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ABSTRACT

By employing a recently obtained error bound for differentiable convex
inequalities, it is shown that, under appropriate constraint qualifications,
a minimum solution of an exact penalty function for a single value of the
penalty parameter which exceeds a certain threshold, is also a solution of
the convex program associated with the penalty function. No a priori as-
sumption is made regarding the solvability of the convex program. If such
a solvability assumption is made then we show that a threshold value of the
penalty parameter can be used which is smaller than both the above-mentioned
value and that of Zangwill. These various threshold values of the penalty

parameter also apply to the well known big-M method of linear programming.
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SUFFICIENCY OF EXACT PENALTY MINIMIZATION

0. L. Mangasarian

1. Introduction

Consider the convex program
(1.1) minimize f(x) subject to g(x) <0

where f: R" =R, g: R" = R™ are convex functions on the n-dimensional
real Euclidean space R". It is well known [11,6] that if (1.1) has a
solution X and if the constraints of (1.1) satisfy a constraint qual-
ification then the exact penalty function

(1.2) P(x,a):= f(x) + aeg(x), = f(x) + o g]f

max {0, gi(x)}
i=1

where e 1is a vector of ones in w“, has a global minimum at X for each
value of o > a for some threshold value &. In [11, p.356; 2, Theorem 40]

it was shown that

(1.3) A _f(x) - F(R) 41
1 min - gi(x1)
1<i<m

where x] is any point satisfying the Slater constraint qualification
1

(1.4) g(x') <0

In [6, Theorem 4.9] it was shown that

(1.5) a = a,:= ||u]], = max u,
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where U ds an optimal Lagrange multiplier for (1.1) provided that (1.4)
holds. A minor modification of the proof of [6, Theorem 4.97 which invokes
[10, Theorem 28.2] instead of [7, Theorem 5.4.8] extends (1.5) to the case

where a relaxed Slater constraint qualification holds, that is

(1.6) 9 (x) < 0, g (x2) < 0 for some x°
1 2 o

where 91 is nonlinear and 91 is Tlinear and I1 U I2 ={1,...,m}. In

1 2
contrast Zangwill's threshold (1.3) does not hold under the relaxed Slater

constraint qualification (1.6) but must be replaced by a different value
given by (2.2) below.

What is not well known and constitutes a principal concern of this work
are converses to the results stated above. In [11, p. 3563 2, Theorem 40]
Zangwill shows that if we assume a priori that the minimization problem (1.1)
has a solution, the Slater constraint qualification (1.4) is satisfied and
% minimizes the exact penalty function (1.2) for some «a ;:&1, then X
solves the minimization problem (1.1). Note the a priori assumptions that
(1.1) is solvable and that it satisfies the Slater constraint qualification.
By contrast in [6, Theorem 4.17 without any a priori assumptions regarding
the solvability of the minimization problem (1.1) or the satisfaction of a
constraint qualification it was shown that if (1.1) is feasible, that is
g(x) < 0 for some x, and if %X minimizes P(x,o0) for all values of
o > for some @, then X solves the minimization problem (1.1). Note
the distinction between these two sufficient conditions for X to solve
the minimization problem (1.1). In Zangwill's result there are a priori
assumptions that (1.1) is solvable and that its constraints satisfy the

Slater constraint qualification, while the penalty function P(x,a) need



be minimized for a single value of « 31&1. In [6, Theorem 4.1] no a priori
assumption regarding the existence of a solution to (1.1) is made, however

feasibility of (1.1) is assumed and X must be a solution to min P(x,a)
xeRn
for all o > & for some &, in order for X to be a solution to (1.1).

A primary purpose of this work is to combine the good features of these
two results, namely the minimization of the penalty function for a single
value of the penalty parameter and without an a priori assumption that the
minimization problem has a solution. This is done in Theorem 3.1 where it
is established that if for a single value of the penalty parameter o ;;&3
for a well defined &3, %X minimizes the exact penalty function P(x,a)
over R", then X is also a global solution of the minimization problem
(1.1). Although no a priori assumption regarding the solvability of (1.1)
is made in Theorem 3.1, both the relaxed Slater constraint qualification
(1.6) and a mild asymptotic constraint qualification (3.2) are needed in
order to invoke the recent [8, Theorem 2.1] absolute error bound for convex
differentiable inequalities which plays a key role in the derivation of
Theorem 3.1. Another result of this work is a two-way improvement of
Zangwill's sufficiency result in Theorem 2.1, where the threshold value of
o is decreased from &1 of (1.3) to &2 of (1.5) and the Slater con-
straint qualification (1.4) is replaced by the relaxed constraint qualifi-
cation (1.6). We also give in Corollary 2.3 a finite counterpart of the
threshold value &] of (1.3) when the Slater constraint qualification (1.4)
is replaced by the relaxed qualification (1.6) which renders &1 infinite.
Table 1 below gives a general outline of the relations between the various

sufficiency results derived here and elsewhere for exact penalty functions

and indicates the key assumptions needed for the different results to hold.
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Table 1: An outline of the key assumptions needed in the
various sufficiency theorems establishing that
each minimizer of an exact penalty function (1.2)
solves the minimization problem (1.1).

In Section 3 of the paper we show that the big-M method of Tinear
programming [1,9] is in fact equivalent to an exact penalty problem and
hence the threshold values of the penalty parameter developed in this work
apply to it as well as to a big-M formulation for convex programs. Such
threshold values do not seem to have been given for the big-M method for
linear programs.

We briefly describe now our notation. For a vector x in the

n-dimensional real Euclidean space Rn, Xy will denote the vector in R"




with components (x,); = max {x., 0}, i=1,...,n. For a vector norm ||x||
on R", llxlr will denote the dual norm on R", that is |[x||’ =|lm?r XY
yl=1

n
where xy denotes the scalar product Z X;Y5 The Cauchy-Schwarz
i=1

lyll for x and y in R" follows immediately

from this definition of the dual norm. For 1 <p, g< = and 1,1

1 P 9

inequality |xy| < ||x|

=1,

the p-norm ]lxllp:= (.21 |x].]p)p and the g-norm are dual norms in R". For
":

an mxn matrix A, A; denotes the ith row, while HA]“} denotes the matrix

d

norm subordinate to the vector norm

0’ that is HAHp = I;\axﬂHApr.
p

The consistency condition HAx]lp:i HAIIp Hxllp follows immediately from

this definition of a matrix norm. We shall also use to denote an

arbitrary vector norm and its subordinate matrix norm. A vector of ones in
any real Euclidean space will be denoted by e. For a differentiable func-
tion g: R" - Rm, vg(x) will denote the mxn Jacobian matrix evaluated
(x)
will denote those components gi(x) such that iel. Similarly VgI(x)

at the point x in R". For a subset I < {1,....,m}, gI(x) or ¢

jel

will denote the rows (Vg(x)), of Vg(x) such that ieI. The set of

i

vectors in R" with nonnegative components will be denoted by RQ.



2. Exact Penalty Characterization Assuming Solvability of the Minimization

Problem

In this section we completely characterize solutions of the minimiza-
tion problem (1.1) in terms of minimizers of the exact penalty function
(1.2) for a single value of the penalty parameter exceeding the threshold
&2. This is done under the assumptions that the minimization problem is
solvable and that it satisfies the relaxed Slater constraint qualification
(1.6). The necessity part of the following result Theorem 2.1 is an improve-
ment over both [6, Theorem 4.9] and Zangwill's Theorem [11, p. 356] both of
which require the Slater constraint qualification (1.4) instead of the
relaxed qualification (1.6) needed here. This is a simple but important
difference because it allows us to handle linearly constrained problems with
no constraint qualification, and because Zangwill's threshold value &1
becomes infinite under the relaxed constraint qualification (1.6). The new
sufficiency part of Theorem 2.1 again improves over Zangwill's sufficiency
result by using the relaxed Stater constraint qualification (1.6) instead of
the Slater constraint qualification (1.4), and the smaller threshold value
&2 instead of &]. It is interesting to note that the sufficiency part of
Theorem 2.1 for the threshold value &2 does not appear to have been given
before even under the Slater constraint qualification. Now we state our

result.

2.1 Theorem (Exact penalty characterization of solvable convex programs)

Let f:R" >R and g:Rn + R™ be convex functions on R".

Let either
(x,u) e Rn><RT be a Karush-Kuhn-Tucker saddlepoint of the minimization

problem (1.1), or let the relaxed Slater constraint qualification (1.6)



hold and X be a solution of (1.1). A necessary (sufficient) condition

" {0 solve the minimization problem (1.1) is that X minimizes

for XeR
P(x,0) over x in R" for each (some) o> ||d]|, (a>]G]l,) where

Ue RT is any (some) dual optimal multiplier for (1.1).

Proof (Necessity) By assumption or by [10, Theorem 28.2] there exists a
Ue RT such that (x,u) is a Karush-Kuhn-Tucker saddlepoint of (1.1).
For any other dual optimal multiplier @, (X,0) is also a Karush-Kuhn-

n

Tucker saddlepoint of (1.1) [4, p. 5]. Hence for xeR" and o> ||,

P(X,a) = F(X) = f(X) + Gg(X) < f(x) + Gg(x)

< f(x) + Gg(x), < £(x) + [lG]l, g0 ]l < P(x,0)

A

(Sufficiency) Let {ieR]

be some dual optimal multiplier for (1.1).
Since (Xx,u) is a Karush-Kuhn-Tucker saddlepoint for (1.1) it follows by
the necessity part of this theorem that for B:= ||0]],

P(X,8) = min P(x,B)
XERn

let X be a solution of min P(x,a) for some a > ||U]], = B.
xeRN

Hence

f(X) + aeg(X), > f(X) + aeg(X),

and

F(%) + Beg(X),

v

f(x) + geg(x),

Addition of the last two inequalities gives upon noting that g()’()+ = 0

(a-Bleg(x), <0



Since o > B this implies that g(X) < 0 and hence X is feasible for

(1.1). For any other feasible point x

f(x) = P(x,a) >

\4
g
—~
>
Q
N
it
—h
—~
x
e
]

The following corollary shows that under the Slater constraint qual-
ification the threshold value o,:= ||G]|,, of Theorem 2.1 is smaller than

that of Zangwill's &1 as defined in (1.3).

2.2 Corollary Let £:R" > R and g:Rn > R™ be convex functions on Rn,

let x] be any point in R" satisfying the Slater constraint qualification
g(x]) <0, and let X be a solution of the minimization problem (1.1).

Then for any dual optimal multiplier Ue RT for (1.1)

(2.1) Gl < 6]l < F(x') - £(%) . Flx) - FR)+1 _ =
T 1= min "91(X1) min -gi(x]) 1
1<i<m 1<i<m

Proof Since X is a solution of (1.1) and the Slater constraint qualifica-

tion is satisfied it follows that X and some U €RT constitute a Karush-

Kuhn-Tucker saddiepoint for (1.1) and by [4, p. 5] so does (x,4).

Consequently
oy e oA gs Ty L oa ] 1 N : 1
(%) = F(x) + Og(X) < F(x') + Gg(x’') < F(x') - |lG][y min - g;(x")
1<i<m
from which (2.1) follows. 0
We establish now another upper bound for the threshold value &2:=Hﬁl|oc

of Theorem 2.1 under the relaxed Slater constraint qualification (1.6).



2.3 Corollary Let F:R" >R and  g:R" > R™ be differentiable convex

n 2

functions on R, Tlet x~ be any point in R" satisfying the relaxed
Slater constraint qualification (1.6), and let X be a solution of the
minimization problem (1.1). Then there exists a dual optimal multiplier

e RT for (1.1) such that

2 -
(2.2) 1a]],, < llall, < St
min - gi(x )
1'611

o -
+ (”vf(;)]]_l s 1) - f(xz)) HVgH(i)ll]) g{“xa)’iio “A-.![-(X)(AI(X)A.{(X)) ]H1

min - g.(x
151"] I(X)ét](X)
where
(2.3) J(x) = {I|I cI,, AIx==bI, AieI Tin. indep.}

and g, (x) = A, x - by .
I I I
2 2 2

Proof Since X s a solution of (1.1) and the relaxed Slater constraint
qualification is satisfied it follows that x and some u ERT constitute a
Karush-Kuhn-Tucker saddlepoint for (1.1). Since f and g are differen-
tiable it follws that

(2.4) VE(X) +i; Ve (X)+uyp Ap =0, ag(x)=0, g(x)<0, u>0
T 1 2 2

By the fundamental theorem on the existence of basic feasible solutions
[3, Theorem 2.11] it follows that there exists Ue RT such that (X,u) is

a Karush-Kuhn-Tucker saddlepoint of (1.1) and
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where 1I(X) belongs to J(x) as defined by (2.3). Hence
(2.6) Gooon = —(VF(R) + Gy Vg, (R)IAL oy (A = iAT 21)!
I(x) I1 I] I(x)\"T(x)"1(x)
Consequently
~ _ . . T T -
(2.7) ”UI(R)IH hs (HVf(x)H] + HUI] “1 “VQI](X)”])HAI()—()(AI(;()AI(;()) H1

From the saddlepoint property we have that

1°(>'<);f(x2)+ﬁI 9; (xz)+GI()—()91(3—()(XZ);1‘(X2)—HGI]H] 1.me"iln —gi(xz)

1 1 1
Hence
2 -
(2.8) o, Il g St
11 min - gi(x )
'?eI1
Combining (2.7) and (2.8) gives
Nl <l < £o= )
® 1 min - gi(xz)
iel
1
e (et + SE=FGD g, @) 4] 5 (413 ) |
1 in - 9. () I, IR\ P01l

. 1
1511

Inequality (2.2) follows from the above upon replacing the last term by its

maximum over all feasible x. g

It is evident that the last term in (2.2) may be difficult to compute

because of its combinatorial aspect. However if there are only a few linear
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constraints, or if the point x2 is interior to most of the Tinear con-
straints, in which case these constraints can be lumped with the nonlinear
constraints, it may not be too difficult to compute the bound of (2.2).
Obviously since X s unknown beforehand, f(X) must be replaced by a
Tower bound (as must be done for Zangwill's bound &1) and 1IVf(R)H1 and

HVgI](R)H], by upper bounds in (2.2).
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3. Exact Penalty Characterization Without Assuming Solvability of the

Minimjzation Problem

In this section we characterize solutions of the minimization problem
(1.1) in terms of minimizers of the exact penalty function (1.2) without any
a priori assumption regarding the existence of solutions to (1.1) as was the
case in the previous section. We do however need the relaxed Slater con-
straint qualification (1.6) and a mild asymptotic constraint qualification
(3.2) below, which is automatically satisfied if all the constraints are
linear. It is interesting to note that the threshold value &3 of the
penalty parameter in Theorem 3.1 below exceeds or equals the threshold value

ay:= |lul[,, of Theorem 2.1.

3.1 Theorem (Exact penalty characterization of feasible convex programs )
Let f:R" >R and g:Rn +R™ be differentiable convex functions on R".

Let the relaxed Slater constraint qualification (1.6) hold, Tet
(3.1) 0#8:= sup {[|VF()]];]a(x) <0} <=

X
and let the following asymptotic constraint qualification [8] hold:

For each nonempty Ic<{l,....,m} and each sequence of points
{x'} such that: g(xi);;O, gI(x1)= 0 and ngeI(X1) are linearly

independent, each accumulation point (Wﬁi > V91 ,Vﬁi ) of the
0 1 2

i i i i c g
sequence {ngelo(x L/Hngelo(x H],Vgl1(x ),VgIZ(x )} satisfies
(3.2)
Vg

[ 2>0, VEI z>0, Vg"I z>0 for some zeR"
1

0 2

where IO uI1 u12 is a partition of I such that the sequence

{ng(xi)} is unbounded for j eIO and bounded for jely,

is nonlinear and ngI is Tinear.

93¢l u 1l )

0" "1
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A necessary (sufficient) condition for Xxe R" to solve the minimization
problem (1.1) is that X minimizes P(x,a) over x in R"  for all

o ;:&3 (some o > &3) where

(3.3)  ay:= BWS;pI{HWIHan(pLiO’ wp>0, gp(p) =0, [luve (p)ly =1,

ngeI(p) 1in. ind., I<{1,....,m}}

Proof We first note that the finiteness of &3 is ensured by the asymp-
totic constraint qualification [8, Theorem 2.1].

(Necessity) Let X be a solution of (1.1) and let Ue WE be an opti-
mal dual multiplier for (1.1) chosen as indicated below. We will show that
Oy 2 |i]|_ and hence by the necessity part of Theorem 2.1, X minimizes
P(x,0) for o> a,. If VF(X) =0 we take u=0 and evidently &3§;H5H03=0-
Suppose now Vf(X) # 0. Take u = (GL, GK) where GL > 0 and corre-
sponding to "basic" gjeL(i) = 0 such that Vg.EL(i) are linearly in-

J
dependent and GK = 0. Hence by the Karush-Kuhn-Tucker conditions [7]

VF(x) + GLVgL(i) =0

and consequently

e

L -
| eeriomy o ®
Hence by the definition (3.3) of a5 and the definition (3.1) of 8

_ L loll, . ;
as 2 B H1r§?(%jTr;l|m = B'TF7F(§7ﬂ]'i=Hullw =: Q.

(Sufficiency) Let x be a solution of miﬁ‘ P(x,0) for some a > &3.
XeR

We first show, by contradiction, that g(x) < 0. For if x 1is infeasible,
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then by [8, Theorem 2.1] there exist a feasible p(X) such that

Ql

(3.4) II% - p(i)llwi 3 2 11g(x) Vol = 5 ealx),
Then for o > &3
f(p(x)) = P(p(x),a)
> P(x,a) (Since X minimizes P(x a) over xeR')
= f(X) + aeg(X),
> f(X) + 8llx-p(x)]l, (By (3.4), a>a, and g(x),#0)
> f(x) + ||[vf(p ))H1 Ix-p(X)]l, (By (3.1))
f(X) - VF(p(X)) (x-p(X)) (By the Cauchy-Schwarz inequality)

f(p(x)) (By the convexity of f)

f

which is a contradiction. Hence g(Xx) < 0 and x is feasible. For any

other feasible x and o > &3
f(x) = P(x,a) < P(x,a) = f(x)
and hence x solves (1.1). 0

Obviously the threshold value &3 given by (3.2) is difficult to
compute in general. However besides providing an existence result for the
minimization problem (1.1), it is useful to know that such a threshold
value exists and to know how it depends on the problem parameters, espe-
cially when one is engaged in an unconstrained exact penalty function
minimization either on Rn, as a substitute for the original constrained

optimization problem, or on R] as part of an iterative method [5].

In both cases an o such that o > &3 would be a useful upper bound to the
penalty parameters employed. This would avoid the use of arbitrarily

large penalty parameters that may lead to numerical difficulties.
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4, An Application: The Big-M Method for Convex Programs

In linear programming, a well known method [9, 1] for solving a
Tinear program without an explicit phase I procedure is to add nonnegative
artificial variables to the constraints and then add a penalty to the
objective function involving the artificial variables. If the penalty
parameter is "sufficiently large", then the artificial variables will be
driven to zero and an optimal solution will be obtained, if one exists.

In this section we will make the "sufficiently large" concept precise by
using the results of the two previous sections and extend the idea of the
big-M method to convex programs. We first state a simple Temma whose

elementary proof we omit.

4.1 Lemma Let f:R" + R, g:Rn > R™ and let o > 0. Then the problems

(4.1) min f(x) + aeg(x), =: min P(x,a)
xeR" xeRMN
(4.2) min f(x) + cez  s.t. g(x) <z, 2z2>0
(X,Z)eRn+m

are equivalent in the following sense: For each solution x of (4.1),
(X, Z:= g(k),) solves (4.2), and for each solution (X,Z) of (4.2), X
solves (4.1).

The formulation of (4.2) is the big-M formulation and is used in
linear programming because it is easy to obtain a feasible point for it by
taking any x 1in R" and z:= g(x)+. Formulation (4.2) can be used also
for the very same reason in convex programming. Theorem 2.1 tells us that
if we know a priori that problem (1.1) has a solution, f and g are

convex and the relaxed Slater constraint qualification (1.6) is satisfied
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then the penalty parameter o of the big-M formulation (4.2) must satisfy
a > &2:= lal], where U 1is any optimal dual multiplier to (1.1). Note
that if g is linear, then the relaxed Slater constraint qualification
(1.6) is satisfied by any feasible point x. If we have no a priori know-
ledge that (1.1) is solvable, but that it is merely feasible, that f, g

are differentiable and convex, and that (3.1) and the constraint qualifi-
cations (1.6) and (3.2) are satisfied then the penalty parameter o of the
big-M method (4.2) must satisfy a > &3 where &3 is defined by (3.3).
Note that if g is linear then (1.6) and (3.2) are automatically satisfied,
and if in addition f 1is nonconstant and linear, then (3.1) is also automat-

jcally satisfied.
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