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ABSTRACT

This report documents a new version of the SAC-1
Integer Arithmetic System, a system for performing arith-
metic operations and input-output on infinite-precision
integers. The new version contains improved algorithms
for base conversion and some new subprograms. However,
the most important improvement is the documentation pro-
vided by this report, which includes, for each subprogram,
a functional specification, a semi-formal algorithm
description, both theoretical and empirical computing
times, and an ANSI standard Fortran program listing which

corresponds closely to the algorithm description.
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1. Introduction

The SAC-1 Integer Arithmetic System-Version III re-
places the Revised SAC-1 Integer Arithmetic System [3].
The Version III System does not differ substantially from

the Revised System. Apart from improvements in the input-

output subprograms and the addition of three miscellaneous

subprograms, the changes are primarily in the documentation.

The present manual is written in the style of the more

recently issued SAC-1 manuals, containing semi-formal al-

gorithm descriptions which correspond closely to the Fortran

listings, both theoretical and empirical computing times,

and a test program.

In the input-output algorithms, conversion between
base B and decimal is now performed via a two-step pro-
cess as recommended by Knuth in [13], Section 4.4.E. For
output, numbers are first converted from base f to base
© , and then from base © to decimal, and the reverse
process is used for input. 0 1is a positive Fortran inte~
ger, and a power of ten. Like B8 it is an implementation
parameter which should be chosen as large as possible for
a given computer; i.e., one should choose 0 = 10k where
k = [loglo B] . For example, in the UNIVAC 1108 imple-
mentation of SAC-1 at the University of Wisconsin,

g =233 anda o0 =107 . © is stored in labelled common

block TR3 along with B8 as follows:




COMMON /TR3/ BETA,THETA

Any main program for the use of SAC-1 must initially assign

the appropriate values to BETA and THETA.

The new subprograms for conversion are IDTOH, IHTOD, IBTOH
and IHTOD. But a user will seldom have occasion to use these
except indirectly. The other new subprograms are IMADD, a spe-
cial subprogram for multiplication and addition, IPOWER, for
exponentiation of integers, and ILCM, for computing integer least
common multiples. In addition, the specification of IQRS has
been changed so that the divisor 1s now a Fortran integer. The
only algorithm (other than IQR) in the SAC-1 system that calls
IQRS directly is ELPOF2 in the Polynomial Real Zero System [8].
To use ELPOF2 with the Version III Integer Arithmetilc System it

will suffice to change line 12 on page 54 of [8] from

1 Z

TQRS (Q,TWO)

to

[
N
fl

IQR(Q,TWO)
Also any user's programs that call IQRS directly must be altered.

Version 3 need not be substituted immediately for the
revised system, but it is recommended since forthcoming new
SAC-1 subsystems may assume the substitution has been made.
The substitution entails only the keypunching and compilation
of the Fortran subprograms since the integer arithmetic pri-
mitives remain unchanged. The ten currently available SAC-1

subsystems are listed near the end of this manual, under References.



2. Preliminaries

The SAC-~1 Integer Arithmetic System-Version III
performs operations, arithmetic and input-output, on
arbitrarily large (infinite-precision) integers. Any
such non-gzero integer, A , 1is uniquely expressed, in

B-radix representation, in the form

where each ay >0 1if A > 0 , each a; <0 1if A <0 ,

and &, #0 . A 1is then represented by the first order

list (aO,a ..,am). The integer 0 1s represented by

15-
the null list ( ), whose location is 0

B 1is a system parameter which may vary from one
SAC-1 implementation to another, subject to the following
conditions. For a given Fortran compiler, let <y be the
least positive integer such that if a 1is an integer and
la] <y , then a 1is a Fortran integer. B is then any
number such that (1) B <y , (2) B > 64 , and (3) B is
even. Condition (1) ensures that B and -B are Fortran
integers, and that a 1s a Fortran integer for |al < B
Condition (2) permits convenient representation of char-
acter strings as infinite-precision integers. Condition

(3) helps to simplify algorithms for division and greatest




common divisor calculation. The parameter R 1s stored

in labelled common block TR3, as described in Section 1.

For convenience, infinite-precision integers will be
referred to as L-integers, where the L may be thought of
as standing for either "large" or "list". It should be
noted that a non-zero Fortran integer, a , is not an L-
integer and is generally not a valid input to the SAC-1
subprograms; rather one must construct the L-integer
A = (a) wusing, for example, PFA. A Fortran integer a

such that |a| < B 1is called a g-digit.

In the following we will use the floor, ceiling and
integer part functions. For any real number x , Lx] ,
the floor of x , is the greatest integer a such that
a < x , [x], the ceiling of x , is the least integer

a such that a > x , and [x] , the integer part of x ,

is defined by [x] = |x] 1if x >0 and [x] = [x] 1if

X < 0

If a and b are arbitrary integers, we define
quot (a,b), the guotient of a and b , to be [a/b]
if b #0 and 0 if b =0 . We also define rem (a,b),

the remainder of a and b , to be a - b * quot (a,b)

For any integer 8 > 2 , we define LB(a) , the ﬁ:

length of a , as [logs(]a| + 1)] for a # 0 , and



LB(O) = 1 . Note that LB(a) is just the number of
digits in the base B8 radix representation of a for

a # 0 . Throughout the following B8 is chosen to be

the same as the implementation parameter discussed above,
so we omit the subscript B8 and refer to L(a) merely

as the length of a




3. The Algorithms

This section contains, for each subprogram of the

system, a functional specification, an algorithm descrip-

tion, a theoretical computing time, and empirical computing

time information, in this order.

The functional specification provides the necessary
information for correct use of the subprogram, including
a description of the set of valid inputs and a description
of the output or outputs as a function of the inputs.
Function subprograms are distinguished from subroutines
by the presence of an equal sign in the caption containing
the name of the subprogram and (arbitrary) symbols for
the inputs and outputs. Unless explicit exception 1is
made, function subprograms have only the function value

as output, and do not modify the values of their arguments.

The algorithm description details explicitly the
algorithm used to perform the operation implied by the
functional specification. The Fortran subprograms cor-
respond closely to these descriptions and in fact are

obtained from them by a simple mechanical process.

The theoretical computing times are given in terms
of the concepts and notations of dominance and codominance,

and are independent of the computer of implementation.



For the definitions and some basic properties of dominance

and codominance, see [12] and [14].

The empirical computing time information given is
for the UNIVAC 1108 implementation of SAC-1 at the University
of Wisconsin. For the simpler algorithms formulas are
given which express the computing time as a function of
some natural parameters. For the more complex algorithms,
tables are given containing observed computing times for

representative cases.

3.1. The Primitives

The following three subprograms are called primitives
since they will usually be programmed in assembly language
for any particular SAC-1 implementation. Although Fortran
programs for these primitives are listed in Section 4
which are usable subject to the additional noted restric-
tions on B , the system will usually be speeded by a
factor of at least 10 by rewriting these subprograms in

assembly language.

ADD3(A,B,C)

A, B and (C are arbitrary B-digits. Let A + B + C =
DR + E , where D and E are B-digits and D * E > O
D 1s returned as the new value of A , and E 1s returned

as the new value of B . C retains its original value.




Algorithm

(1) B+« A+ B+ C
(2) A <« [B/B]

(3) B« B - A« B ; return.

If 3(B-1) <y , then this algorithm is directly
translatable into a FORTRAN subroutine, which is listed
in Section 4. Note that the parameter £ (BETA) is the
first element of labelled common block TR3. However, this
subroutine involves both a multiplication and a division,
whereas if it is programmed in an assembly language and
B 1s a power of 2, for a binary computer, or a power of
10, for a decimal computer, then both the multiplication
and division can be replaced by shifting. The resulting
subroutine will generally be much faster and this is im-
portant since ADD3 is executed very frequently in performing
all the arithmetic operations on L-integers. ADD3 1is an
assembly language subroutine in the UNIVAC 1108 SAC-1
implementation at the University of Wisconsin, with an
execution time of approximately 13 microseconds. The
execution time of the FORTRAN version on the 1108 is ap-
proximately 50 microseconds. On the 1108 the values of

Yy and B are 235 and 233 respectively.



MPY(A,B)

A and B are B-digits. Let C and D be the
unique B-digits such that A « B =C « g + D and
C+-D>0 . The outputs C and D are returned as the

new values of A and B , respectively.

The subroutine MPY can be realized in FORTRAN provided
that the product A « B i1s always a FORTRAN integer, i.e.,
provided that (B - 1)2 <y . Following is an algorithm

which can be used.

Algorithm
(1) B« A - B

(2) A <« [B/B]

(3) B« B - A « B ; return.

Realization of this algorithm in FORTRAN is extremely
inefficient, for two reasons. First, it specifies two
multiplications and one division, whereas an assembly
language subroutine will usually specify just one multi-
plication and no divisions. Second, the requirement
(B - l)2 < vy implies a choice of B containing only about
half as many (binary or decimal) digits as would otherwise
be possible. This results in each large integer requiring
twice as many cells for its representation and each operation

on large integers requiring at least twice as many primitive
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list processing and arithmetic operations. In fact,
multiplication and division will require four times as

many applications of MPY, and each application will be

much slower.

On the UNIVAC 1108, the computing time of the FORTRAN
version of MPY is approximately .42 microseconds, whereas
the computing time of an assembly language version is

approximately 11 microseconds.

QR(A,B,C)

A, B and C are B-digits with A +« B >0 and
|Al < |c|] . Let D = quot (AB + B, C) and E = rem (AR + B, C)
D and E are returned as new values of A and B,
respectively.

The following algorithm can be translated directly

into FORTRAN provided 82 - B -~ 1 <y

Algorithm
(1) E <« A « BETA + B
(2) D <« [E/C]

(3), E«E~-C + D ; return.

As in the case of MPY, a great improvement will be
achieved by programming QR in assembly language, with a

value of B nearly as large as vy . On the UNIVAC 1108,
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the computing times of the FORTRAN and assembly language
versions of QR are approximately 44 and 25 microseconds,

respectively.

A1l subsequent UNIVAC 1108 computing times will be
based on the use of the assembly language versions of the

three primitives above.

3.2. Addition and Subtraction

COMPAT(S,A,B)

S 1is either +1 or -1 . A is either +1 , 0 ,
or -1 , and S ¢« A <0 . B 1is a p-digit. Let C and
D be the unique B-digits such that A+ B =C « 8 + D
and S +D>0 . C will be either +1 , 0 , or -1,
and S * C will be non-positive. C 1s returned as the

new value of A and D 1s returned as the new value of

B L]

Algorithm

(1) B« A+ B ; if S <0 , go to (3).

(2) If B >0, goto (4); B+« B+ 8 ; A<« -1 ; return.
(3) If B<0 , goto (4); B+« B -8 3; A<« +1 ; return.

(4) A <« 0 ; return.

Computing Time: ~ 1.

On the UNIVAC 1108, the average computing time of

a FORTRAN subroutine for this algorithm is approximately
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40 microseconds. Since COMPAT will be executed very
frequently, it will usually be worthwhile to program COMPAT
in assembly language. An assembly language version for the
UNIVAC 1108 has an execution time varying between 11 and

15 microseconds, with an average of about 13. Execution
times quoted for all future subprograms which directly or
indirectly use COMPAT will be based on the assembly

language version.

S=ISIGNL(A)

A is an L-integer. S 1is the sign of A , a FORTRAN

integer. S =+1 if A >0, S =0 if A =0 , and

S =-1 1if A <0
Algorithm

(1) S« 0 ; if A

i
O

, returny T <« A
(2) ADV(B,T); if B =0 , go to (2).

(3) S« 1 ;if B <0, S <« -1 ; return.

Computing Time: The maximum computing time is ~ L(A) ;

the average and minimum computing times are ~ 1

On the UNIVAC 1108, the execution time of ISIGNL(A)
is approximately 20 microseconds when A = Q0 , and approxi-
mately 13k + 27 microseconds when the first non-zero

B-digit of A is the k2, k > 1
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B = INEG(A)

A is an L-integer. B 1is the L-integer -A

Algorithm
(1) B+« 0 ; if A =0 , return; U <« A .
(2) ADV(AI,U); B <« PPA(-AI,B); if U # 0 , go to (2).

(3) B <« INV(B); return.

Computing Time: ~ L(A)

On the UNIVAC 1108 the computing time of INEG(A) is
approximately 23 microseconds for A = 0 , approximately

36 L(A) + 40 microseconds for A # 0 .

B = IABSL(A)

A is an L-integer. B 1s the L-integer [A |
Algorithm

(1) S <« ISIGNL(A).
(2) If S >0 , (B « BORROW(A); return).

(3) B <« INEG(A); return.

Computing Time: The maximum, average and minimum computing

times of IABSL(A) for L(A) = m are respectively ~m ,

wm o, and Al

On the UNIVAC 1108, the computing time of IABSL(A)

is approximately 50 microseconds when A = 0 . If
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L(A) = m and the first non-zero B-digit of A is the
kEE, then the computing time 1s approximately 13k + 74
microseconds if A > 0 and 36m + 13k + 85 microseconds

if A < Q

S = ICOMP(A,B)

A and B are L-integers. S 1is the sign of A - B ,

a FORTRAN integer.

Algorithm

(1) U <« ISIGNL(A); V <« ISIGNL(B); S <« U -V ; if U =0
or V=0, return; if S # 0 , go to (4); X <« A ;
Y « B

(2) T « FIRST(X) - FIRST(Y) ; if T # 0 s o+ T 3
X « TAIL(X) ; Y <« TAIL(Y) ; if X =0 , go to (3);
if Y #0 , go to (2); S « U ; return.

(3) If Y #0 , (S« -U ; return).

(4) If S>0, S+«1;if S <0, S« -1 ; return.

Computing Time: The maximum, average, and minimum computing

times of ICOMP(A,B) for L(A) = m and L(B) = n are

vm+ n , vmin(m,n) , and ~1 respectively.

On the UNIVAC 1108, the average computing time is
approximately 65 microseconds if A =B = 0 ; if exactly

one of A and B 1s 0 , the average computing time is
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approximately 85 microseconds. If A ¢« B < 0 , the
average computing time is approximately 115 microseconds.
If A+ B >0 , the average computing time is approximately

30k + 124 microseconds, where k = min (L(A),L(B))

C=ISUM(A,B)

A and B are L-integers. C = A + B , an L-integer.

Algorithm
(1) If A =0, (C « BORROW(B); return); if B =0 ,
(C ~ BORROW(A); return); C <« 0 ; U< A ; V<« B,

(2) S « ISIGNL(A); T « ISIGNL(B); if S + T

1
o
-
0Q
O

to (8); DI « 0 .

(3) ADV(AI,U); ADV(BI,V); ADD3(DI,AI,BI); C <« PFA(AI,C)

(k) If U=0, (U+«V ; goto (6)) ; if V #0 , go
to (3).

(5) ADV(AI,U); ADD3(DI,AI,0); C <« PFA(AI,C)

(6) If U #0 , go to (5).

(7) If DI # 0 , C « PFA(DI,C); C <« INV(C) ; return.

(8) F <« 0 .

(9) ADV(AI,U); ADV(BI,V); DI = AL + BI ; if DI # 0 ,
F « DI ; C <« PFA(DI,C)

(10) If U=0, (U<« V ; go to (12)) ; if V # 0 , go
to (9).

(11) ADV(F,U); C <« PFA(F,C) .
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(12) If U # 0 , go to (11).

(13) If F #0 , go to (14); ERLA(C)

(14) C « INV(C); S <« 1 ; if F < 0 ,
EI « 0, U=<C

(15) DI <« FIRST(U) ; COMPAT(S,EI,DI)

F < U , ALTER(DI,U) ; U <« TAIL(U)

go to (15).

3

.
2

C « 0 3 return.

S+ -1, F<«0

if DI # 0 ,

y 1f U # 0,

(16) G « TAIL(F) ; if G # 0 , (SUCC(0,F) ; ERLA(G)) ;

return.

Computing Time: ~1 for A =0 or

B

= 0 . Otherwise

the maximum, minimum and average computing times are

vm + n , where m = L(A) and n = L(B)

The empirical computing time of ISUM(A,B) can be

closely approximated by considering four cases. Let

m=L(A) and n = L(B) , h = min(m,n) and %k = max(m,n)

The approximate computing times on the UNIVAC 1108 are

as follows:

Case 1: (A =0 or B =0) 37 microseconds.

Case 2: (A « B > 0) 13h + 39k + 126 microseconds.

Case 3: (A « B <0 and A + B # 0)

Case 4: (A +» B <0 and A+ B = 0)

16h + 72k + 142 microseconds.

54h + 142 microseconds.
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C = IDIF(A,B)

A and B are L-integers. C 1s the L-integer A - B
Algorithm

(1) If A =0, (C <« INEG(B) ; return); if B =0 ,
(C « BORROW(A) ; return); C « 0 3 U=« A ; V <« B
(2) S « ISIGNL(A) ; T « ISIGNL(B) ; if S + T # 0 ,
go to (8); DI « 0
(3) ADV(AI,U); ADV(BI,V); BI « -BI ; ADD3(DI,AI,BI);
C « PFA(AI,C)
(4) If U=0, go to (6); if V # 0 , go to (3).
(5) ADV(AI,U); ADD3(DI,AI,0); C <« PFA(AI,C) ; if U # 0 ,
go to (5); go to (7).
(6) If V=0, go to (7); ADV(BI,V); BI <« -BI ;
ADD3(DI,BI,0); C < PFA(BI,C) ; go to (6).
(7) If DI # 0 , C < PFA(DI,C) ; C < INV(C) ; return.
(8) F <«0
(9) ADV(AI,U); ADV(BI,V); DI = AI - BI ; if DI # 0 ,
F « DI ; C <« PFA(DI,C)
(10) If U =20, go to (12); if V # 0 , go to (9).
(11) ADV(DI,U); if DI # 0 , F « DI ; C <« PFA(DI,C) ;
if U #0 , go to (11); go to (13).
(12) If V=20, go to (13); ADV(DI,V); DI <« -DI ; if

DI # 0, F « DI ; C « PFA(DI,C) ; go to (12).
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(13) If F # 0 , go to (14); ERLA(C); C <« 0 ; return.
(14) C <« INV(C) 3 S <« 1 ;3 if F <0, S<«-13; F<«0
EI « 03 U=<«C

(15) DI <« FIRST(U) ; COMPAT(S,EI,DI); if DI # O

ALTER(DI,U); U « TAIL(U) ; if U # 0 , go to (15).

(16) G <« TAIL(F) ; SSUCC(0,F); ERLA(G); return.

Computing Time: ~1 for B =0 , A~L(B) for A =0 ,

VL(A) + L(B) for A # 0 and B ¥ 0

The UNIVAC 1108 computing times for IDIF(A,B) are

approximately as follows, where m = L(A) , n = L(B) ,

h = min(m,n) and k = max(m,n)

Case 1: (A B =20) . 54 microseconds.

Case 2: (A #0 and B =0) . 38 microseconds.

Case 3: (A 0 and B # 0) . 36n + 60 microseconds.

Case 4: (A

B <0) . 1l4h + 41k + 126 microseconds.

Case 5: (A

Case 6: (A

3.3. Multiplication

D = IMADD(A,B,C)

A is a non-zero L-integer. B 1is a non-zero B-
digit. C 1is a B-digit such that A « B . C > 0 . D

is the L-integer A « B + C . The list representing A

, F«U

3

2

B>0 and A - B #0) . 14h + 77k + 140 microseconds.

B>0 and A - B =20) . 54h + 140 microseconds.
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is altered to represent D , another cell being suffixed

to the 1list i1f necessary.

Algorithm

(1) T+« A3 G+«C3; H=<O

(2) F <« FIRST(T) ; E <« B ; MPY(E,F); ADD3(G,F,H);
ALTER(F,T); H<E ; E < T ; T <« TAIL(T) ; if
T#0 , go to (2)

(3) D« A3 G+« G+ H ;;if G #0 , (F<« PFA(G,0) ;

SSUCC(F,E)) ; return.

Computing Time: ~L(A)

On the UNIVAC 1108, the computing time of IMADD(A,B,C)

is approximately 32 L(A) + 20 L(D) + 60 microseconds.

C = IPROD(A,B)

A and B are L-integers. C = A « B , an L-integer.

Algorithm

(1) C« 0 3 if A =0 or B =0, return.

(2) S <« PFA(0,0) ; T < PFA(0,S) ; M <« LENGTH(A) +
LENGTH(B) - 2 ; C <« T ; if M =0 , go to (3); for
I=1,...,M do (C <« PFA(0,C))

(3) V<«B ; W=<«C

3

4

(4) X A 3 ADV(BJ,V); Z « W ;3 G <« 0O
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(5) ADV(AI,X); F < BJ ; MPY(AI,F); E <« FIRST(Z) ;
ADD3(G,E,F); ALTER(E,Z); G <« ATl + G : 7 <« TAIL(Z)
if X #0 , go to (5).

(6) ALTER(G,Z); W < TAIL(W) ; if V # 0 , go to (L).

(7) If G =0, (SSUCC(0,T); DECAP(G,S)); return.

Computing Time: ~1 for A =0 or B =0 , otherwise,

VL(A) -+ L(B)

On the UNIVAC 1108, the computing time of IPROD(A,B)
is approximately 30 microseconds for A =0 or B =0 ;
otherwise, approximately 62mn + 23m + 57n + 183 micro-

seconds, where m = L(A) and n = L(B) .

B = IPOWER(A,N)

A is an L-integer, N 1is a non-negative FORTRAN

integer. B = AN , an L-integer (OO is taken to be one).

Algorithm

(1) If N =0, (B « PFA(1,0) ; return); B <« BORROW(A) ;
if A =20, return; J <« 1

(2) If J =N, return; C <« IPROD(B,A) ; ERLA(B);

B+« Cgj; J<«J+1; go to (2).

Computing Time: ~1 for A =0 or N <1, ~N for

[A] = 1 and N > 2 , and vm®N°  otherwise, where

m= L{A)
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For m > 3 and N > 3 , the observed computing time
of IPOWER(A,N) on the UNIVAC 1108 is approximately 0.3

m2N2 milliseconds, where m = L(A)

3.4. Division

L = IQRS(A,B)

A is an L-integer. B 1is a non-zero B-digit. L
is the list (Q,R), where Q = quot (A,B) , an L-integer,

and R = rem (A,B) , a B-digit.

Algorithm
(1) Q<+« 0 3; E=<« 0 ; if A =0, go to (3); C <« CINV(A)
(2) DECAP(F,C); QR(E,F,B); if Q # 0 or E # 0 ,

Q « PFA(E,Q) 3 E <« F ;3 if C # 0 , go to (2).

(3) L « PFL(Q,PFA(E,0)) ; return.

Computing Time: ~L(A)

On the UNIVAC 1108, the computing time of IQRS(A,B)
is approximately 65 microseconds for A = 0 , approxi-

mately 92m + 97 microseconds for A # 0 , where m = L(A)

L = IQR<A,B)

A and B are L-integers. L 1is the list (Q,R)

where Q = quot (A,B) and R = rem (A,B) , both L-integers.
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Algorithm

(1) [A=0 or B=0.] Q<0 ;1if A #0 and B # 0 ,
go to (2); R + BORROW(A) ; go to (19).

(2) [B single-precision.] If TAIL(B) # 0 , go to (3);
Bl « FIRST(B) ; L <« IQRS(A,Bl) ; DECAP(Q,L); DECAP(R,L); if
R#0 , R+ PFA(R,0) ; go to (19).

(3) [Compute lengths.] M < LENGTH(A) ; N < LENGTH(B)

(4) [M<N.] K«M-DN; if K >0 , go to (5);

R « BORROW(A) ; go to (19).

(5) [Compute signs and normalizer.] S < ISIGNL(A) ;
U«Bgj; for I=1,..., N-1, do U <« TAIL(U) ;

C <« FIRST(U) 3 T« 1 3 if C <0 , (T « -1 ;
C+«-C) 3 D+« [B/(C+1)]; W=«S T

(6) [Normalize.] E < PFA(S*D,0) ; A <« IPROD(A,E) ;
ALTER(T*D,E); B <+ IPROD(B,E) ; ERLA(E)

(7) [Form lists of cell locations.] U<« A ; L1 <« 0 ;
for I =1,2,..., K+ 1, do (Ll <« PFA(U,L1) ;

U <« TAIL(U)) ; L2« Ll ; if N =2 , go to (8);
for I =1,2,...,N -2 , do (L2 « PFA(U,L2) ;
U <« TAIL(U))

(8) [Extend & , if necessary.] If TAIL(U) # 0 , go
to (9); V <« PFA(0,0) ; sSsucc(v,U).

(9) [Extract leading digits of B .] U<« B ; if N # 2 ,
(for I =1,2,...,N -2, do U <« TAIL(U)) ;

ADV(B2,U); ADV(B1l,U).
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(10) [Extract leading digits of A .] U <« FIRST(L2) ;
ADV(A3,U); ADV(A2,U); ADV(A1l,U).

(11) [Compute q .] If Al >Bl , (<8 -1 ; go to (12));
E« Al ; F <« A2 ; QR(E,F,Bl); @ <« E

(12) [If r < 0 , decrease q and repeat.] Cl < @ ;
C2 + Bl ; MPY(C1l,C2); Rl « Al - C1l ; R2 < A2 - C2 ;
if R2 <0, (R2 <« R2+ 8 ; Rl <+ Rl - 1) ; if
Rl >0 , go to (13); Cl « @ ; C2 <« B2 ; MPY(C1l,C2);
Rl +«+ R2 - Cl1 ; if R1 > 0 , go to (13); R2 <« A3 - C2 ;
if RL <0 or R2<0, (@«Q-1; go to (12)).

(13) [Initialize for subtraction.] U <« FIRST(L1l) ; V « B ;
Cl « 0 .

(14) [Subtract gIE from & .] E « -G ; ADV(F,V);
MPY(E,F); Al <« FIRST(U) ; ADD3(Cl,Al,F); if Al < 0 ,
(Al « A1 +B8 ;3 ClL<«Cl-1)3; Cl<+Cl+E;
ALTER(A1,U); X < U ; U <« TAIL(U) ; if V # 0 ,
go to (14).

(15) [Finish subtraction; result negative?] DECAP(A1l,U);
SSUCC(0,X); Al < Al + C1l ; if Al = 0 , go to (17);
U<« FIRST(L1) ; V<«B; ClL<«0; Q@+«@q-1

(16) [Add sjﬁ to A .] Al« FIRST(U) ; ADV(B1l,V);
ADD3(C1,Al,Bl); ALTER(AL,U); U <« TAIL(U) ; if

V#O0, goto (16).




24

(17) [Return for next digit, if any.] If Q # 0 or
Q#0, Q <« PFA(W » T,Q)) ; L1 <« TATL(L1) ;
DECAP(U,L2); if L1 # 0 , go to (10).

(18) [Divide & by normalizer and erase lists.]

L < IQRS(A,S * D) ; DECAP(R,L); DECAP(U,L); ERLA(B);
ERLA(L2); ERLA(R).
(19) [Set L < (Q,R) and return.] L < PFL(Q,PFL(R,0)) ;

return.

Computing Time: ~1 for A =0 or B 0 ; otherwise

vn for m < n and ~n(m-n+l) for m > n , where

m = L(A) and n = L(B)

The average computing time of IQR can be approximated
by a function of n = L(B) and q = L(Q) . On the
UNIVAC 1108, for @Q # 0 , the average computing time is
90 q + 190 microseconds for n =1, and 75 ng + 735 n +

230 g + 570 microseconds for n > 1

Q = IQ(A,B)

A and B are L-integers. Q = quot (A,B) , an

L-integer.

Algorithm
(1) L <« IQR(A,B) ; DECAP(Q,L); DECAP(R,L); ERLA(R);

return.
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R = IREM(A,B)

A and B are L-integers. R = rem (A,B) , an
L-integer.
Algorithm
(1) L < IQR(A,B); DECAP(Q,L); DECAP(R,L); ERLA(Q);

return.

The theoretical computing times for IQ and IREM are
the same as for IQR; the empirical computing times are

nearly the same.

3.5. Greatest Common Divisors

We denote by ged (a,b) the greatest common divisor
of two integers. The greatest common divisor function
is so defined that ged (0,a) = ged (a,0) = |a] (in
particular, ged (0,0) = 0) and ged (a,b) > 0 if
a#0 or b #0 . The following algorithm is an im-
plementation of Lehmer's version of the Euclidean

algorithm for the g.c.d.

7z = IGCD(I,J)

I and J are arbitrary L-integers. Z = gcd(I,J)

an L-integer.
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T =

(Z « TIABSL(I)

0

3

(Z « IABSL(J)

3y return).

.] A<« 0

.] B=<«0

.] S <+ ICOMP(A,B)

Z < B ; return)

; T <« 1

y; T <« J

s if S <0,

, (Z « A ; return)

; ERLA(A); 1f C

A« B

7 + PFA(A,0)

2

3 B o«
return.
d. ° ]

C

= 0 s

s if B # 0

T « A

ADV(F,T); if T #0 , go to (13); D <« 1

F<«<F+1; if F # B8 , QR(D,E,F).

Algorithm

(1) [I or J zero?]
if J =0,

(2) [Construct A

(3) ADV(D,T);

(4) A « INV(A)

(5) [Construct B

(6) ADV(D,T);

(7) B « INV(B)

(8) [Compare A
ERLA(A);
A<«Bj; B<«T

(9) [B =0 2] If

(10) [B single-precision?]
C « IREM(A,B)
DECAP(A,B); DECAP(B,C).

(11) C < rem(A,B) ;
(11);

(12) [Compute normalizer,

(13)

(14) [Compute A' ,

N « 0

b

C +« 0

.
2

AH

G

3

-

and N

0

length (A)

5 return);

A « PFA(|D|,A) ; if T # 0 , go to (3).

B < PFA(|D|,B) ; if T # 0 , go to (6).

; if S =0

(T « A ;

b

-]

b

E

go to

+ 0

T « A

>

3

If TAIL(B) # 0 , go to (12);

(Zz « B ; return)

"
b

>
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(15) ADV(E,T); F « D ; MPY(E,F); ADD3(C,F,G); G + E 3
N<«N+1;if T # 0 , go to (15).

(16) A' <« F ; A" <« A' + 1

(17) [Compute B' , B" and M = length (B) .] T <« B ;
M«03;C<«<03; G=+«20

(18) ADV(E,T); F <« D ; MPY(E,F); ADD3(C,F,G); G <« E ;
M«M+ 1 ;;if T # 0 , go to (18).

(19) B" <« F ; if M <N, B" «C+G ; if M <N -1,
B" « 0 ; B' « B" + 1

(20) [Exceptional condition?] If B" =0 or A' < B!
or A" = B8 , go to (25).

(21) [Initialize X,Y,U,V.] X< 1 3; Y=< 0 3; U= 0 ;
V< 1

(22) [B' =0 or B"=0292] If B'=0 or B" =20,
go to (26).

(23) [Q' =Q" 21 Q' « [A'/B'] ; Q" « [A"/B"] ; if Q' = Q" ,
go to (24); if Y =0 , go to (25); go to (26).

(24) [Modify A' , A" , B' , B", X, Y, U, V.]
T « A" =~ Q' B' ; A' «B' ; B'<« T ; T+« A" - Q' B" ;
A" «B" ; B" «T ; T«X-Q'  Uj; X«U;3;U=«T;
T« Y~-Q"V,; Y«V,; VT3 goto (22).

(25) [Divide A by B .] T « IREM(A,B) ; ERLA(A); A <« B ;
B« T ; go to (9).

(26) [Replace A by AX +BY , B by AU + BV .] Tl « A ;

T2 « B3 Cl« 03 C2«03 LlL<«03 L2<«0
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(27) Al < FIRST(T1) ; A2 « FIRST(T2) ; E1 « Al ; Fl <« X ;
MPY(E1,Fl); E2 < A2 ; F2 <« Y ; MPY(E2,F2); ADD3(Cl,F1,F2);
Cl <+ Cl+ElL+E2; if Fl <Q , (Fl1 <« Fl + B ;
Cl « Cl - 1) ; ALTER(F1,T1); if Fl1 #0 , L1 < Tl ;
El « Al ; Fl <« U ; MPY(E1,Fl); E2 « A2 ; F2 « V 3
MPY(E2,F2); ADD3(C2,F1,F2); C2 <« C2 + E1 + E2 ; if
Fl1 <0, (Fl<«FL+8 ; C2 < C2~- 1) ; ALTER(F1,T2);
if Fl1 #0 , L2 < T2 ; Ul « TAIL(T1l) ; U2 < TAIL(T2) ;
if UL #0 and U2 =0 , (U2 « PFA(0,0 ; SSUCC(U2,T2)) ;
Tl « Ul ;3 T2 « U2 ; if T1 # 0 , go to (27).

(28) Ul <« TAIL(L1l) ; SSUCC(0,L1); ERLA(U1l); if L2 # 0 ,

(U2 < TAIL(L2) ; SSUCC(0,L2); ERLA(U2)); go to (9).

Computing Time: Let ¢t = L(I) , u = L(J) , 2 = ged(I,J) ,

k = L(z) , m=max(t,u) and n = min(t,u) . The maximum
and average computing times are ~~m if I =0 or J =20 ,
wn(m - k¥ + 1) otherwise. The minimum computing time 1is
Nl if I =0 or J=0, ~wn{(m-n+ 1)+ k(n -k + 1)

otherwise.

The following table contains some representative
empirically observed computing times of IGCD for the UNIVAC
1108. These times are given in milliseconds for the cases
1<k <m=n< 10 . Inputs A and B for these cases

were obtained by generating random relatively prime integers

E and B of length m - k and a random integer C of
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length k , and setting A = AC , B = BC , so that
C = + gcd(A,B) . Computing times for cases in which
m > n can be approximated by adding to these times the
time for the division of A , an m-digit number, by B ,

an n-digit number, using the computing time formula for

IQR.
IGCD Computing Times
A N\E 1 2 3 4 5 6 7 8 9
2 4.8
7.8 8.0
4 11.8 14.3 7.6
5 17.0 21.0 13.2 9.7
6 23.9 23.1 19.8 15.6 11.5
7 28.0 29.6 25.1 21.2 19.8 11.0
8 34.9 36.4 31.2 28.6 26.0 19.5 1h4.6
9 h1.0 42.0 38.1 37.9 31.7 25.7 22.7 15.5
10 50.6 57.6 U46.6 44,0 38.6 34,2 33.8 26.1 20.1
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The least common multiple of integers a and b ,

lem(a,b) 1s so

lem(a,b) = |a -

defined that lem(a,0) = lem(0,a) = 0 and

b/gecd(a,b)| if

a#0 and b # 0 . The

following algorithm uses these formulas to compute 1lcm(a,b)

for any two L-integers a and b

A and B

common multiple

Algorithm

(1) ¢ <0 ; if

C = ILCM(A

are arbitrary L-i

,B)

ntegers. C 1s the least

of A and B , an L-integer.

A =0 or B=20

(2) D <« IGCD(A,B) ; E<« IQ(B,D)

ERLA(E); C

Computing Time:

Xk = L(C) , m=
time of ILCM(A,B

otherwise.

3.6. Input-Outp

, return.

; ERLA(D); F < IPROD(A,E)

< IABSL(F) ; ERLA(F); return.

Let t = L(A) ,
max(t,u) and n

Y is ~1 for A

ut and Conversion

u=L(B) , C = lcm(A,B) ,

= min(t,u) . The computing

.
3

=0 or B=0, wvn(m - k + 1)

n

If a 1is a non-zero integer and |a| = ] a, + 107 ,

in base 10 radix
sentation of a
is 36 (the SAC-1

is 37 (the SAC-1

representation,
is the list (S,
character code f

character code f

. i
1=0

the character list repre-
an,...,al,ao) , where S
or "+") if a > 0 and S

or "-") if a < 0
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The character list representation of the integer zero is
the list (36,0). The sign S = 36 may be omitted from the

list when a > 0

B = IDTOH(A)

A is the character list representation of an integer a

m .
. . i .

B is the 1list (bm,...,bl,bo) , where a = Zi=o b, 87 is the

base 6 representation of a . B 1s the null iist if a = 0

Algorithm

(1) U<« A 3;B<«0; S« 13 if FIRST(U) > 10 , (ADV(V,U) ;
if V=237, S <« -1) ; if FIRST(U) = 0 , return;
V « INV(U) ;3 U « V

(2) BI « 0 3 M <« 1

(3) ADV(AI,U) ; BI <« AL - M‘+ BI ; M« 10 « M ; if M # 6
and U # 0 , go to (3).

(4) B « PFA(S » BI, B) ; if U # 0 , go to (2); U +« INV(V) ;

return.

Computing Time: ~L(a)

On the UNIVAC 1108, the computing time of IDTOH is
arrpoximately 18[n/97 + 38n + 60 microseconds, where

n = Llo(a)
B = IHTOB(A)

A is a list (am,...,al,ao) , where a =) a,
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is the base 6 representation of an integer a . B is

pu

the 1list (bo,b .,bn) , where a = ) b, B is the

1°°
base B representation of a. If a

B are the null list.

Algorithm
(1) U<« A 3 B+« 0 if U =0 , return; ADV(AI,U) ;
B < PFA(AI,Q)
(2) If U =0, return; ADV(AI,U) ; B <« IMADD(B,6,AI) ;

go to (2).

Computing Time: mL(a)g.

On the UNIVAC 1108, the computing time of IHTOB is
approximately 26fn/912 + 100[n/97 + 44 microseconds,
where n = LlO(a).

B = IDTOB(A)

A is the character list representation of an
integer a . B 1is the base B radix representation of
a , the internal canonical form.

Algorithm

(1) C <« IDTOH(A) ; B <« IHTOB(C) ; ERLA(C) ; return.
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Computing Time: %L(a)g.

On the UNIVAC 1108, the computing time of IDTOB
is approximately 26Fn/912 + 118[n/97 + 58n + 126

microseconds, where n = Llo(a)

A = IREAD(U)

U 1is a FORTRAN integer designating an input unit.
An L-integer is read from unit U and converted to in-
ternal canonical form. A 1is the location of the internal
list representation. However, if unit U was initially
positioned at an endfile record, then A = -1 . The ex-
ternal canonical form of the integer A must begin in
column 1 of the first record on unit U , and may extend
over any number of T72-character records. The last char-
acter must be followed by a blank. Thus, if there are
n characters in the external form, the number of records
read will be [(n+l)/727 . If A 1is positive, the initial
plus sign may be omitted. If A 1s zero, the external

form may be either '+0' or '0

Algorithm
(1) B <« 0 3; READ(U,RECORD) ; if RECORD(1) = -1 ,
(A « =1 3 return).
(2) For N =1,...,72 do (if RECORD(N) = L4 , go to

(4) 3 B + PFA(RECORD(N),B)).
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(3) READ(U,RECORD) ; if RECORD(1l) # -1 , go to (2).

(4) B <« INV(B) ; A <« IDTOB(B) ; ERLA(B) ; return.

Computing Time: %L(A)2

On the UNIVAC 1108, the computing time of IREAD is
approximately 6925k + 26fn/9?2 + 118[n/971 + 96n + 157
microseconds, where k 1is the number of records read
and n = Llo(a) . Computing time here refers to the
time of the central processing unit. Elapsed real time

may of course be considerably greater, depending on the

characteristics and status of the input unit U

B = IBTOH(A)

A is the base B 1internal canonical form of an
integer a . B 1is the list (bn""’bl’bo> , Where
a = Zé b, 6T in base © representation. If a = 0
then lAO and B are the null list.

Algorithm
(1) B <« 0 ; @Q <« BORROW(A)
(2) If Q =0 , return; L <« IQRS(Q,6) ; ERLA(Q) ;

DECAP(Q,L) ; DECAP(BI,L) ; B <« PFA(BI,B) ; go to (2).

Computing Time: fuL(a)2

On the UNIVAC 1108, the computing time of IBTOH is
approximately lO9Fn/9T2 + 110[n/971 + 30 microseconds,

where n = Llo(a)
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B = IHTOD(A)

m
A is the 1list (am,...,al,ao) , Where Zi=0 a; o
is the base 6 representation of an integer a (A is

i

the null list if a = 0 ). B is the character list

representation of a

Algorithm

(1) If A 0 , (B« PFA(36,PFA(0,0)) ; return);

B+« 03 U+<A3j ; S« FIRST(A)

it

(2) If U =0, go to (4); ADV(AI,U) ; M <« [8/10]

(3) BI « [AI/M] ; AT « AT - BI - M ; if B # 0 or
BI # 0, B <« PFA(|BI|,B); M « [M/10] ; if M # 0,
go to (3); go to (2).

(4) If S >0, S+« 36; if S <0, S <« 37;

B « PFA(S,INV(B)) ; return.

Computing Time: ~L(a)

On the UNIVAC 1108, the computing time of IHTOD is
approximately 26[n/97 + 56n + 46 microseconds, where

n = Llo(a)

B = IBTOD(A)

A is the base 8 internal canonical form of an

integer a . B 1s the character list representation of
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Algorithm

(1) C <« IBTOH(A) ; B <« IHTOD(C) ; ERLA(C) ; return.

Computing Time: %L(a)2.

On the UNIVAC 1108, the computing time of IBTOD
is approximately lO9Fn/912 + 146[n/97 + 56n + 86

microseconds, where n = LlO(a)

IWRITE(U,A)

U 1is an output unit number. A is an integer in
base B radix representation (internal canonical form).
A is converted to decimal (external canonical form) and
written on unit U as a sequence of [(n + 1)/72]
records, where n 1s the number of characters in the
external canonical form. The first character (the sign)
is placed in column 1 and the last record is filled out
with blanks. Each record consists of 72 characters,
except that if U designates printed output each record
contains 73 characters, the first being a blank desig-

nating single-space printing.

Algorithm

(1) B <« IBTOD(A).
(2) For N=1,..., 72 do (if B =0, go to (4);

DECAP(C,B) ; RECORD(N) <« C).
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(3) WRITE(U,RECORD) ; go to (2).
(L)Y For I =N, ..., 72 do RECORD(I) <« Lk .

(5) WRITE(U,RECORD) ; return.

Computing Time: %L(A)Z.

On the UNIVAC 1108, the computing time is approxi-
mately 7620k + 109Fn/912 + 146[n/971 + 76n + 102
microseconds, where k dis the number of records written
and n = Llo(a) .  Computing time here refers only to
the time of the central processing unit, which may be

considerably less than the elapsed real time.
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Fortran Program Listings

SUERCUTINE ADDRI(&sSaC)
COMMON /TR3/ 3BETATHETA
S-cA+R+ L

A=5/3ETA

BZB-A*EETA

RETURN

END

SUBROUTINE COMPAT(SeAsE)
COMMON /TR3/ BETANTHETA
INTECER SsA+2¢BETA
BzA+3

IF {(S.LT7.0} ¢0 70 3

IF (B.GE.O) GO T0 4
BzB+EETA

Az—-1

RETURN

IF {(B.LELD) G0 TO 4
B-B~BETA

Azl

RETURN

AzD

RETURN

END

INTEGER FUNCTION TIABSL(A)

INTEGER AsBrSr20RROKsINEG»ISICNL

STISIGNLA)

IF (S.LT.0) 66 TGO 30
B=BORROW(A)

60 TC 31

BZINEGLA)

IABSLzZB

RETURN

END

INTEGER FUNCTICN IBTCD(A)
INTEGER AeC

CoIBTCH(A)

IBTOCZIHTON(C)

CALL ERLACC)

RETURN

END

INTECER FUNCTICN IBTOH(A)
COMMON /TR3/BETA» THETA
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20

21

41

10

11

39

INTECER As3+EETABIsQ+THETABORRKOUSs PFA
B=0

G=EQRRCUWI(A}

IF (Q.EQ.C) GO T0 21
L=IBRS(Q+THETA)

CALL ERLACQ)

CRLL DECAF(GsL)

CALL DECAP(3IsL)
E-ZPFA(BIsB}

GO TO 20

IBTOH=B

RETURN

END

INTEGER FUNCTICN ICCMP(ASE)
INTEGER Aes2eSeTeUeVeXeY
INTEGER FIRSTe«TAIL +ISIGNL
UZISIGNL (A)

VZISIGNL(B)

Szu-v
IFCULLCQCoaO0RVEQ.CIGO TO 41
IF(S.NE.0)¥GO TO 4

¥=A
¥Y=B

T=FIRST(X)-FIRST(Y}

IF (TNEZ.O) S=T

XoTAIL(X)
YZTAILLY)
IF (X .EQ.,0) CO TC 32
IF (Y.NE.O) GO TO 2

N 4

GO T0 41

IF¢(Y.EQ.O) CC TC &
S=-u

c0 TC 431
IF (S«0T.0)
IF (SLT.0)
ICOMP=S
RETURN
END

(TR %)
T

[ I ad

INTEGER FUNCTION IDIF(AsB)

INTEGER A3 sCoFeGeAIvEIoDTeEIvSeTeUyV

INTEGER BCORROWeFIRSTeINVePFAsTAILsISIGNLsINEG
IF (A.NE.L) GO TO 11

CZINZG(3)

GO0 10 161

IF (8.NE.C) GO TO 12

C=BO0RROW(A)

GO0 TO 181
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12 =0
UzA
VB
20 SZISIGNL(A)
T-ISIGNLA(E)
IF (S+7T.NE.O) &0 T0 80
I=C

30 CALL ADY(AI,U)
CALL ABV(EIsV)
BI=-GT
CALL ADD3(DI+AIvEI)
C=PFA(AI.C)

450 IF (U.EQ.B) ¢C 7TC 60D
TF (V.NE.0) GO TO 3C

50 CALL ABVIAI L)
CALL ADD3{DIeAI:«Q)
C=PFALAI:C)
IF (U.NEZW.0)Y GC TO 50
G0 TO0 7¢

60 IF (Ve.E9.8) 60 T0 76
CALL ADV(EI V)
BI=z-BI
CALL ADDZ(DILIvD)
CzPFA(BIC)

CO0 T0 €0

70 IF (DINEeO} CIPFA(DIsC)
CzINV(C)
60 70 151

go F=0

30 CALL ADVI(AI»U)
CALL ADV(ZBIsV)
DI=ZAI-B1
IF (DIL.NE.C) Fz=D1
CZPFA(DIC)
100 IF (U,EQ.T)Y 806 TO 12C
IF (V.NZ.C) GO TOo 90
110 CALL ACV(DIsL)
IF (DI.NELD) F=DI
C=PFAIDI+C)
IF (UJNZ.3) CO TO 1103
GO 70 13C
120 IF (V.EQ2.0) GG TO 130
CALL ADY(CIsV)
DI=-DT
IF (DI.NELC)Y FZDI
C=PFA(DIsC)
60 TC 120
130 IF (F.NE.D) GO TO 140
CALL ZRLAIC)
c=0
GO T0 151
140 CzINVIC)
S=-1
IF (F.LT.0) S=~1
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0

11

F
£
u=C
150 IZFIRST(Y)
CALL COMPAT(ST1+DT11}
IF (DI.NE.Q) F=U
CALL ALTER(2I.U)
UzTAIL(U)
IF (U.NE.J} CC TG 1EC
180 G=TAIL(F)
CALL SSUCC(TsF)
CALL ERLAI(S)
161 ICTF=C
RETURN
END

8]

INTEGER FUNCTICN IDTGR(A)
INTEZGZR Ae(
1 CoIDTOH(A)
IDTOB=ZIHTOR(S)
CALL ERLAC(C)
RETURN
END

INTECER FUNCTION IDTOH(A)
COMMOM/TRI/R2ZTASTHETA
INTECER EETASTHETAA
INTEGER FIRSTsPrAeINY
INTEGER UoesSsBIeMeATsV

10 U = A
IDTOH = O
S=1
IF(FIRSTIU} LTL10)CO TG 15
CALL ADV(V.U)
IF(V.EG.27)1Sz~1

15 IF{FIRST{U}CQ.UIRETURN

V = INV{U)
U=V

2C BI=C
M =1

2C CALL ADV(AIsU)
SITAI*M+31L
M = 10=*M
JF(MaNETHETALAND e Uo NELOIGO TO 30
IDTOH = PFrA(S*EI«IDTOHI
IF(U-NT.0)50 TO 20
U = INV(V]
RETURN
END
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INTEGER FUNCTICON IGCL(Ied)
COMMON /TR3I/3BETAs THZTA
INTEGER ZETASTHLTA
INTZGER FIRST+PFALTATIL
INTCCER AevAle A2y ADPRIMeAPRIMI+BsELCPRIMe EPRIME
INTEZIGCER CoeCllel240¢vE9FleZ2eFeFleF2¢Gy0QDPRIMe QPRIME
INTEGER SeTeT1leTZeUsULlsUZeVeXsY
10 IF {I.NZ.35) G0 TO0 11
ICCC=IAZSLJ)
RETURN
i1 IF (J.NZO)Y ¢CG TO 20
IGCO=IACSLAT)
RETURN
20 A=Q
T=T
Z0 CALL ASVIC.T)
AZPFALTALAES(D ) A)
IF (TJNELU) GC TO 32D
40 AZTNVY( L)
50 8=0
T=d
&0 CALL ADVA{Z.T)
SoPFA(IADS(DY«E)
IF (T.NELT) GO TO 63
79 BZINVIE)
80 SZICOMP({A3)
IF (S.NELCY GC TO 81
CALL EZRLACA)
Iecizek
RETURN
81 IF (S.CELL)Y GG TO 30
T=A
AZE
B=-7Y
S0 IF (B.N£.C) ¢C TO 100
IGCD=A
RETURN
100 IF (TAIL(3)'.NE.G) GO T0O 12C
C=IREM(ARE)
CALL ERLA(A)
IF (CeNEC) 60 TC 101
IGCD=E
RETURN
101 CALL DRICAP(A»3)
CALL DECAP(B:C)
110 CzA-4/B+#8
AzZE
B=C
IF (B.NELC)Y GO TO 110
ICCD=PFA(ALD)
RE TURN
120 T=A

R
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130 CALL ADV(FsT)

IF {T.NE.C) GO TO 130

b=1

£z0

FzF+1

IF (FoNEWG3ETA) CALL AQR(D+Z9F)
is¢c

1
N
C
G
CALL ADV(ET)

CALL MFY(Z»F)

CALL ADD3{(C+F9e3)

G=E

N=N+1

IF (T.NELC) GO TO 1EC
150  APRIMEI=F

ADPRIMZAPRINE+]

170 T=8
M=C
c=0
G=C

130 CALL ADVI(ZT)
FzD
CALL MPY(Z+F)
CALL ADD3I(CsF+G)
Chul 2}

MoM+1
IF (T.NZ.Z) GO TO 180
19C BOPRIMZF
IF(MeLToN) BDPRIM=C+G
IF (M. LT.h=-1) BOPRIM=G
BPRIMETAOPRIM+L
2CC IF (BOPRIM.EG.CaURCAPRIME cLToEPRIME«CRADPRIMCEQ.EETA)
C GO TO 25
21¢c

< C < x
o
0O e

22C IF (BPRIME.EG.C.CR.ELPRIMEG.C) GC TO 260
IF (BPRIMIZLEG«U.0RBCPRIMaEQC) GO TO 280
228 QPRIMECZAPRIMC/EPRIME
QDPRIM=ZADPRIM/BDPRIMNM
IF (GPRIMELEG.GOPRIM) GO TOo 240
IF (Y.EQ.0) GO TO 250
G0 10 260
240 T=APRIME-QPRIMI *3PRIME
APRINMECEPRIME
BPRIMZIZ=T
TZACPRIM-GPRIME*BEDPRIM
ADPRIM=BDPRIM
EDPRIM=T
T=X-QPRIME*U




by

~GPRIML =V

D < K Cox
AR BTN
<< A

0 70 220
2EC TZIRCM(AB)
CALL ERLA{A)
ATE
B=T
€0 TOQ ¢g
260 Tica
T2=8
cl=0
cz2=C
L1=0
I.2=C
270  A1=FIRIT(T1)
AZZFIRST(T2)
Elz=Al
F1z=X
CALL MPY(Z1+F1)
E2-A2
Fz2zy
CALL MPY(E2+FZ)
CALL ASC3(CLleF1sF2)
Cl=Cl+ELI+E2
IF {Fl.GE«0) GO TO 271
FIZFI+EETA
Ci=cCcl-1
271 CALL ALTER(FL«T1)
IF (Fl.NEW.O) L1=T1
E1=Al
F1=u
CALL MPY(L1eF1)
E2=A2
Fa2zv
CALL MPY{Z2eF2)
CALL ABD3(C2¢F1+F2)
C2=C2+E1+E2
IF (FL.GE.C) GC TOQ 272
F1=F1+3CTA
C2z-C2-1
272 CALL ALTCR(F1,72)
IF (F2I.NELQY L2=T2
Ul=TAIL(T1)
U2-TAILETZ2)
IF (UleEQ40.0RaU2.NEO) GO TO 273
UZ2=ZPFA(CsC}
CALL SSUCC(UZ.T2)
272 Ti-uz
T2=U2
IF (T1.NLLO) CO TO Z7C
280 Ul=TAIL(LL)
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CALL SsSucCC(C+L1)

CALL ERLATUL)

IF (L2.£0.0)} GO TO SC
UZ2=TAIL(L2)

CALL SsuccetsL2)

CALL ERLAC(UZ)

6 70 <C

END

INTEGCR FUNCTION IHTOS (A}
COMMON /TRI/ZCTASTHETA
INTEGCER AeAI«BeBETAr THETASU»PFA
Uz A

2=0

IF (U.E3.,3) ¢O0 TO0 21

CALL ADVIAIL.U)
BzPFA(AI»O)

IF (U.CQ.0) 50 TO 21

CALL ADVIALAIsU)
B=IMADD(BssTHETAFAL)

€0 TC CC

1HTO03=8B

RETUERN

END

INTEGER FUNCTION IHTOD(A)
COMMCN/TRZ/LETA«THETA
INTEGER BETAeTHEITAVA
INTECER PFASsFIRSTeINY
INTEGER UeSsAIeMe 3T
IF(A.NELCIGG TO 1E

IHTOD = PFA(ZCePFA(LD))
RETURN

IHTOD = O

U - A

S = FIRST(A)

IF(U.EC.D0)CC TQ 4C

CALL ADV(AIsU)

M = THETA/1C

BI = AI/M

ATI=ZATI-BIxV
IF(IMTODoNEeOO0RBINELTOIIHTOD = PFACIASS(RIN«IRTOD)
M = M/10

IF(MI3Ce»200 30
IF(S.CTL.LIS=Z6

IF(5.LT 0135237

IHTGD = PFA(SINV(IHTOD))
RETURN

END
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20

31

10

20
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INTEGER FUNCTION ILCMUA»B)
INTEGER AeBslisEsF
ILgM = 0
IF(A.EQ.CIRITURN
IF{3.EQ.0IRETURN
D = IGCDUAsE)
E=TG(Be«D)

CALL ERLA(D)}
F=IPRCD(ArE}

CALL ERLALE)
ILCM=TABSLA(F)
CALL ERLALF)
RETURN

END

INTEGER FUNCTION IMAOD(A¢BeC)
INTEGER ArBsleDeEsF eCoReT
INTEGER FIRST»TAILIPFA

T=ZA

Gz
4

C

o
FZFIRST(T)
Ex=B

—

II!!

CALL MPYI(ZsF)

CALL ADI3(EsFrH)
CALL ALTERI(F+T)

H=E

E=T

T=TAIL(T)

IfF (T.NELO) GO TO 20
LzA

GZG+H

IF (C.EQ.0} GO TO 31
FZPFA(G+D)

CALL SSUCCI(F«+L)
IMADD=D

RETURN

END

INTEGER FUNCTION INEG(A}
INTEGER A¢AT+BsUe INVePFA
B=0

IF (ALEQ.CY GO TO 31

UzA

CALL ADV(ATIe«U)
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11

21

10

2C

21
30

40

50
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B=PFA(~-41+B}

IF {(U.NEL.O) GO TO 20
EZINV(E)

INEG=

RE TURN

END

INTEGER FUNCTION IPOWER({AsN)
INTECER AsBsCosBORROUIFFAsIFPRQD
IF {(N.NZ.3) G0 710 11
BoPFA(L1+:C)

GO TO 21

B=BORRCYHCLA)

IF (A.EQ.0) GO TO 21

Jo 1

IF (J.EQ.N)} CC TO 21
C=IPRCD(B ¢A)

CARLL TRLAIDR)

B=C

JoJ+1

G0 70 2t

IPOWER=2

RETURN

END

INTEGER FUNCTION IPROD(A+3)

INTEGER A2BoCoEsFeGeSsTslUeVelaXeZs AT TY

INTEGER FIRSTsTAILIPFASLENGTH
c=0

IF (A.EQ.0.0RaBeEQ.3) GO TO 71
S=zPFA(C+C}

T=ZPFA(CsS)
MZLENCTH(AI+LENGTH(E) -2
c=T

IF ¢tM.EQ.D0) €O TO 20

DO 21 I=1+%4

CoPFA{TsC)

v=g

W=C

XzZA

CALL ADV{BJ+«V}

Z- W

c=0

CALL ADV(AI+X]}

F=BJ

CALL MFY(AIF)
EZFIRST(Z)

CALL ADDI(CG+EsF)

CALL ALTER(E+Z)
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GZAI+C
Z=TAIL(Z)

IF {X.NC.C) GO TC 50
CALL ALTER(G¢2)
WZTATL(W)

IF(V.NELC) 60 TO 40
IF (G.NELO) 60 TG 71
CALL SSUCCIDsT)

CALL DECAF(G+S
IPROD=C

RE TURN

END

INTEGER FUNCTION IG(AfB)
INTECER AsCyrlLeQeReIGR
L=TAR{A¢B)

CALL CZECAFLQsL)

CALL DECAP(R+L)

CALL ERLA(R]

I4zQq

RE TURN

END

INTEGER FUNCTION IQR(A+B)

COMMON /TR3/ BETA»THETA

INTEGER BETALTHETA

INTEGER ZORROWSIFIRST+IPRODsIGRS+ISIGNLSLEMCTHeFFASFFLeTATIL
INTEGCER AeALl+AZ22A3sABARsBeB1l 232 183ARsCeCL1C2:DeCrFs T JeK
INTEGER LslL1vl2+MeNQsCGEARIRRIRZsSeTolUsV el eX
Q=g

IF (AJNELCLANDLBJNELCY Go To 20

R=30RROW(A)

60 TO 12C

IF (TATL(C).NELQ) CQ TO 30

BIZFIRST(E)

LTIQRS(A«21)

CALL DECAP(GL]

CALL DECAP(RsL)

GO TO 130

MoLENGTH(A)

NZLENGTH(3)

KzM-N

IF (KeGL.O) GO TO SO

R=BORRCW (A

G0 TO 12330

STZISIGNL(A)

u=3

JIN-1

CO 51 Iz1lsJ
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£1 UzZTAIL(US
CZFIRST{U)
T-1
IF (C.G8Z.0) GO TO 52
T--1
c=-C
52 DIBETA/Z{C+1)
WS =T
E0 E-PFA(S*C .0}
AZARTIPROD(ASE)
CALL ALTIR(T*Cel)
BBARZIPROD(DB+E)
CALL ERLAC(E)
70 U=ABAR
Li-g
JTK+1
DO 71 I-lsy
L1=PFA(U.L1)
71 UZTAIL(U)
L2zl
JoN-2
IF (J.ERL.3) G50 70 89
DO 72 Iz1sd
LZ2ZPFA(U.L2)
72 UzZTAILEU)
80 IF (TATIL{U)la.NZe0) CO TO 20
VzPFA(T:0)
CaLL STUlCivVeU)
af  UzZBBAR
JITN=-2
IF (J.EQ.C) GO TO 9z
DO 21 I=1led
91 UzZTATL(U)
92 CALL ADYV({(32.U)
CALL ADV(E1l»U)
100 U=ZFIRST(L2)
CALL ACV(AZ:U)
CALL ADV{A2:U)
CALL ADV(Al:+U)
110 IF {(Al.LT.B1l) G0 10 111
QBARTBETA-1
GO T0 120
111 E=Al
FzA2
CALL GR(ZeFeB1)
Q3ARZE
12C C1z=QEAR
c2=31
CALL MPY(C1lsCZ)
R1z-A1-C1l
Rz2zp2-C2
IF (R2.5E.0) GO Y0 121
R2=R2+BLTA
R1=-R1-1




121

141

15C

1eC

17C

1ecC

1sC

50

IF (R1.GT.C) GO TO 1320
C1l=Q3AR

€2=B2

CALL MPY{ClsC2)
RI1I=R2-C1

IF {(R1.37.0) GO TO 130
R2-A3-C2

IF (R14CZ0.ANDLR2.G5Z.0) GO 70O 130
GBAR=QFEAR-1

G0 TO 120

UzZFIRST{(LL}

VZB3AR

cCiz=C

E=-Q8BAR

CALL ADV(FsV)

CALL. MPY{ZeF)
ALZFIRST(U)

CALL. ADD3{ClsAl+F)

IF (Al.CE.C)Y GC TO 141
A1l=ZA1+3ETA

ct=Cc1-1

Cl=Cl+C

CALL ALTER(ALU}

Xzu

Uz-TAIL(Y)

IF (V.NL.T) GO TO 140
CALL DECAFP(AI U}

CALL SSUCZ(O«+X)
Al-Al+C1l

IF {Al.Z2Q.0) GO TO 170
UZFIRST(L1)

VZB3AR

ci=a

@BARzZQABAR-1
ALZFIRST (W)

CALL ADVI31.V)

CALL ADLT(CleAlrgl}
CALL ALTER(CALYU)
UZTAIL(U)

IF (VeNZ.0) GO 7O 160
IF (G2ARNEZ DL OReQ«NELC)Y QZPFA(W«xQBARYQ)
L1I=TAIL(LL)

CALL DECAPtUsLZ)

IF (L1.NE.C) GO 70O 100
L=IOQRS(ACARS*D)

CALL DECAP(RsL )

CALL DECAF{U»L)

CALL ERLA{(ES3AR)

CALL ERLAILZ)

CALL ERLA(ASAR)
IGRZPFL(QsPFL(Rs[))
RETURN

END



(&N

ig

2C

28

40

INTECER FUNCTICON TQRSU(A»E)
INTEGER Av2eLeCvF @
INTEGER CINVePFA+PFL

Q=0

£=0

IF(A.ER.0) GO TO 3
CZCINVCIA)

CALL DECAP({FsC)

CALL GR(E+FsC)
TF(Q.NE.Q.OR.ENEO) QTPFA(ESQ)
E=F

IF(C.NE.DY G50 T0O 2
JOGRS=PFLEG+PFA(E D))
RETURN

END

INTECER FUNCTICHN IREAD (U}
COMMON/TRL/ZAVATILy STAKsRECORD(72)
INTEGER AVAIL+STAKRECORD #U
INTZGER PFA2IDTOBINY
INTEZGER BeN

g =0

CALL REAC(U»RECORD)
IF(RZCORD({1)NE.-1)GD TO 20
IREAD = -1

RETURN

DO 228 N =z 1+72
IF(RECORDINIL.EQ.4H)G0O TO #0
8 = FFA(REZCCRO(N)}»8)

CALL REZAD(URECCRD)
IF(RECOKD(1).GE.C)GO To 20
B = INV(2)

IREAD = IDTOBUE)

CALL ERLA(B)

RE TURN

END

INTEGER FUNCTION IREM(A+B)
INTEGER AsBsLsQeR
L=IGR{A+B)

CALL DECAP(GeL)

CALL DECAP(ReL)

CALL ERLAC(G)

IREM=R

RE TURN

END
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10
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12

2C

3G

40

60
70

80
18,

100

52

INTEGER FUNCTION ISIGNLCEA)
INTEGER A#BeSeT

S=0

IF (A.EQ.C) GO TO 31
T=A

CELL ADV(EST)

IF (B.EQ.T)Y 50O 1O 20
S=1

IF (3.L7.3} S=-1
ISICNL=S

RETURN

END

INTEGER FUNCTICN ISUM(LE)

INTEGER As3eCoFo3cATle2T9DIr"TIe5eTeUrY
INTEGER CORROWYFIRSTeINVsPFA+TAILsISIGNL
IF {A.NEW.GC)Y G0 TOo 11

C=BORROW(B}

GO 70 151

IF (B.NE.G)Y GO TO 12

CZBORROW(A)

GO0 TO 161

7R i gl ]
teob et
H G = O

SIGNL{A)
TZISIGNL(3)

IF (5+T.EQ.D) GC TO &C
DI=0

CALL ADV(AI+U)

CALL ADVIBIsV)

CALL ADC3¢CI»AI»EI)
C=PFA({AI.C)

IF (UJNELTO)Y GO TO 42
uzv

CO TO €O

IF (V.NEWQ) GO TO 30
CALL ADV(ATI U}

CALL ADO3(DI+AIND0)
CZPFA(AIC)

IF (UJNZ.0) GO 7O 50
IF (DIJNCLOY C=PFA(DIsC)H
CzINVIC)

GO TO 161

F=0

CALL ADV(AI«U)

CALL ADVI(3I+V)
DIZAI+EBI

IF (DIWNEZ.U) F=DI
CzPFA(LIC)

IF (UNZW0) GO TO 101
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uzv
GO0 TO0 120
1C1 IF (V.NE.CO) GO TC SO
110 CALL ADV(FeU)
C=ZPFA(FsC}
IF (U.NEZL.0O) GO TO 118
120 IF (F.NE.C)} GO TO 140
CaLL zZRLA(C)
c=-0
GO TO 1851
153C CzZINV(C!}
s=1
IF (F.LT.C) Sz=-1
F=C
EX=0
u=c
18C DI-ZFIRST(W)
CALL COMPATI{S+EILDID
IF (DI.NEC) FzU
CALL ALTER(DI.U)
U=TAIL(W)
IF (U.NZ.C) GO TO 150
1EC G=TAIL(F)
IF(G.EQ.83) G0 TO 151
CALL SSUCCH(CeF)
CALL ERLA(G)
161 ISuH=C
RETURHN
END

Jony
N
(8]

SUERQUTINE IWRITE(UwA)
COMMON/TRI/ZAVAILYy STAK+RECORD(72)
INTEGER AVAIL STAK+RECORD YU A
INTEZGER ISTODeNeBsC

ic B = IBTOD(A)

20 DO 28 N = 172
IF(B.EQ.01GC TO 40
CALL DECAPI(C»8)

28 RECORDIN) =C

30 CALL WRITZ(UsRECORD)
60 TO 20

40 BO 43 TzN.72

58 RECORD( I}ty

50 CALL WRITZ(URECORD)
RETURN
END

SUSROUTINE MPY(4s3)
COMMCN /TR3/ BETASTHETA
INTLGER A93¢3ETA
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BzohA=*E
A=3/3ETA
BZB-4*RETA
RETURN

END

SUBRCOGUTINE GR{AsE»C)
COMMON /TR3/ 3ETALTHETA
INTCCER As3eloFEeBZTArTHETA
E-A*BETA+3

K-E/C

B=E—-Cx*A

RE TURN

END
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5. A Test Program

The following Fortran main program may be used as a
partial test of whether this system has been correctly
implemented. The test provided is very limited, but it
is at least complete in the sense that each subprogram of
the Integer Arithmetic System is executed at least once.
The test program also serves to illustrate some features

common to SAC-1 user programs.

This program reads three L-integers, A , B and

C , and performs the following arithmetic:

D=A+B
E = lem(D,C)
F = ged(D,C)
G=E «F
H = g°

I=D-¢C
J = 1°

K=H-J

Each result is printed using IWRITE and all integers are
erased using ERLA. The length L of the available space
list 1s computed and printed at the beginning and again
at the end; the length should be the same in each case.
Since gecd(u,v) ¢ lem(u,v) = |u ¢ v| for all integers u

and v , the program should produce results G = |I]| ,
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H=J and K =0

Note that the values assigned to BETA, THETA, IN
and OUT at the beginning of the program depend on the
SAC-1 implementation and will generally need to be changed.
Also the second argument of the subroutine BEGIN, the
dimension of the array SPACE, must be a multiple of the

number of words per cell.

Test Program

COMMON /TR1/ AVAIL,STAK,RECORD(72)
COMMON /TR3/ BETA,THETA

INTEGER AVAIL,STAK,RECORD,BETA,THETA
INTEGER IN,OUT,SPACE

INTEGER A,B,C,D,E,F,G,H,I,J,K,L,
DIMENSION SPACE(1000)

BETA = 2¥#33

THETA = 10%¥9

IN = 5

oOUT = 6

CALL BEGIN(SPACE,1000)

I = LENGTH(AVAIL)

PRINT 1,L

1 FORMAT(/3H L=,I6)



A = IREAD(IN)
B = IREAD(IN)
C = IREAD(IN)
D = ISUM(A,B)

CALL ERLA(A)

CALL ERLA(B)

PRINT 2

FORMAT (/3H D=)
CALL IWRITE(OUT,D)
E = ILCM(D,C)
PRINT 3
FORMAT(/3H E=)
CALL IWRITE(OUT,E)
F = IGCD(D,C)
PRINT 4
FORMAT(/3H F=)
CALL IWRITE(OUT,F)
G = IPROD(E,F)
PRINT 5

FORMAT (/3H G=)
CALL IWRITE(OUT,G)
CALL ERLA(E)

CALL ERLA(F)

57




H = IPOWER(G,2)
CALL ERLA(G)

PRINT 6

FORMAT (/3H H=)
CALL IWRITE(OUT,H)
I = IPROD(D,C)
CALL ERLA(C)

CALL ERLA(D)

PRINT 7
FORMAT(/3H I=)
CALL IWRITE(OUT,I)
J = IPOWER(I,2)
CALL ERLA(I)

PRINT 8

FORMAT (/3H J=)
CALL IWRITE(OUT,J)
K = IDIF(H,J)

CALL ERLA(H)

CALL ERLA(J)

PRINT 9

FORMAT (/3H K=)
CALL IWRITE(OUT,K)
CALL ERLA(K)

L = LENGTH(AVAIL)
PRINT 1,L

STOP

END

58
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Input Data

+56123785L126098503214568621456878
-85641230214752146321456987987L4569
+957648214632857641336412L5876958

Qutput

L = 500

D =

-295174448021L22960000001258417691

E =

+9U2o L2 TT176516L54L673661962504429829756270127704019614918821326

+282673283152954936340209858875132894892688103831120588L4756463978

H:
+799041850084706370360811463985238655418592873945L2L980760629022799815440
18716486 76345518560272396656915991920L4L4237688061L011584484

T =

-28267328315295L93634020985887513289L892688103831120588LL 756463978




60

J =

+799041850084T706370360814639852386554185928739L5424980760629022799815440
1871648676345518560272396656915991920442376880614011584L84

L = 500
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