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Abstract. We consider several methods for solving the linear equations arising from finite
difference discretizations of the Stokes equations. The two best methods, one presented
here for the first time, apparently, and a second, presented by Bramble and Pasciak, are
shown to have computational effort that grows slowly with the number of grid points.
The methods work with second-order accurate discretizations. Computational results are
shown for both the Stokes and incompressible Navier-Stokes at low Reynolds number.
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1. Introduction.
The steady-state Stokes equations in R? are
Vii—-Vp=f
- p=/ . acr (1.1)

i

£
Il

In almost all applications the function ¢ in the second equation of (1.1) is zero, but the
methods discussed here do not require that g be zero, so we include this slightly more
general case. We consider only the the Dirichlet boundary condition

=50 on oQ.

The methods discussed here should be easy to extend to other boundary conditions. The
velocity ¥ is a vector of dimension d and the pressure p is a scalar. The domain of our
computational examples is the unit square in R?. In current research we are using these
methods on more general domains. For a discussion of the mathematical theory related to
the Stokes equations see the book by Temam [16].

Let As,Gh and Dy be the matrices generated by discretizations of the differential
operators (—V?), V and (—V.) respectively. The discretization of (1.1) may be written as

Ap Gp\ [ un ) <f h )
= . 1.2
(Dh 0 ) (Ph gh (12)
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In some formulations of the difference equations, e.g., staggered grids and finite element
formulations, the matrix Dy is the transpose of Gy, i.e., Dy = GT. However, in many
cases this is not true, either because of boundary conditions or because of the difference
schemes. In this paper we do not assume that Dy = G',I;. Note that

det (g’; Cé”) = det(A; ") det(—Qn)

where

Qr = DhA;IGh.

Hence (1.2) is solvable if A and @ are invertible.
The methods we discuss here are based on the operator . We note that

up = A (fr — Grpr) (1.3)

from the first row in (1.2). Using the second row, we have

Dr A7 (fo — Grpr) = g

Thus (1.2) can be solved by first solving

Qrpr = ha (1.4)

for pj, where
hy = DhA;;lfh — Gh.

After pp is obtained, uj can be recovered from (1.3). The operator Q is the Schur
complement of the system (1.2).

The operator @ often has several rather desirable properties. As we show in the
next section, @y is close to being a symmetric, positive definite operator. Moreover, in
many cases the eigenvalues of Q5 can be bounded independently of the mesh spacing. In
these cases, one can use the conjugate gradient method to solve (1.4), and the number of
conjugate gradient iterations required to solve (1.4) should be relatively independent of
the grid parameters. We call the iterative method based on solving (1.4) by the conjugate
gradient method the pressure equation method, and refer to it as the PE method.

The PE method requires that A, needs to be inverted in each iteration of the conjugate
gradient method. This must be done efficiently in order for the overall method to be
efficient. Multigrid methods or preconditioned conjugate gradient methods are two possible
methods. The price for inversion of A, would be essentially independent of the grid size
when the multigrid method is used, and would grow slowly if a preconditioned conjugate
gradient method were used.

The Uzawa iterative method, see [1], can be viewed as solving equation (1.4) by a
fixed point iteration. This method can be written as,

Apuftt = —Ghph + fa

v1 v+1

, (1.5)
Py =Ph—7(Dhuh - gn)-
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The method converges for ~ in some interval (0,%) depending on the scaling of the opera-
tors.

A potential disadvantage of these methods is the necessity of inverting A, at each
“iteration. There have been a number of iterative methods that avoid the inversion of the
operator 4, as required by the Uzawa method. We describe only a few here. For other
related methods see [8], and [1].

Bramble and Pasciak [3] proposed an iterative method using a preconditioned con-
jugate gradient method to solve finite element approximations to the Stokes equations.
To avoid the inversion of 4j, Bramble and Pasciak used a preconditioner A;l‘ol. With the
preconditioner, (1.2) is transformed to

My, <“h> = (1.6)
Dh
where
, Ajo A Ao G ; Ago f
My = -1 1 and fp = 1, .
Dh—’lhg («4/1 - AJ:O) th&hg Gh D/z-4/lo fh - Jh
They assumed that G} = Dy and
0 < ((An — Ano)un,up) < aldpup,up) (1.7)

for all up # 0 and for some « with 0 < a < 1. If (1.7) is satisfied, then M} is symmetric
and positive definite with the inner product

K uh) , <Uh >] = (Apun,vn) — (Aroun,va) + (Pr. qn)

Ph qdn

where (-,-) is the usual inner product in the discrete space.
Under an assumption equivalent to the inf-sup condition (see [2]) which implies that
the condition number (M} ) of Q4 is bounded by a constant independent of h. they showed

that e AT < ‘/\/[ up up <c wp \ || 1.8
al( <l () (el

for some positive constants C; and C, and for all (un, pr)’t. This implies that x(Ay) is
bounded by a constant independent of A and the conjugate gradient is a good method to
solve (1.6). We refer to the above iterative method suggested by Bramble and Pasciak as
the BP method in more detail.

Strikwerda [14] avoided the inversion of 4, by using one step of successive-over-
relaxation. If 4, is written as

Ap =Ap =Ly = Uy
where Ay is the diagonal of 4 and L, and U, are strictly lower and upper triangular
matrices respectively, then the method introduced in [14] is

1 -1/, 1 : . =
“lsz+ =uy —wA, (Apup — Lhu,’f" — Unuy + Grpp — fn)

v4+1 __

(1.9)
Py =pp— A,/(D;LzLZ“H — gn)-
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We refer to this method as the SOR method.

The number of iterations required by the SOR method is, at best, proportional to h~!
where A denotes mesh size [14], and this requires a great amount of time to get a solution
for small mesh sizes. For example, Strikwerda and Scarbnick [12] pointed out that the SOR
method was quite slow when they used domain decomposition methods. An advantage of
the SOR method is the relative simplicity of coding the algorithm. We include this method
in our study as a representative of iterative methods that use either time-marching or SOR-
like methods to solve the Stokes equations, see Roach [11]. Although there is a great variety
of such methods, they all take a number of time steps or iterations that is proportional to
L1 at best.

The PE method is the fastest of the methods we compare here. Both the PE and
the BP method have work that is proportional to the number of grid points, but the PE
method is faster. In part this is because the PE method needs to invert A, just once in
each conjugate gradient step, while the BP method needs to operate with A;OI twice. The
other reason is that the inner product used in the BP method requires considerable worlk
to compute. This extra work cancels out the advantage of using the preconditioner. The
exact comparison of efficiency is done in the section 4.

The PE method doesn’t require parameters. This is a significant advantage over the
SOR method for which good values of the parameters w and v in the SOR method can be
hard to find. The BP method also needs a scaling parameter in the preconditioning and,
in our experiments, the method was very sensitive to the scaling parameter. In the two
subsequent sections, we discuss the PE method and the BP method.

2. Analysis of the Pressure Equation Method.
To analyze the PE method, we first examine the analogous problem for partial differ-
ential equations. Define the operator Q for p in L*(Q2)/R as

Qp:=V-§

where

V) = Vp with Plaq = 0.

Q can be expressed symbolically as (=V)(=V2)~1(V). Crozier [7] has proved the following
theorem, see also [9].

Theorem 2.1. If Q is a connected, bounded domain in R* with smooth boundary,
then the operator Q) is a bounded, positive definite operator, with bounded inverse, on

L*(Q)/R.

The norm of @ is actually bounded by 1. So the above theorem can be expressed
mathematically as

0 < Cllpll* < (@p,p) < llpll® (2.1)

for some positive constant C' and for all p. Moreover the operator ¢ is self-adjoint.
Even more can be said about the eigenvalues of Q. The eigenvalue 1 occurs with infinite
multiplicity. This is on the orthogonal compliment of the harmonic functions in L*(Q)). We
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conjecture, based on some evidence, that the rest of the eigenvalues are clustered around
one-half.

Conjecture. The operator ) has the eigenvalue 1 with an infinite multiplicity, and the
remaining eigenvalues have a cluster point at 1/2 with no other cluster point.

If Qp is a consistent and regular finite difference approximation to @, then one can
expect that @y is positive definite and has its condition number bounded by a constant
independent of h.

If one uses the usual central difference scheme for Dy and Gp, then Q) is symmetric.
However, if central difference formulas are used for Dy and G}, then the scheme is not
regular, see [13], and @ will either be singular or be nearly singular.

If the regularized central difference scheme (see [13]) is used for Dy and G, then
the symmetry of Qj is lost. However Q) is close to being symmetric. As our numerical
solutions show, the ordinary conjugate gradient method works very well.

The following is the conjugate gradient method we used to find the pressure pj, see
[15]. Let (u},p}) be an initial solution with u} having the true boundary values. Let
9 =71 = hy — Qrp) where s4 and ry denote the search vectors and residual vectors,
respectively. Define ¢ = Qxr}. The conjugate gradient method for the PE method is

v+l _ v v
pPp T =DPpt ausy
v+1
rh = TZ - auq}l:

w1 v+l v
bh = Th +,By3h

Gt = Qury ™+ Bugi

_ (rh>Th)
L = Lo lh)
(s4,q%)
P AR
L =
(rhs78)

When A}, is inverted, the boundary values must be assigned to obtain a unique solu-
tion. The residual vector 7, in the conjugate gradient method is defined to be hp — Qrph
and initially r9 = DhAgl(fh —~ Gp?) — gr. The first row in the equation (1.2) implies
that the boundary values of A;*(fr — Gip}) have to be the boundary values of up, the
velocity field of the solution. But, in later steps, when one needs to evaluate Qnrry, the
zero boundary values should be used for A;l.

The multigrid process using V-cycles was used to invert A,. The ordinary Gauss-
Seidel iteration was used as the smoother. The number of relaxations in each node of the
multigrid was 2. Injection was used to go to a coarser level and interpolation was used to
go to a finer level. The residual was computed just before the injection process and at the
end of the V-cycles. For the multigrid terminology, refer to [6].




3. The Bramble-Pasciak Method.
The conjugate gradient method applied to (1.6) is defined as the following, refer to [3]
for details. Let z) be an initial approximation to the solution pair (u,p%)" with the true

boundary values assigned for u%. With s) =r) = Fu — M} 2%, define for v > 0

_ __[I_Il:sslilz]
g [Mys¥,s%]’
ZI‘:H = zj, + oS,
7,}1:4‘1 — fh _ Mhz,‘:"H, (31)
ﬂu — M[Mh3717ri’:+1]
[Mysy,s¥] '
s',:""l = r,':+1 + Bush.
Note that, from [15],
[rh, 73] [rptt,r
S 1501 EE S v AL S 3.2
= Ddspsn] P T 32)

Since M}, is positive-definite, (3.2) shows that a, and §, are nonnegative. This fact
can be used to test a good candidates for A;;. One possible choice for A7, is to let it be
one V-cycle for solving

Apup = fp (3.3)

when the boundary values of u, are specified. However this choice of A,:Ol may not satisfy
(1.7). A better choice is to take
Aiy =0 Aiy

where A;ll is one V-cycle for solving (3.3) and o is a scaling factor. If o is chosen improp-
erly, then there is a chance for M} to be indefinite. This is detected in computation by
checking on the positivity of a, and B,. By changing the value o, one is able to find a
A satisfying (1.7).

The parameter o is not hard to find since it is larger than and close to 1 by the following
argument. Since A;llAh ~ Iy, UA;'llAh ~ I, also for ¢ near 1. Note A — Ap; = 0. To
get A — 071 Ap1 > 0, ¢ needs to be larger than and close to 1.

The following comments explain how we implemented the BP method. Some care
must be taken to insure good efficiency. From (1.6) and the definition of M}, the residual

vector is 1
. < Ao (fn — Apun — Grpr) >
h = - -
Dy A7} (frn — Anun — Gupn) + Drup — g
To compute 7, first set and save the vector

wp = fr — Apup — Grpn (3.4)

for later use. Next the system
Apon = wh (3.5)
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is solved for W), with zero boundary condition, we then have

_ (T ._ Wh
Th= <TII) o (Dh(if)h + up) — gh> ' (36)

In this way the initial residual rd is computed. Also set s} = 7}.
In subsequent iterations, the inner product [rs,sp] is computed as

[rh,sn] = ((Ar — Ano)rr,s1) + (r11,811)

3.7
= (Aprr —wa, s1) + (rr1,511)- (37

where sy = (s1,s17)". The last expression is used to compute [Th,sn]. Note that Apo is
not used explicitly.

[Mh (88111) ) (sS;IN = (AnAjg (Anst + Gusrr) = (Awsr + Grsir),sr)

+ (Dy Al (An — Ano)si + DuAjy Grsrr,sir).
To simplify this expression, we set
tp = Aps; + Gpsyy (3.8)

and solve

Apotn = th (3.9)

for £, with zero boundary condition. If m; and my; are defined to be Ant, — t, and
Dh(fh — s1) respectively, then

[Mh (SSIII) , <33111)] = (my,sr)+ (mir,s11) (3.10)

If the vector (my,mr)t is saved, then [Mpsp, 1] is computed as
(mr,rr) + (mir,rin). (3.11)

In this whole process, we need to evaluate A,;‘ol, and never need to evaluate Ao itself.
The special forms of o, and f, in (3.1) were chosen to be easily computable.

4. Analysis of Efficiency.

In this section we estimate the total number of significant operations, which we desig-
nate as T'SO, for each iterative method. We use these estimates to compare the efficiency
of each of these methods. We take as a representative case the Stokes equations on a square
in R? or cube in R%. If N + 1 is the number of grid points in a coordinate direction in R¢,
then (N —1)¢ is the number of interior grid points. T'SOs, TSOp and TSOp are the TSO
for the SOR method, the PE method, and the BP Method, respectively. Iters, Iterp, and
Iterp are defined similarly.




Let N4, Ng, and Np be the number of multiplications per grid point to apply 4, Gp
and Dy, respectively. If up = (u1,...,uq)", then

(Arup)im = ((viul)l,m> ey (V%ud)z,m)t. (4.1)

We used the usual second-order accurate discrete Laplacian for V3. Since Aj involves d
scalar Laplacians, Na ~ (2d + 1)d. The regularized central differencing was used to find
any first derivative with respect to any direction, and this needs 4 points to evaluate.
Each of (Guppn)i,m and (Dpup)i,m needs d first derivatives to be evaluated, so Ng = 4
and Np = 4d. We consider our “cost” to be the number of multiplications required.

Lemma 4.1. TSOs =~ Iters-d(2d+9)- (N — 1)4.
Proof. From (1.9),

TSOs ~ Iterg - (N4 + Ng + Np) - (N — 1)¢
~ Iters - (2d2 +d +8d) - (N —1)*
~ Iterg - (2d* +9d) - (N — 1)%.&

Lemma 4.2. One V-cycle for the scalar second-order Laplacian costs approximately
Ny (N = 1)¢ where Ny = 24(2% - 1)71(10d + 6).

Proof. Going down along a V-cycle, we do 2 smoothing processes, 1 residual finding,
and 1 injection at each level. On the way up, we do 2 smoothing processes and 1 interpola-
tion at each level. So, in a V-cycle, altogether 4 smoothing processes, 1 residual finding, 1
injection and 1 interpolation at each level are needed. On the finest level, smoothing costs
(2d + 1)(N — 1)¢, computing the residual is about the same, injection and interpolation
together cost at most (N — 1)? operations.

Thus one V-cycle costs

11 1
(5(2d +1) +1) - (N = 1)*- (1_,_2_61_%_(55)”.__“5&)# oflevels>

where d is the dimension of our domain. The above number is approximately

1
1-2-4

od
(10d + 6)(N — 1)%.4

- (10d +6) - (N —1)*

“

2¢ 1

4

Lemma 4.3. TSOp =~ Iterp-d(8+ oNy)- (N —1)%, where ¥ is the average number of
V-cycles required per iteration.



Proof. One needs to apply the matrix @4 in each conjugate gradient iteration. From
(4.1), we see that A;l consists of d multigrid operations. So, we have by Lemma 4.2,
TSOp =~ Iterp - (Ng + Np +do - Ny) - (N — 1)
~ Iterp - (8d + doNy)- (N —1)*4

Lemma 4.4. TSOp = Iterg-2d(4d+ 10+ Ny)- (N — 1)d.

Proof. In each iteration, the main effort is in finding r, [rh,sn] and [Mpysh, si] from
(3.1). By Lemma 4.2 and the equations from (3.4) to (3.6), the cost to get rp is

(Ng+ Ng+d- Ny + Np)(N —1)%
Evaluating [rp, sp] costs
Na- (N -1)¢
by (3.7). The cost of evaluating [Mpss,sn] is
(2N4 + Ng + dNy + Np)(N — 1)*

by the equations from (3.8) to (1.6).
Adding these costs, we obtain

TSOp = Iterg - (4N 4 + 2Ng + 2Np + 2dNy) - (N — 1)
~ Iterp - (84% + 4d + 16d + 2dNy) - (N —1)*
~ Tterg - (84> +20d + 2dNy) - (N — 1)*.4

By (1.8) and (2.1), Iterp and Iterp are bounded by some constants not depending
on mesh size. Moreover, Iterg is proportional to N at best. For the test case considered
in section 6 we find, for N = 64 and d = 2, Iters = 8(N —1), Iterp = 12, and [terg = 17.
Also, © was about 2 for the PE method. So, TSOs =~ 208(N — 1)}, TSOp ~ 1856(N —1)?,
and TSOp ~ 3581(N —1)%2.

We see that the PE is the fastest method, with the BP method being about twice as
much work. The SOR method is 7 times as much work as the PE method for the one case
considered here and is even less efficient as N increases. The numerical results in section
6 also show that based on CPU time, for this test case, the PE method is more than 7
times faster and the BP method is about 4 times faster than the SOR method, agreeing
with our analysis.

5. The Numerical Experiments.
For the numerical experiment, we used the Stokes equations of the form

3] . : :
Viu — 5?- = —2n?sin7wz sinTy + wsinwe sin7y,
T
2 9p _ 2
Vi — By —27* COS TL COS MY — T COS WL COS TY,
Y
Jdu  Ov 0
dr = Oy ’



Table 3
Errors and CPU time for the SOR method.

N iter u p timne
32 275 6.33(—-5) 2.74(-3) 8.546
48 399 2.48(-5) 1.26(-3) 28.150
64 511 1.39(-5) 6.98(—4) 65.214

by the PE method and the BP method are essentially independent of mesh size, which
supports (1.7) and (2.1).

The next table, Table 4 shows the accuracy of the PE method, the BP method, and
the SOR method. The order of accuracy was obtained from the formula log(error(hy)/
error(hz))/log(hs/h1) where hq, hy are mesh sizes with hy < hy. All numerical solutions
show that they are second-order accurate.

Table 4
Order of accuracy for the computed solutions.
PE BP SOR
Ny, N, u p u p v p

64,48 21 20 1.9 21 21 1.9
64,32 22 20 2.2 2.0 24 2.0
48,32 23 1.9 25 1.9 26 2.0

7. Navier-Stokes Equations.
The steady-state Navier-Stokes equations in R? are of the form

~R\W2g 4 (Z-V)i+Vp=F, )
- {.
V.i=¢g in QcCR?

where R is the Reynolds number. We consider the Dirichlet boundary condition
=5 on on.

There are several possible extensions of the PE method from the Stokes equations to
the Navier-Stokes equations, depending on how one linearizes the first equation in (7.1).
To apply the PE method efficiently to (7.1), we used the following algorithm which worked
for R up to about 100.

(1) Start with an initial solution @, p°.

(2) Given the solution @”, let

d = (@ - V)i,
—d.

fr=Ff
12



where V}, is a finite discretization of V, then (7.1) can be expressed as

~RT'V*i+Vp=fl,

. (7.2)
V-4=yg.
(3) The system (7.2) gives an equation for pressure p which is
Qrpn = hy, (7.3)

where the function h} is generated by f;” and g. Apply the PE method to (7.3), i.e., do
several conjugate gradient iterations to update p”*! from p”.
(4) Let
fi = fF-Vpt,
then the first equation in (7.1) is the so-called convection diffusion equation

—R\Wi+ (- V)i = f2. (7.4)

To update @ *!, solve (7.4) for @. We discuss the solution procedure later. Go to step (2).

For our numerical experiment, we used the Navier-Stokes equations of the form

~R'WVu + uug + VUuy + P = f1
—R7'Wy +uv, + vuy + py = fo
Ug + vy =0

on 0 < z,y < 1 where

fi = 2R 7 sinwz sinmy + 0.57 sin(27z) — msin7z sin7y

f2 = 2R n? cos mz cos my — 0.57 sin(27y) + 7 cos mx cos TY.

The values of u and v are specified on the boundary.
The exact solution is given by

u =sin7we sinmy,
v = COS WL COS MY,

P = COSTTSINTY.

Because of the nonlinearity of (7.4), the Full Approximation Scheme (FAS) was used
for multigrid solver. See [5] for a description of FAS. Moreover the full weighting was used
in the fine-to-coarse transfers of both the solution and the residual functions. To employ a
stable discretization, upwind differencing was used for the first derivatives in (7.4) when the
mesh size h was larger than 2/ RU where U is the maximum value of @ on the domain, see
[10]. Otherwise, the central differencing was used to get the overall second-order accuracy.
In [4], the authors mentioned that it is better to employ upwind differencing only in the
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on 0 < z,y < 1 with u and v specified on the boundary.
The exact solution is given by

u = sinmz Sin 7wy,
v = COS T COS TY,

p = COSTTSINTY.

The discretization used a uniform grid with the same number of grid points in each
direction. The second order accurate five-point Laplacian was used to approximate V? for
all the iterative methods.

We employed, for all the iterative methods, the regularized central difference (see [13])
given by

dp h?

50~ 820Dk — "g5z—52+th
% ~ byoph — %iéy-5§+ph’
g-g- ~ bgoup — %25”53““%
g—: R byoUh — ‘}g"‘sw‘sg—vh’

where h is the grid spacing and 60, 85+, and §;_ are the centered, forward, and backward
difference operators in the z-direction. The operators 6y, 6y+ and é,_ are defined similarly
for the y-direction.

To obtain the pressure on the boundary, we used the quadratic interpolation, e.g.,

Pom = Zplm — P2m,

for all the iterative methods.
The SOR method was stopped when the quantities

lup™ —wupll, o™ =71l 1lpR™ = PRl (5.1)

were all less than 5-10753,10~* and 2-10~* for mesh sizes 1/32, 1/48 and 1/64 respectively.
These values were chosen because the quantities in (5.1) could not be made much smaller
than these values. We did not investigate why these quantities could not be made smaller,
but presume that it is due to the use of single precision arithemetic. As will be seen, the
use of higher precision would not alter our conclusions. The norms of uj and v in (5.1)
were the discrete L2 norms, and the norm for p, was the L? norm in its quotient space
(see [14]). The relaxation parameters w and v were given by

w=2/(1+coh), v =ch
where ¢y=3.14 and ¢;=4.5. See [13], [14] for more details.
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The PE method was stopped when the residual was less than 1075, In each conjugate
gradient iteration of the PE method, the multigrid process using V-cycles was used to
invert As. We found that to achieve good overall accuracy it was only necessary to do
enough V-cycles to reduce the residual in the L? norm to less than 10™*. Each multigrid
process to solve Apup = fi for up was stopped when either the number of V-cycles was
4 or the residual error was less than 10~%. The maximum number of V-cycles was chosen
to be 4 since the residual error didn’t change significantly after 4 V-cycles. Because the
reduction factor of the error is small in the multigrid process, more than 4 V-cycles would
rarely be needed. With these stopping criteria, the average number of V-cycles needed in
each conjugate gradient iteration was 2.

The BP method was stopped when the residuals were less than 3 - 107%,107* and
3.10~% for mesh sizes 1/32, 1/48 and 1/64 respectively. These values were chosen since,
similar to the SOR method, the residuals decreased to values a little bit smaller than these
values, but could not be made much smaller. Again, this is probably due to the precision
of the computer arithmetic. In the BP method, several values were run for o, the value of
1.2 worked well.

6. Test Results.

Tables 1, 2, and 3 show the errors for the PE method, the BP method and the
SOR method. The column labeled “time” shows the CPU time required for the total
computation.

Table 1
Errors and CPU time for the PE method.

N iter u D time
32 12 6.46(-5) 2.71(-3) 1.617
48 12 2.35(-5) 1.25(-3) 4.347
64 12 1.38(-5) 6.91(—4) 8.362

Table 2
Errors and CPU time for the BP method.

N iter u p time
32 14 6.34(—5) 3.04(-3) 2.843
48 16  2.19(-5) 1.36(—3) 8.558
64 | 17 1.19(—5) 7.83(—4) 17.162

By comparing CPU times, one can see that the PE method is most efficient, and the
BP method takes about twice as much effort, and the SOR method is least efficient, taking
about 7 times as much time as the PE method. Note that the number of iterations taken
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relaxation sweeps, central differencing in the residual transfers, but we obtained the best
numerical solution when the same differencing was used in both relaxation sweeps and
residual transfers. Also, the computation of f¥ at coarser levels used upwind differencing.

Table 5 and Table 6 show the error and accuracy of the solution when R is 30. Notice
that the method is second-order accurate.

Table 5
Errors for R = 30.

N U P

32 7.34(—4) 3.65(—4)
48 2.01(—-4) 1.55(—4)
64 9.35(—-5) 8.94(-5)

Table 6
Accuracy of the solution for R = 30.

Ny, N, u p
64,48 2.7 1.9
64,32 3.0 2.0
48,32 32 21

8. Conclusions.

The pressure equation method has been shown to be an efficient numerical method
for solving the steady Stokes equations. Since the work is essentially proportional to the
number of grid points, the efficiency of this method is exceptional. We have also shown that
the method advocated by Bramble and Pasciak is not as efficient for the finite difference
schemes used here.

The pressure equation method has been extended to the Navier-Stokes equations for
low Reynolds numbers. Research is continuing on improving this method. Work is also
being done on applying the method to time-dependent problems and using the method
with domain decomposition.
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