—)™,

showing that ex(x) = (=)™ in this case. If, on the other hand, = > %, then K satisfies the assumptions

of the Corollary to Theorem 1 with ¢t; = 1 and 7, = 3/2, i.e., signK (V(3/2)K(*=1)(3/27) = (=)™, while
K= (z+) and K1 (3/27) have opposite sign, therefore
sign Ky (x, ) = —sign K () = (=)™
showing that ej(x) = (=)™ also in this case. Since
Kp(z,t) = Kp(z +1,t +1)
trivially, this proves that
(2) sign Ki(z,t) = (=)™ w(x)w(t — 1/2) for all z and ¢.
We also obtain from Theorem 1 that, for each x, there exists a constant a = a(x) so that

(3) |Kk(2,1)] < a(z)[ A (2)]1" for all t.
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Here, A, (3) is the largest eigenvalue less than 1 of A, 1. It follows that, for j = 1,..., k-1, (d/dt)! Ky (z,t)
)

is (piecewise) continuous in ¢ and decays exponentially as |t| — co. Hence, if f has a locally integrable k—th

derivative of power growth, then

/ Ki(z, ) f® ) dt/(k —1)!

defines a function E on R which vanishes at ZZ. Further, for z ¢ 7Z, we can evaluate E(x) by repeated
integration by parts, obtaining

E(z) = (—)F ! /_OO (d) dt)* 1Ky (a,t) f D () dt/(k — 1)1

But, since

(=) (/) K, )/ (k= 1) = (@ = )3 = S0 = )L Ly~ v),

v

we obtain that

E() = / Tl - 0% = S - 0% Lele — ) FO ()] e
Zf JLik(z —v) = f(z) = (Skf)(x).

Theorem 2. Let k = 2m+1 be odd. If f has k — 1 locally absolutely continuous derivatives on R and f*)
is of power growth at +o0o, then

(4) f(@) = (Sef) (@ /mt O () dt/ (k —1)!

with K}, given by (2.6). Further
[Kx (2, 1) < a(x) exp(—bylt])

for some function a and some positive constant by, and, for k > 3,
sign Ki(z,t) = (=)"w(@)w(t - 3)

with w(r) := sign sinrn.
Specific choices for f in (4) give much information about K}, much as in the discussion of Ks,, in [17].
E.g., f(z) := sinvmz vanishes at Z and is bounded, hence Sif =0 and (4) gives

(5) sinvrx = (=)™ (vr)?mT! /_00 Komy1(z,t) cosvmtdt/(2m)!.

If we choose f(z) := z*/k!, then f*) = 1 and f — Sif is known to be equal to the k-degree Bernoulli
monospline By /k! (see [15, Lecture 4, §6C]), therefore

(6) /_OO Komi1(z,t)dt/(2m)! = Bapi1(z)/(2m + 1)), allz € R.

Finally, Holder’s inequality gives at once the following corollary.
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Corollary. If f € L&) (R) with k = 2m + 1, then, for any particular z,
£@) = Su0(@) < 179 [ V(o 0] e/ = 1)

with equality iff either x € 7ZZ (in which case both sides vanish) or
(7) FO) = (=) w@)[1FPloew(t — 3).

One function f satisfying (7) is a shifted version of the k—th degree Euler spline (see [15, Lecture 4,
§6B]). To recall, the k-th degree Euler spline & is a particular cardinal null spline, an eigenspline belonging
to the eigenvalue —1, and normalized to satisfy

Ex(w)=(-)", alveZ.

It has its knots at ZZ + (k + 1)/2, i.e., at Z since we took k = 2m + 1, and, being an eigenspline with

eigenvalue —1, must satisfy
E(x+1)=—&(x), allzeR,

therefore
Elv+3)=0, allveZ

£ (@) = ()™IEF [l sow(a).

It follows that f(z) := Ex(z — 3) has 0 for its cardinal spline interpolant and, except for the factor w(z),
satisfies (7), hence

(®) wl2)Eamia(e = 3 = 16 e | [Kampa (o, t)] e/ 2.

Theorem 3. Let k = 2m + 1. If f € LY (R), then

Ex(x — 3)]

1F 0o
k
1EF (100

|f(z) = Skf(z)| <

and this inequality is sharp since it becomes equality for f = E,(- — %) Moreover, if, for some x ¢ 7Z and
for some f € ]L(()lf))(R) with || f®) ||« <1,

(@) = Skf(@)] = |E (@ = DI/IED oo,

then f must be of the form
f=%E/ 1€ o +p

for some polynomial p of degree < k.
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Part D. A proof of Kolmogorov’s theorem

1. The Euler splines and statement of Kolmogorov’s theorem. We already discussed the
Euler splines in Section 3 of Part C, referring the reader to Schoenberg [15, Lecture 4] for background and
proofs. For £ =0,1,2,..., the Euler spline & is the unique spline function of degree k£ with simple knots at
72 + (k + 1)/2 satistying

(1) Ex(v) = (=) for all v € ZZ,

(2) [[€klloc < 1.

Except for the name “Euler spline”, these functions are very well known, their polynomial components
being essentially the classical Euler polynomials. Our conditions normalize these functions in a way that is
convenient for our purpose. In Schoenberg [16], the reader will find a direct recursive derivation of the &j.

The function &(z) is a kind if stylized version of cosmz to which it converges as k — oo. Its sign
structure is described by the inequalities

. 1 1 e e
LG+ /2] £G) : v—g<z<v+g ifjiseven
®) =) & (I)>Om{ v<ax<v+1l ifjisodd.

In particular, we find that for the supremum norm we have

. _ E,gj) (0) if j is even,
(4) &7 lloc = ()LTFD2L J=0,. k.
ED(L) if jis odd,
For convenience, we write
(5) 16 N0 =2 5 (G=0.....).
These are rational numbers expressible in terms of the Euler numbers, and in particular v;,0 = 1 by (1) and
(2).
We also need the class
(6) LA R) = {f € C*D(R) : f5~D satisfies a Lipschitz cond. on R}.
Evidently, & € L& (R). By ||flloc we mean the essential supremum of f on R.
Theorem of Kolmogorov [8]. If f € LY (R) is such that

k
(7) 1Flloo < l1€xlloo and | FE| < £ oo,
then
(8) 1D oo < 1EP oo for j=1,... .k —1.

The right sides of (8) are the best constants for each j because the Euler spline &, satisfies the conditions
(7) and also the conclusions (8) with the equality signs. Note the Corollary 2 in Section 3 where it is shown
that in a certain sense the Euler splines are the only functions for which we can have equality in (8), even
for a single value of j.

In Section 2, we derive certain approximate differentiation formulae. These are applied in Section 3 to
establish Kolmogorov’s theorem. In Section 4, we establish the needed properties of the formulae of Section
2. Finally, in Section 5, we give a characterization of these differentiation formulae.
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2. Some approximate differentiation formulae. In this section, we consider a cardinal Green’s
function K of order k which fails to be a spline function only because we require

(1) jump o K771 = (—)k
for

0, j even,
(2) CM.Z{%7 ded.

More explicitly, except for the jump condition (1), K is a spline function of order k with simple knots at 7
and vanishes at ZZ + 7 where

3) - { %, k even,

This choice of 7 was explicitly excluded in Theorem C1 since it would allow bounded eigensplines, viz the
Euler splines & already used in Part C and again in the previous section. This exclusion was the subject
of the remark following Theorem C1. The required “additional freedom” for K mentioned there is provided
here by the condition (1).

Theorem 1. Let k > 2, and let 1 < j < k — 1. There exists a unique function K on R with the following
three properties:
(i) K is a spline function of order k with simple knots at ZL except that

jump o K 8T = (=),
with o =0 or % as j is even or odd.

(ii) K vanishes at ZZ + T, with 7 = % or 0 as k is even or odd, except that K is not required to vanish

at 7 in case j + 1 =k as then K is not continuous at T, by (i).
(iii) K € IL; (R).

Theorem 1 will be established in Section 4. Observe that the inequalities 1 < j < k — 1 imply that
0<k—j—-1<k-2

Hence K fails to be in C*~2)(R) and this is the reason why K is not a cardinal spline.
Let us now assume that Theorem 1 were established and use the function K as a kernel as follows: If
fe ILS,];) (R) and if we integrate by parts repeatedly the integral

[kmwmm

and use the jump condition (1), we obtain the following corollary.

Corollary 1. For f € LY (R),

(1) @) = 3 A0+ [ K@) @)

vEZX
with
(5) A, = (=) Ljump , K* Y allv e Z.

The derivation of this differentiation formula by integration by parts requires the following remark: Our
construction of K in Sec. 4 will prove that all derivatives K(*)(z) (v =0,...,k — 1) decay exponentially as
x — t+00. On the other hand, f € L (R) implies that the derivatives f*) (v =0,..., k) can be of power
growth at most at +o0o. This explains the vanishing of all “finite parts” at +o0o and also the convergence of
the series in (4). Clearly, K and A, depend also on k and j, but the values of k£ and j will be obvious from
the context.

In our application of Corollary 1 to a proof of Kolmogorov’s theorem, the following additional information
on the A, and on K is vital.
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Theorem 2. We assume that k > 4.
(i) For certain positive constants A and B,

(6) |K") ()] < Ae™Blel for all € R and for = 0,...,k— 1.

(ii) The coefficients A, of the formula (4) satisfy

(7) (_)v+L(j+1)/2J A, >0
for all v € 7.
(iii) The kernel K of Theorem 1 satisfies the inequality
(8) (=) D22 K () > 0 for z € (v — T, v +1—7)
for all v € ZL.

(iv) The kernel K is symmetric around «. Specifically,
(9) K(a+2) = (=)"7K(a—z) for all z € R\{0}.

By (7), the coefficients A, alternate strictly in sign if k& > 4. If k = 2 or 3, this is no longer the case,
since then only a finite number of the A, are # 0 (see [16]). By (8), the kernel K vanishes only at the points
7Z + T (with the exception mentioned in (ii) of Theorem 1) and alternates strictly in sign as we cross from
one unit interval to the next.

In the next section, we use Corollary 1 and Theorem 2 to establish Kolmogorov’s theorem and to describe
its extremizing functions. In Section 4, we establish Theorem 1 and Theorem 2 jointly by constructing K
and then applying the Budan-Fourier theorem to its two pieces.

3. A proof of Kolmogorov’s theorem. We retain the definitions

0. .. [even 3\ .., . Jeven
a.—{%}lfjls{odd}, T.—{O}lfkls{odd}

introduced in the preceding section. Our earlier description (1.3) — (1.4) of certain properties of the Euler
spline then give that

(1) (_)V+L(k+1)/2J gék) ()>0 on(v—m,v+1—7), forallveZ
and
(2) (—)Lu+D/2] glgj)(a) = ||Séj)|\oo =:,; forj=0,... k.

We apply the differentiation formula (2.4) to the special function
fo = (—)lUtD/2g
By (2),
(3) f () = (HWRgM () =5 > 0.
The interpolation property (1.1) shows that fo(v) = (—)**+LG+1/2) and Theorem 2.(ii) shows then that
(4) A, folv) =1A,| > 0for all v € ZZ.
From (1) and (2), we find that
(—)r+Le+1)/21+1G+1)/2) fék) () =k >00n (v—m,v+1—7)
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for all v € Z, and Theorem 2.(iii) then shows that
(5) K(x) ék) () = |K(z)|ye,k > 0 for x € R\(Z + 7).

By (3), (4) and (5), the relation (2.4) becomes

(6) @)=Y A+ [ K (@) d.

V=—0o0

If f is an arbitrary function in LY (R) satisfying the assumptions (1.7), we may also assume that
9 (a) > 0, for if not we consider — f instead, which also satisfies all assumptions. Applying the differenti-
ation formula (2.4) to our f, we obtain from (1.7) that

0< @) = Y A+ [ 7 K@) f®(2) da
(7) v -
<S4 [ K@)]de = ()

the last equality following from (6). We have just shown that

8) 1f9 ()] < I (@)] = 7n-

If 20 is real and if we apply our result to f(x 4+ xo — ), then we obtain that |f)(zo)| < 4%, and the
conclusion (1.8) is established.

Let us now assume that in (7) we have f@)(a) = féj )(a). This implies the equality of the two middle
terms of (7), and this we may write as

9) S (1A = A f(v) + /OO {Ver — %ﬂ’f) (z)}| K (z)|dz = 0.

v

By (1.7), we see that all terms of the series are nonnegative, and so is the integrand almost everywhere.
From (4), we conclude that

A, f(v) = A, fo(v) for all v € 7

and (5) shows that
K(z)f®) (z) = K(x)fék) (z) for almost all x.

Therefore

(10) fw) = fo(v) for all v, f® = ék) a.e. .

Integrating the last relation k£ times, we conclude that f and fy may differ only by a polynomial of degree
< k, and the first relations (10) show that this polynomial is identically zero. Hence

(11) f= (_)L(Frl)/ﬂgk.

This completes our proof of Kolmogorov’s theorem and also a proof of
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Corollary 2. Let f satisfy the assumptions (1.7) and therefore also the conclusions (1.8). If, for some value
of j € [1,k — 1], the equality sign holds in (1.8), and if the extremum || f)||o, = & ; is attained in the sense
that

(12) 1£9 (20)] = [|f 9o for some
then f is necessarily of the form
(13) f(z) = £&(x — ).

Remarks. (i) Since we have used Theorem 2 in our proof, we have also implicitly assumed that k& > 4.
For the elementary cases when k = 2 and 3 see [16]. Corollary 2 is valid also for & = 3, but requires a special
proof given in [16, §8]. For a discussion of the extremizing functions in the weak sense (when there is no xg
satisfying (12)) see [16, §8].

(ii) For the case j = 1, Kolmogorov proved the stronger result: If f € L& (R), and a, b and ¢ are such
that the function g(x) == a&(bx + ) satisfies ||glloc = || fllocs |9% loc = ¥ ||loo, and g(z0) = f(x0), then
g™ (zo)| = [ f1) (o).

(iii) For the general formulation of Kolmogorov’s theorem see, e.g., [16, §6].

(vi) For the special case k = 4, j = 1, we find that o = % and jump o K (®?) = —1. This shows that the
right hand side of (1.13) in Lecture 9 of [15] has the wrong sign as does the first line of the right hand side
on (1.21) in the same section.

4. A proof of Theorems 1 and 2. The proof is divided into six parts.

(@) A proof of the unicity of K. If we have two functions, K7 and K> say, satisfying the conditions
of Theorem 1 for the same k and j, then, in forming their difference

S = Kl—KQ,

the discontinuity in the (k — j — 1)st derivative at « cancels out, and we conclude that S is a spline of order
k with simple knots at ZZ, and vanishes at ZZ + 7; in short, S is a cardinal nullspline. Hence, with

x) = (S(x),..., 8% D (x)/(k—-2)), ifr=0,
3= { (S(@),..., 8% V(x)/(k - 1)), ifr=3,

we infer from Part B that
q

S(v+171) = Z ci(=Xi(m) u" | allv € 7,
i=p
for a certain basis (u(»7)); and a certain strictly decreasing positive sequence (A\;(7));. On the other hand,
S must be in IL; (R) since both K7 and K> are, by assumption (iii). Therefore, letting v — oo, we see that
¢; =0 for all ¢ with \;(7) > 1, while, letting v — —o0, we see that ¢; = 0 for all ¢ with A\;(7) < 1. In short,
S =0.

(8) A proof of the symmetry relation (iv) of Theorem 2. We are to show that the unique K
of Theorem 1, if it exists, must satisfy

(1) K(a+z) = (=)"7K(a — ) for all positive .

For this, define K7 by
Ki(a+z):= (=) 7K(a —2) for all z # 0.
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Then K is in IL (R) since K is, K7 vanishes at Z + 7 since K does, and K is a spline of order k with knots
at ZZ, K having this property, except for the discontinuity in the (k — j — 1)st derivative at a.. But

jump o K7V = K (@) - KT (@)
= (I IR () — KO (o))
= jump o K #7770 = (—)Fd,
so that K also satisfies the jump condition (2.1). But now (1) follows from the unicity of K just proven.
(7) A proof of existence of K when k is odd. Motivated by the symmetry (1), we actually
construct K by determining a spline function S in ILj[a, 00) of order k with simple knots at the positive

integers which vanishes at v + 7 for all nonnegative integers v, and which satisfies

() (Y — (_\h—i ‘ _ 0,2,...,k—3 if j even
(2) §7HaT) = (=) Oy /2 for {1,3,...,k—2 it j odd

Any such S will give rise to a K of the required sort by

x>«

(3) K(z) = {((f/Z “iS2a—1z), r<a

with the conditions (2) guaranteeing that

. 2 0
jump oK) = (—)k_Jénk_j_l forr=0,...,k— {1} if o = {

N=
—

Since k is odd, 7 =0, i.e., S is to vanish at its knots 1,2,.... With
S(z) == (S(z),...,S* D (x)/(k —2)!
as in Part B, the condition that S have simple knots at the positive integers and vanish at these implies that
(4) S(v+1)=(—-A4)"S(1) for v =1,2,3,...,

where Ay, is the matrix described in Section B2. Hence, S is determined on [1,00) once we choose S(1). In

particular, with (u(i))]f =2 a complete eigenvector sequence for A;, corresponding to the decreasing eigenvalue

sequence (A\;)¥72, any S(1) of the form

(5) S1)= Y cu
will give rise to an S in IL;[1, 00) since A; < 1 for ¢ > m := |k/2] (see Theorem B1). On the other hand,

(6) s(a Zs” 1)/ =)+ SETD ) = DF (= 1)

for r =0,...,k — 1, so that, with the choice (5) for S(1), (2) constitutes an inhomogeneous linear system of
(k —1)/2 equations in the
k—2-m+1=(k—-1)/2

unknowns ¢p,41, - - -, Ck—2 and S(kfl)(lf).
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We are therefore assured of the existence of exactly one solution (necessarily nontrivial) in case the
corresponding homogeneous equations have only the trivial solution. But that is certainly so here, since a
nontrivial solution would give rise via (3) to a cardinal nullspline in IL; (R), a possibility already rejected
when proving unicity.

We conclude that (2), considered via (5) and (6) as a linear system for cyy1,...,cr_2 and S¥~1(17),
has exactly one solution, proving the existence of K for this case.

(9) A proof of Theorem 2 when k is odd. We obtain the exponential decay as described in (i)
of Theorem 2 at once from (4) and (5) above with e™® = A, ;1. As to (ii) and (iii), we begin with the
observation that roughly half the numbers S(a), ..., S*~1 (aT) vanish. Precisely, as we saw in the existence
proof, (2) comprises (k — 1)/2 equations all but one being homogeneous, hence (k — 3)/2 of the k£ numbers
S(a),...,S%*=1D(at) must be zero. Therefore,

(7) S7(S(a),....,.8*  Vat)<k—-1—-(k—3)/2=m+1,

with m := |k/2| = (k — 1)/2 as before. Let now p + 1 be the smallest integer > m + 1 for which ¢,+1 # 0
in (5). Then
S() = (—Ap41)” tepru® +o((Apr1)" ) as v — oo,

therefore, by the Corollary to Theorem B1,
(8) SHSW),...,S*Vw™)) =p+1>m+1for vnear co.

But, on (o, v), S is a spline of order k with simple knots only, and with at least as many zeros as knots, and
all these zeros must be isolated since, by (ii) of Theorem Bl and by (5),

ST(SDw), ..., S* D)) >p>m>0forv=12,...,

hence S cannot vanish identically on a positive interval. Also, S is not just a polynomial of degree < k — 1
since S # 0. Therefore, from the Budan-Fourier theorem for splines, and from (7) and (8) we have for v
near oo that
Zgt—1) (e, ) < number of active knots of S in (a,v)

< number of knots of S in («,v)

< Zg(av)
(9) < Zgo-n (o, v) + S7(S(a), ..., 8% D (at))

—SHS(), .., SV

< Zgw-n(a,v)+ (m+1)— (m+1)

= Zgo— (a,v),
showing that equality must hold in all inequalities used to establish this string of inequalities.

We harvest the fruits of this statement one at a time. Equality in (7) implies that all entries of the

sequence S(a), ..., S*V(aT) not explicitly set to zero by (2) must be nonzero and alternate in sign. Since

we know that
S (ah) = (4) /2,

we therefore know that

(10a) (—)f=37rgk=i=2) () > 0 for r = 1,2, ...
and
(100) (=)Fitr §h=i+21) (o +) < O for r = 0,1,2,... .
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If now 5 is odd, then o = % and k — j is even and (10a) implies that
(11) (—)F=9728(1) > 0 for j odd.
Further, k — 1 =k — j + 2r with r = (j — 1)/2, hence (10b) gives that
(12) (—)U=D/28k=D(1y < 0if jis odd.

If, on the other hand, j is even, then a =0 and k — j is odd, and 1 =k — j — 2r with r = (k —j — 1)/2, so
(10a) implies (for 7 > 1) that —(—)*=7=1/28(1)(0) > 0, therefore

(13) (—)(kfjfl)/zS(%) > 0 for j even,

since this follows directly in case j =k — 1. Also, k — 2=k — j 4+ 2r with r = (j — 2)/2, so
—(—)U=2/28(-=2)(0) < 0 by (10b), hence

(14) (=)7/28*=D(0F) > 0 for j even.

Further, since the number of active knots of S in (a, ) must equal the number of zeros of S (k=1) there,
it follows that S*—1) changes sign strongly across each integer 1,2, 3,. ... But then K *~1Y must change sign
strongly across each v € ZZ: This is obvious in case @ = %; but it is also true in case @ = 0 for then j is

even, hence k — j is odd, and therefore all even derivatives of K are odd around a = 0, hence K*~1) is odd
around « = 0, showing that K(*~1) changes sign strongly also across a = 0. It follows that

A A 1 <Oforallv e Z
and it remains only to show (2.7) for a particular value of v, say for v = 1, in which case (2.7) asserts that
(—)LHD/2] jump K+ < 0.
But that is now a consequence of the fact that, by (12) and (14),
(_)L(j-i-l)/?J SE=1) 5 0 on (0,1).

Finally, even counting multiplicities, S must have exactly as many zeros in (a,v) as it has knots, hence S
changes sign strongly at all positive integers and nowhere else in (o, 00). K therefore changes sign at the
integers and nowhere else: This is clear for a = % But it is also true for a = 0, since then, as we just said,
K must be odd around 0, hence must change sign strongly across 0. It remains to verify (2.8) for some v,
say for v = 0, in which case (2.8) asserts that

(15) (—)LEFD/2I=1G+1)/2] g > 0 on (0,1). thefirst|h|asonlyone), butIputintwo

But [(k+1)/2] = (k + 1)/2. Further, for odd j, [(j + 1)/2] = (j + 1)/2 while, by (11), (—)*=9/2K >0
on (0,1), proving (15) for this case. If, on the other hand, j is even, then |(j + 1)/2] = j/2 while, by (13),
(—)*+1=9)/2 K > 0 on (0,1), thus proving (15) for this case, too.

This proves all assertions about K made in Theorem 2, for odd k.

(¢) A proof of existence of K when k is even. In this case, it becomes convenient (and perhaps
more diverting) to construct K in the form

(16) K(z):= { (=)F952a—-12), =>a

S(x) , r<
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with S a spline of order k in IL; (—oo, & with simple knots at the nonpositive integers and which vanishes
at v+ % for all negative integers v and satisfies

_ 1,3,...,k—3 if j even
(17) ST(a™) = —(=)*6,4_j_1/2 for r = {
0,2,....k—2 if j odd.

As S is to vanish at v + 7 for —v € IN and 7 = %, we recall from Sec. B3 the abbreviation
S(2) i= (S(2),.., SE (@) /(k - 1)),
in terms of which then
(18) S(v—12)=(—4c:)"S(-3), v=-1,-2,...,

where Ay, is the matrix described in Section B3. Hence, S is determined on (—oo, —%] once we have

chosen S(—%). In particular, with (u(“'))]f_1 a complete eigenvector sequence for Aj, » corresponding to the

decreasing eigenvalue sequence (\;(7))¥~!, any S(—%) of the form

m—1

(19) S(—3) = Z c;ulm)
i=1

gives rise to an S in Ly (—oo, —3], since A;(7) > 1 for i < m := |k/2] and 7 = 1, by Theorem B2 or by the

Corollary to Theorem B3. On the other hand,

k-1
. 1.
(20) ST (™) =3 SO (-1H(a+ ) /=) + SE=D () ok /(e — 1 — 1)
for 7 =0,...,k, so that, with the choice (19) for S(—1), (17) constitutes an inhomogeneous linear system of
{mnzl} equations for {Covdcél} j in the unknowns c1, . .., ¢;m_1, and also in S+~ (0F) in case o # 0. Hence, in

terms of (19) and (20), (17) constitutes an inhomogeneous linear system in as many unknowns as equations
and is therefore uniquely solvable (since a nontrivial solution to the homogeneous system would give rise to
a nontrivial null spline in IL; (R), an impossibility.) This proves the existence of K when k is even.

(¢) A proof of Theorem 2 when k is even. The argument parallels closely that given when k
is odd. The exponential decay is again obvious from the construction. Further, Equations (17) set to zero

{zj} terms in the sequence S(a),...,S—1)(a™) for {covdcél} j. Hence, choosing the sign of these zeros to

alternate in conjunction with the nonzero term S*~7=1(a~), we see that

(21) S*t(S(a),...,8* V(7)) > {Z - f} for j {ng‘}

Also, with p — 1 the largest integer < m — 1 for which ¢,—1 # 0 in (19), we have
S = 1) = (“pa (1) 07 4 oy 1 (7)) 5 v — —o.

Therefore, by Theorem B2. (iii),

(22) ST(Sw—1),....,8*  Vw—rt)N)=p-—2<m-2

for all integers v near —oo. Further, on (v —7, ), S is a spline of order k (and certainly not just a polynomial
of degree < k — 1) with simple knots at v — 1, v — 2,...,—1, and also at 0 in case a = %, i.e., when j is
odd, and nowhere else, while S vanishes in (v — 7,a) at v — 1 — %, ey —%. Since these zeros are necessarily
isolated, we have

number of knots of S in (v —7,a) < Zg(v — 7, 0) + {O} for j{even}'
0

29



The Budan—Fourier theorem for splines, and the inequalities (21) and (22) now give, with §:=v — 7 and v
near —oo,

Zsx-1) (B, a) < number of active knots of S in (5, @)
< number of knots of S in (3, @)

< zs(s.) + {1}

(23) < Zgon (B,0) + S7(S(B), ..., SE V()
—ST(S(a),... 5% V(7))

< Zgw-n(B,a) + m—2— {Z:f} + {(1)}

= Zsw-1 (B, a)
showing that equality must hold in all inequalities used to establish this string of inequalities.

In particular, S changes sign strongly across v+ % for each negative integer v, and changes sign nowhere
else in (—oo,a). K must therefore change sign strongly across v + % for each v € 7 and nowhere else,
which reduces the proof of (iii) to checking (2.8) for v = 0. Also, S®*~1), and therefore K *~1), changes sign
strongly across each knot, which reduces the proof of (ii) to checking (2.7) for » = 0. But since there must

be equality in (21), and since K (a + z) = (=)* 7 K(a — ), we have with A.1.(1) that

S™(K(a),..., K&V (at)) =k/2 + {(1)} for j{iﬁ}.

This forces the k —m + {f} of the k terms K (), ..., K#=D(at) not explicitly set to zero by (17) to be in
fact nonzero and to alternate in sign, and the verification of (ii) and (iii) proceeds from this and from the
fact that

(_)k*jK(k*jfl)(aJr) >0

much as in the case k£ odd.

5. A characterization of the differentiation formulae of §2. If o and 7 are defined by (2.2) and
(23),1<j<k—-1,and f € LY (R), then we know that

1) 1) = Y Afw)+ [ " K (@) f® (2) da.

vEZ
Here K (z) is the kernel of Theorem 1, having the properties

(2) K(r+v)=0if v € Z,
and

(3) jumpaK(k_j_l) = (—)k_j.
Let us first assume that

(4) j<k-2.

Since K € C(R), it follows that we can write (1) in the form

(5) 9@ = X Afw)+ [ K@)

vEX
where we interpret the remainder as a Stieltjes integral. Then (5) is surely valid if we only assume that

€ L , Where ~% is uniformly locally of bounded variation, meaning that the total variation o
f e LED(R), where =1 formly locally of bounded hat th 1 f
%=1 on the interval [a,a + £] is bounded for every fixed £ and all a. This is surely the case if

(6) f €8z NILED(R).
In this case, f*~1 is a step-function with jumps at 7 + 7, and (2) shows that the remainder term of (5)

vanishes because of (4).
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Lemma 1. If (6) holds then
(7) )= Afw),
VEZ
where in case that
(8) j=k—1, hence a=r,
we interpret f*~Y(a) = f*=V (1) to mean
9) FE (@) =0 V() = (f5 V(@) + fE V(7)) /2.

Proof: Since the case when (4) holds has already been established before stating the lemma, we
may assume (8) to hold, and are to show that

(10) 0fF () =" A fw).
vEX

The only difficulty is that by (3), or jump K = —1, the Stieltjes integral in (5) is not defined. However, it
is defined if

(11) the point © = «(= 7) is not an active, or actual, knot of the spline.

In this case again (10) holds.
Let us remove the restriction (11). Observe that, whatever the parity of k& may be, the Euler spline

Er—1(x — %) has its knots at 7 + ZZ, and jumpTé']gk:ll) # 0. It follows that for some appropriate constant ¢
the spline
fola) = f(x) = €z — 3)
will satisfy the condition (11). Moreover, _1(v — 1) = 0 (v € Z) and therefore f(v) = fo(v) for all v. It
follows that f(z) = fo(x) + c€k—1(z — 3) has the property that
Of*N(a) = fék_l)(oz) +D05,£k__11)(04 -3

= Z Al,fo(V) +0= Z AVf(I/)u

VvEZXL vEZ
which proves (10). O
We may now establish the

Theorem 3. The differentiation formula (7) is the unique diff. formula having absolutely summable coeffi-
cients A, and which is valid for all splines f(x) satisfying (6).

Proof: Suppose that also the formula
(12) fyyla) =) A f()
vEZ

shares all these properties with (7). Subtracting them and setting A, =A, — Al we conclude that
(13) > Afw)=0

for all f satisfying (6). If we apply (13) to the sequence of B-splines (see, e.g. [15, p. 11])
fl)=Qrn—a+7) (neZ)
we obtain that

(14) Zngk(n—l/—i—T):O (n € 7).

vEZ

This shows that the cardinal spline g := »_ /NL,Q;C( — v) of order k vanishes at ZZ 4+ 7 while also, by
assumption on the A, being in IL;(R). But this implies, as in the proof of unicity of K (see Section 4.(c)
above) that g = 0, therefore 4, = 0, for all v. O
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