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Abstract

This is a reprinting of the original report of June 1969, with
correction of a few minor errors. The SAC-1 Modular Arithmetic
System is the fifth of the ten SAC-1 subsystems which are now avail=-
able. It provides subprograms for the arithmetic operations in a
prime finite field GF(p) , for any single-precision prime p , and
for various operations on polynomials in several variables with
coefficients in GF(p) . Besides the arithmetic operations on such
polynomials there are included subprograms for the Chinese remainder
theorem, evaluation and interpolation. For univariate polynomials,
subprograms are included for greatest common divisor calculation

and Berlekamp's factorization algorithm.
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Introduction

The SAC-1 Modular Arithmetic System is the fifth subsystem of the
SAC-1 System for Symbolic and Algebraic Calculation. The four pre-
viously completed subsystems are the List Processing System [2], the
Revised Infinite Precision Integer Arithmetic System [4], the Poly-
nomial System [5], and the Rational Fumction System [6]. An original
Infinite Precision Integer Arithmetic System [3] has been superceded
by the revised system [4], which provides some additional operationms,
utilizes improved algorithms, and requires fewer primitive (machine

language) subprograms.

The Modular Arithmetic System provides a common basis for several
SAC-1 subsystems which are currently in various stages of development.
A Revised Polynomial System is scheduled for release in August, 1969.
This system will feature a modular arithmetic algorithm for multi-
variate polynomial g.c.d. calculation (along the lines suggested in
[10], pages 393-395), which is several orders of magnitude faster
than the reduced p.r.s. g.c.d. algorithm used in the existing system.
The Revised Polynomial System will also provide some new operations,

e.g., resultant calculation.

A Revised Rational Function System and a Rational Function Inte-
gration System are expected to be ready for release about October,
1969, Distribution of a Polynomial Zero Calculation System is ten-
tatively scheduled for January, 1970, and a Linear Algebra System
will be completed about the same time. A Polynomial Factorization
System which is in an early stage of development may be available
by late 1970.

In the SAC-1 Modular Arithmetic System, the moduli are assumed
to be single-precision prime numbers. No attempt has been made to
provide a general modular arithmetic system, the use of single-
precision moduli being optimal for all the intended applications
referred to above. Thus, the system performs arithmetic operations
in any field GF(p), if p is single-precision. This, of course, is
quite trivial. Beyond this, the system performs a wide variety of
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operations on univariate and multivariate polynomials over GF(p).
These operations are categorized in Section 3, where the programs
and algorithms for the operations are described. The system also
includes a program for the rapid generation of prime numbers to

be used in the system as moduli and, of course, programs pertaining

to the Chinese remainder theorem.

Section 2 specifies the manner in which data objects are repre-
sented in the system. All the system programs are written in
A.S.A. FORTRAN, [1], and these programs are listed (in alphabetical
order) in Section 5. All programs have been extensively tested,
but if any error is discovered, however, minor, the first-listed
author would appreciate notification. Readers and users are assumed
to be already familiar with the previous SAC-1 system reports cited

above, of which copies are available upon request.

The SAC-1 System is easy to implement on most computers with
FORTRAN compilers since only a few very simple primitive 'subprograms
need be programmed in machine language. SAC~1 has been implemented
on numerous computers and inquiries about implementation are encour-

aged.

In the present manual, we give a theoretical maximum computing
time for each subprogram, expressed in O-notation as a function of
parameters describing the inputs. A supplement to this manual is
planned, which will approximate average computing times in terms of
the same parameters. These approximation formulas will be derived
from empirically observed computing times for a particular computer,
the UNIVAC 1108, but they should also provide at least a guide to
computing times for other computers through the application of an

appropriate correction factor.

Data Specification

In the Modular Arithmetic System, the prime moduli, p, are as-
sumed to satisfy p<f/2, where B is the radix used in the Revised
Infinite Precision Integer Arithmetic System [4]. In the Chinese

remainder theorem programs, the moduli are required to be odd,
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hence it is generally best to avoid using p=2. In any case, it is
generally best to use very large primes, say p>B/4, the exception
being in some of the polynomial factorization programs, in which
only relatively small primes are feasible. The elements of GF(p)
are taken to be the integers 0,1,2,...,p-1, which, along with the

modulus p, are represented as FORTRAN integers.

Polynomials over GF(p) are represented in a recursive canonical
form similar to that used in the SAC-1 Polynomial System. However,
there are the following differences. Polynomials over GF(p) are
represented by lists in which there are no variables, the only ex-
ponents appearing are the degrees, and zero coefficients are in-
cluded.

The zero polynomial over GF(p), in any number of variables, is
represented by the null list. Let A(x)= X?uo a, xi be any non—zero
polynomial over GF(p) in r variables, with deg (A)= n>0 and r>l.

Thus the a, are polynomials over GF(p) in r-1 variables or, if

i
r=1, elements of GF(p). Then the list representing the polynomial
A is (n,an,an-l,...,ao) where oy is the list representing ay if
r>1, and oy is the FORTRAN integer ay if r=1. Thus a non-zero

polynomial in r variables is represented by a list of order r.

Program Descriptions

The subprograms of the SAC-1 Modular Arithmetic System are ar-
ranged below into eight categories designated by subsection head-
ings. For each subprogram a users functional description is given,
followed by an algorithm description, followed by a specification
of the maximum computing time. The maximum computing time is given
in O-notation as a function of appropriate parameters describing
the inputs and, in some cases, the outputs of the program. For
definitions and background material on such computing time analyses,
see [7], [9] and [10].
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3.1 Prime Number Generation

L=GENPR(A,k,m)

A is o one-dimensional integer array of length k, m is an odd
FORTRAN integer, m>3. L is the list (pl’pZ"""pr) consisting of
all prime numbers in the closed interval [m,m+2k-2], with p1<p2<
..¢<pr4 Each Py is represented as a FORTRAN integer. The initial
values of the A(i) are ignored, and may be undefined. After exe-
cution of GENPR, A(i) =1 or 0 according as m+2i-2 is or is not a

prime number, for 1<i<k.

Algorithm

(1) n+m+2k-2; for i=1,2,...,k do: A(i)+1l; d+3.
(2) 1f d>[n/d]l, go to (6).

(3) (Compute the least positive integer I such that d|(m+2I-2)
and m+21-2>3d.) r<rem(m,d); I1«l; if r>0 and r even, T+I4+d-r/2;
{f r >0 and r odd, I«I+(d-r)/2; 1f m<d, I+I+d.

(4) For i=I1, I+d, I+2d,... until i > k do: A(1)+0O.
(5) If dz) (mod 6), dvd+4; if d # 1 (mod 6), d+d+2; go to (2).

(6) L+(); for i=k, k-1,...,1 do: if A(i)=1, L+PFA(m+2i-2,L).

Computing Time

0(/o+k log n), where n=m+2k-2.




3.2,

Page 5

Arithmetic Operations in GF(p)

c=CSUM(p,a,b)

p is a prime, a and b are elements of GF(p). c=atb, the sum in GF(p).

Algorithm

(1) c+atb; if c>p, c*c-p; return.

Computing Time: O(1).

¢=CDIF(p,a,b)

p is a prime, a and b are elements of GF(p). c=a-b, the difference
in GF(p).

Algorithm

(1) c*+a-b; 1if c<Q, c*ctp; return.

Computing Time: 0(1).
¢=CPROD(p,a,b)

p is a prime, a and b are elements of GF(p). c=a*b, the product in
GF(p).

Algorithm

(1) c+a-b (using MPY); c+rem(c,p) (using QR); return.

Computing Time: 0(1).

b=CRECIP(p,a)

p is a prime, a is a non-zero element of GF(p). bua—l, the multiplicative
inverse in GF(p).

Algorithm (The forward extended Euclidean algorithm, see [8]).

(1) ai1+p; az«a; y1+0; y2*l; go to (3).
(2) qtlai/az2]; as+ai-az2q; ys*yi1-ya2q;ai+az; az*as; yi1¢yz; y2+y3
(3) 1f ax$l, go to (2); if y2<0, yz2+yz2+p; b+y2; return.
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3.3

Computing Time: O0(log p).

b=CPOWER(p,a,n)

p is a prime number, a is an element of GF(p) and n is a non-negative

FORTRAN integer. b=an, an element of GF(p).

Algorithm (Binary expansion of exponent)
(1) b+«l; 1f n=0, return; c<a.
(2) m<[n/2]; if 2m=n, go to (3); b+CPROD(p,b,c); 1if m=(Q, return.

(3) n+¢m; c<CPROD{(p,c,c); go to (2).

Computing Time: O(log n).

Arithmetic on Multivariate Polynomials

C=CPSUM(p,A,B)

p 1s a prime“number, A and B are polynomials over GF(p) in r vari-

ables, r>1. C = A+B, a polynomial over GF(p) in r variables.

Algorithm
(1) 1If A=(, C+BORROW(B) and return; if B=0, C<+BORROW(A) and return.

(2) C«0; ADV(M,A); ADV(N,B); if M<N, interchange A and B and M and N;
L«M-N; if TYPE(A)=1, go to (6).

(3) 1If 1L>0, do for i=1,2,...,L: (ADV(E,A); C+PFA(E,C)).

(4) ADV(E,A); ADV(F,B); C+PFA(CSUM(p,E,F),C).

(5) If A#0, go to (4); go to (9).

(6) If L0, do for i=1,2,...,L:(ADV(E,A); C<PFL (BORROW(E),C).
(7) ADV(E,A); ADV(F,B); C«PFL(CPSUM(p,E,F),C).

(8) 1If Af0, go to (7).
(9) C+INV(C).
(10) If C=( ) return; if FIRST(C)#0, go to (11); M«M-1; DECAP(E,C);
go to (10),
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(11) C«PFA(M,C); return.

Computing Time: O(nlnz--'nr), where A and B are of degree n, or less

in the i-th variable.

C=CPDIF(p,A,B)

p is a prime number, A and B are polynomials over GF(p) in r vari-

ables, r>l. C=A-B, a polynomial over GF(p) in r variables.

Algorithm
(1) If A=0, C«CPNEG(p,B) and return; if B=0, C+BORROW(A) and return.

(2) C<0; ADV(M,A); ADV(N,B); Le¢M-N; T«TYPE(A); if L=0, go to (5);
if L<0, go to (4).

(3) Do for i=1,2,...,L;(ADV(E,A); if T=0, C«PFA(E,C); if T=l,
C+PFL(BORROW(E) ,C)); go to (5).

(4) 1+ -L; do for I=1,2,...,L;(ADV(F,B); if T=0, C+PFA(CDIF(p,0,F),
C); if T=1, C«PFL(CPNEG(p,F),C)).

(5) ADV(E,A); ADV(F,B); if T=0, C+PFA(CDIF(p,E,F),C); if T=l,
C+PFL(CPDIF(p,E,F),C); if A# (), go to (5); C+INV(C).

(6) If C=(), return; if FIRST(C) # 0, go to (7); M«M-1; DECAP(E,C);
go to (6).

(7) C+PFA(M,C); return.

Computing Time: O(nlnz--'nr), where A and B are of degree n, or less

in the i-th variable.

B=CPNEG (p,A)

p is a prime number, A is a polynomial over GF(p) in r variables,

r>l. B=-A, a polynomial over GF(p) in r variables.
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Algorithm
(1) B+0; if A=(0, return; ADV(N,A) ; B<PFA(N,B).

(2) ADV(C,A); if TYPE(A)=0, B+PFA(CDIF(p,0,C),B); 1if TYPE(A)=1,
B<PFL(CPNEG(p,C),B); if A#(), go to (2).

(3) B<INV(B); return.

Computing Time: O(nlnz-"nr), where n, is the degree of A in the i-th

variable.

C=CSPROD(p,A,b,N)

p is a prime number, A is a polynomial over GF(p) in r variables,
r>l, b is an element of GF(p), and N is a non-negative FORTRAN integer.
C is the polynomial C(Xl,...,Xr)=A(X1...,Xr)fb'X§ where X 1s the main
variable of A.

Algorithm
(1) C«(); if A=0 or b=0, return.

(2) ADV(M,A); C«PFA(M+N,0); T<TYPE(A).

(3) ADV(E,A); if T=0,‘C«PFA(CPROD(p,E,b),C); 1f T=1, C«PFL
(CSPROD(p,E,b,0)); if A# (), go to (3); 1f N=0, go to (5).

(4) Do for i=1,2,...,N: (if T=0, C+PFA(0,C); if T=1, C+PFL(0,C)).

(5) C+«INV(C): return.

Computing Time: O(nlnz-»-nr+N), where n, is the degree of A in the i-th

variable.

C=CPPROD(p,A,B)

p is a prime number, A and B are polynomials over GF(p) in r vari-

ables, r>1. C=A:B, a polynomial over GF(p) in r variables.
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Algorithm

(1) C+«0; if A=0 or B=0 return.

(2) ADV(N,B); if TYPE(B) ¥ 0, go to (3); F«FIRST(B); C+CSPROD(p,A,F,N);
go to (5).

(3) S<«A; A+«TAIL(A); F<FIRST(B).

(4) ADV(E,A); G<CPPROD(p,E,F); C+PFL(G,C); 1if A#0, go to (4); A«S;
if N#0, do for i=1,...,N: C«PFL(0,C); C+PFA(FIRST(A)+N,INV(C)).

(5) S<TAIL(A); T<+TAIL(C).

(6) B<TAIL(B); if B=0, return; A«S; T«TAIL(T); U+T.

(7) ADV(E,A); F«FIRST(B); if TYPE(U)#0, go to (8); H«CSUM(p,FIRST(U),
CPROD(p,E,F)); go to (9). :

(8) G+CPPROD(p,E,F); J+FIRST(U); H«CPSUM(p,J,G); erase J and G.

(9) ALTER(H,U); if A=0, go to (6); U<TAIL(U); go to (7).

Computing Time: 0(m1-°'mrn1-~-nr), vhere m, 1s the degree of A in the

i~th variable and n, is the degree of B in the i-th variable.

Operations on Univariate Polynomials

B=CMONIC(p,A)

B is the monic associate of A, a univariate polynomial over GF(p).

Alporithm

(1)
(2)

a+CRECIP(p,FIRST(TAIL(A))).

B+ CSPROIp,A,a,0) .

Computing Time: O(n), where n=deg (A) .

9

p is a prime number, A is a non-zero univariate polynomial over GF(p).
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R=CPREM(p,A,B)

p is a prime number. A and B are non-zero univariate polynomials
over GF(p). R is the remainder of A with respect to B. I.e., R is
the unique polynomial over GF(p) such that, for some polynomial Q,
A=B-Q+R with R=0 or deg (R)<deg(B).

Algorithm
(1) R<0; n+FIRST(B); if n=0, return; m+<FIRST(A); if m<n, R+BORROW(A)

and return.
(2) R+ copy of A; B<TAIL(B); e+CRECIP(p,FIRST(B)); B<TAIL(B).
(3) R(x)«R(x)-(1dcE(R) -e)x" "B(x) (by altering the list for R).

(4) 1f R=0Q, return; m+FIRST(R); if m>n, go to (3); return.

Computing Time: O(n(m-n+l)) if m>n and 0(1) if m<n, where m=deg(A)
and n=deg(B).

C=CPGCD1(p,A,B)

p is a prime number. A and B are non-zero univariate polynomials
over GF(p). C is the monic greatest common divisor of A and B, a

univariate polynomial over GF(p).

Algorithm
(1) A<BORROW(A) ; B+BORROW(B) .

(2) C+CPREM( p,A,B); ERLA(A); A«B; B«C; 1f B#0, go to (2).

(3) C+CMONIC(p,A); ERLA(A); return.

Computing Time: O0(n(m~k+1)), where m=max {deg(a), deg(B)}, n=min {deg(A),

deg(B)} and k=deg(gcd(A,B)).
B=CPDRV(p,A)

p is a prime number. A is a univariate polynomial over GF(p). B

is the derivative of A, a univariate polynomial over GF(p).
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Algorith@
(1) B«0; if A=0, return; n<FIRST(A); A+<TAIL(A).

(2) If n=0, go to (5); c+CPROD(p,n,FIRST(A)); n+n-1; 1if B#0, go to
(3); if c=0, go to (4); B+«PFA(n,0).

(3) B<«PFA(c,B)

(4) A<TAIL(A); go to (2).
(5) B«INV(B); return.

Computing Time: O0(n), where n=deg(A).
L=CPQREM(p,A,B)

p is a prime number, A and B are non-zero univariate polynomials
over GF(p) with deg(A)>deg(B). L is the list of (Q,R) where Q and R
are the unique polynomials over GF(p) such that A=B.Q+R and either
R=0 or deg(R)<deg(A).

Algorithm

(1) R«Q; N«FIRST(B); B«TAIL(B); if N$#0, go to (2); Q«CcSPROD(P,A,
CRECIP (p,FIRST(B)),0); go to (7).

(2) M<FIRST(A); Q+PFA(M-N,0); R=CSPROD(p,A,1,0); DECAP(M,R);
E+CRECIP(p,FIRST(B)); B<+TAIL(B).

(3) DECAP(C,R); C+CPROD(p,C,E); Q+PFA(C,Q); if C=0, go to (4);
I+R; J+B; do for k=1,2,...,N: (D+«CDIF(p,FIRST(I),CPROD(p,C,
FIRST(J)))).

(4) MeM-1; if M>N, go to (3).
(5) If FIRST(R)#0, go to (6); DECAP(C,R); M«M-1; if M>0, go to (5).
(6) If R#0, R«PFA(M,R); Q+INV(Q).

(7) 1+(Q,R); return.
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Computing Time: O(n(m-n+l)), where m=deg(A) and n=deg(B).

L=CPEGCD(p,A,B)

p is a prime number, A and B are non-zero univariate polynomials
over GF(p) with deg(A)>deg(B)>0. Let w be the resultant of A and B.
I1f w=0, then L=0. Otherwise, L is the list (X,Y,w), where X and Y
are the unique polynomials over GF(p) such that AX+BY=w, deg (X) <deg(B)
and deg(Y)<deg(A).

Algorithm

This algorithm is based on the following theory. Let Al’AZ""’Ar

be the complete polynomial remainder sequence over GF(p) defined by
AlaA, A,=B and Ai¢Q1A1+l+Ai+2 for l<i<r-2. Let cimldcf(Ai) and n,=
deg(Ai). Let c=(-—1)s (Hi:i é :i;ni+2 c. nr*l—l, where Snz;;i nny -
Then wwcAr igs the resultant of A and B. Let Xlﬂl, XZ“O, Y1”0,

Yzml and, for l<i<r-2, Xi+2=X1‘Q1xi+l and Yi+2uYi_Q1Yi+l’ Let X-——-cXr

and Y=ch. Then X and Y are the unique polynomials over GF(p) such
that AX+BY=w, deg(X)<deg(B) and deg(Y)<deg(A). (These are special

cases of theorems in a forthcoming paper by G. E. Collins.)

(1) Al<BORROW(A); A2<BORROW(B) ; X1+PFA(0,PFA(1,0); Y2+BORROW(X1);
X2+0; Y1«0; C+l; S<0.

(2) L«CPQREM(p,Al,A2); DECAP(Q,L); DECAP(A3,L); if A3=0, erase
Q and go to (10).

(3) N<CPROD(2,FIRST(Al),FIRST(A2)); S«CSUM(2,S,N); D+FIRST (TAIL(A2));
N«FIRST(A1)-FIRST(A3); do for i=1,...,N: C+CPROD(p,C,D).

(4) T+CPPROD(p,X2,Q); X3+CPDIF(p,X1,X2); erase T,X1l; X1+X2; X2+X3.

(5) T<CPPROD(p,¥2,Q); Y3«CPDIF(p,Y1l,Y2); erase T,X1,Q; Y1+Y2;Y2+Y3.
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(6) Erase Al; Al<A2; A2«A3; 1f FIRST (A2)>0, go to (2).

(7) N<FIRST(Al)-1; if N=0, go to (8); D<FIRST(TAIL(Al)); do for
i=1,2,...,N: C+CPROD(p,C,D).

(8) 1f S#0, C+CDIF(p,0,C).

(9) X«CSPROD(p,X2,C,0); Y«CSPROD(p,¥2,C,0); weCPROD(p,FIRST(TAIL
(A2)),C); L<PFL(X,PFL(Y,PFA(w,0))).

(10) Erase Al1,A2,X1,X2,Y1,Y2; return.

Computing Time: O(n(m-k+1)), where m=deg (A) , n=deg(B) and k=deg
(gcd(A,B)).

Erasure and Input-Output

CPERAS(A)

A is a multivariate polynomial over GF(p) for some prime number
p. A is erased, i.e., the effect is the same as if ERASE were ap-
plied to A, but it is achieved more rapidly.

Algorithm

(1) 1f A=0, return; N«COUNT(A)-1; SCOUNT(N,A); if N>0, return;
DECAP(N,A); if TYPE(A)#0, go to (2); ERLA(A); return.

(2) NeCOUNT(A)-1; SCOUNT(N,A); if N>(Q, return; DECAP(C,A);
CPERAS(C); 1if A#(), go to (2); return.

Computing Time: O(nlnz---nr), where n, is the degree of A in the
i-th variable.

In the following input and output programs, the same external
canonical form is used as for polynomials over the integers 1. In
fact the subprograms PREAD and PWRITE of the SAC-1 Polynomial Sys-
tem are used for the actual input and output, and CPMOD and CPGARN
(see Section 3.6) are used for conversion between the two internal

canonical forms.

13
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3.6

A=CPREAD (p, U)

p is a prime number, U is a logical unit number. The polynomial
A, a multivariate polynomial over GF(p) is read from unit U. If U
was initially positionmed at an end-of-file, then A=-1, If U was
initially positioned at a polynomial which 1s syntactically incor-
rect, then A=-2, For further details, see the SAC-1 Polynomial

System manual [5].

Algorithm

(1) A<PREAD(U); 1f A<0, return.

(2) B+A; A+¢PMOD(p,B); PERASE(B); return.
CPWRIT (p,U,A,L)

p is a prime number, U is a logical unit number, A is a muleci-
variate polynomial over GF(p), L is a list of variables (Xl""’xr)
to be used in the external canonical form, with Xr as the main
variable of A. A is converted to external canonical form and written
on unit U. TFor further details, see the SAC-1 Polynomial System

manual [5].

Algorithm
(1) Q«PFA(1,0); B+CPGARN(Q,0,2p+1,A,L); PWRITE(U,B).

(2) ERLA(Q); PERASE(B); return

Reduction Modulo p and Chinese Remainder Theorem

There is a unique homomorphism from the ring I of integers onto
GF(p), which we denote by ¢p. I1f A is a polynomial over I inr

variables, A(X X)=l7_ A X X__,)+Xs, we define by
1,«:.0, r 1:!0 i 1,oo=, r“'l r’“

n i
induction on r,@ (Ve PP )L SR N C Y SPRTRIS SIP PR
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a=CMOD(p,I)

p 1s a prime number, I is an infinite precision Integer. a=

¢p(I), an element of GF(p).

Algorithm

(1) T«PFA(p,0); R«IREM(I,T); ERLA(T); a+0; if R=0, return;
a+«FIRST(R); if a<0, a+«a+p; ERLA(R); return.

Computing Time: 0(log|I|)
B=CPMOD (p,A)

p is a prime number, A is a multivariate polynomial over the ring
of integers, or an infinite-precision integer. anp (A), a multi-
variate polynomial over GF(p), or an element of GF(p).

Algorithm

(1) B+«(; if A=0, return; if A is an integer, B+CMOD(p,A) and return.
(2) A<TAIL(A); N*FIRST(TAIL(A)); T«TYPE(FIRST(A)); M<N.

(3) If A=() or M# FIRST(TAIL(A)), C+0 and go to (5).

(4) E<«FIRST(A); A+TAIL(TAIL(A)); C+CPMOD(§,E).

(5) 1If T=0, B«PFA(C,B); if T#0, B«PFL(C,B); M«M-1; if M>0, go to
(3); B«INV(B).

(6) 1f FIRST(B)#0, go to (7); DECAP(C,B); N«N-1; if N>0, go to (6).

(7) 1If B#0, B«PFA(N,B); return.

15

Computing Time: O(nlnz'--nr log N), where n, is the degree of A 1in the

i~th variable and N is an upper bound on all the numerical coefficients

of A, or O0(log|A|) if A is an integer.
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C=CGARN(Q,B,p,a)

p 1s an odd prime number, a is an element of GF(p). Q is an odd
positive infinite-nrecision integer which is relatively prime to p.
B is an infinite-precision integer such that |Bl<q/2. C is the un-
ique infinite-precision integer such that C=a (mod p), C=B (mod Q)
and IC|<pQ/2. Note that if Q=1 and B=0 one obtains the integer C
such that Cza (mod p) and |C|<p/2.

Algorithm (This is Garnmer's algorithm for the case of two congruences;
see [10], pp. 253-256.)

(1) b+CMOD(p,B); q+CMOD(p,Q).
(2) d<«(a-b)/q (mod p arithmetic); if d>p/2, d<«d-p.

(3) C+dQ+B; return.

Computing Time: O(log Q),
C=CPGARN (Q sBsp 9A9L)

P is an odd prime number, A is a polynomial in r variables over
GF(p), r>0. Q is an odd positive infinite-precision integer relatively
prime to p. B is a polynomial over the integers in r variables, whose

coefficients are less than Q/2 in magnitude. L is a list (X1’°°'Xr) of T

variables. (If r=0, then B is an integer, A is an element of GF(p)
and L is the null list.) C is the unique polynomial C(Xl,...,Xr),
Xr the main variable, over the integers such that C=B (mod Q), C=A
(mod p), and the coefficients of C are less than pQ/2 in magnitude.

Note that if Q=1 and B=0, one obtains the polynomial C such that
C=A(mod p) and the coefficients of C are less than p/2 in magnitude.

Algorithm
(1) 1f L=Q), C+«CGARN(Q,B,p,A,L) and return.

(2) L«CINV(L); C+CPGARN(Q,B,p,A,L) using recursive procedure; erase

L; return.
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(3) (Begin recursive procedure C=CPGARN(Q,B,p,A,L)) C«0; M«-1; if
A# (), ADV(M,A); Ne-l; if B# (), B<TAIL(B), N«FIRST(TAIL(B)).

(4) 1f A=0 and B=0, go to (10); E<0; F<O.
(5) If M>N, go to (6); KeM; MeM-1; ADV(E,A).

(6) If K>N, go to (7); KeN; ADV(F,B); B<«TAIL(B); N«-1; 1f B#0,
N«FIRST(TAIL(B)).

(7) 1f E=0 and F=0, go to (4).

(8) 1If TAIL(L)=(), G+CGARN(Q,F,p,E); otherwise, G<+CPGARN(Q,F,p,E,

TAIL(L)) using recursive procedure.
(9) C«PFA(K,PFL(G,C)); go to 4).

(10) If C#(), C+PFL(BORROW(FIRST(L)),INV(C)); recursive procedure

return.

Computing Time: O(nlnz---nr log Q), where A and B are polynomials of

degree n, or less in the i-th variable.

Evaluation and Interpolation

C=CPEVAL(p,A,b)

p is a prime number, A is a polynomial in r variables over GF(p),
r>1l, and b is an element of GF(p). C is the polynomial C(Xl""’xr-l)
-A(Xl,...,Xr_l,b), a polynomial over GF(p) in r-1 variables (or, 1if

r=1, an element of GF(p)), where X, is the main variable of A.

Algorithm

17

(1) C«0; if A=0, return; A<TAIL(A); if TYPE(A)=1, go to (3); ADV(C,A).

(2) If A=(), return; ADV(E,A); C+CSUM(p,CPROD(p,C,b) ,E); go to (2).
(3) d«l; A«CINV(A); DECAP(C,A).

(4) 1f A=(), return; d+«CPROD(p,d,b); DECAP(E,A); 1if E=0, go to (4);
F«<CSPROD (p,E,d,0) ; G+CPSUM(p,C,F); erase C, E and F; C«G;
go to (4).
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Computing Time: O(nln2=°=nr), where ng is the degree of A in the i-th

variable.
G=CPINT(p,A,b,C,D,x)

p is a prime number, b 1s an element of GF(p), ¥ 1is a positive
FORTRAN integer, and A is a polynomial over GF(p) in r variables, r>1l.
D is a %nivariate polynomial over GF(p) whiéh is a product of k+l
distinct monic linear factors, D(}()mﬂl_;mo (X—bi), and b#bi for o<i<k.

C is a polynomial over GF(p) in r-1 variables (or, if r=1, an element
of GF(p)). The degree of A in its main variable, Xr’ is at most k.
G is the unique interpolating polynomial in r variables over GF(p),
of degree k+l or less in Xr’ such that G(Xl,..,,Xr_l,bi)mA(Xl,...,

X__1sb) for i<k and G(Xp,.. o X ;,b)=C(Xpseee Xy )0

Note that a special case k= -1 is permitted in CPINT, in which
D(X)=1 (a constant polynomial) and A=0. Then G(xl,,a.,xr)aC(Xl,,..,
xr—l)’ i.e., G is a polynomial in r variables which is of degree 0
in Xr.

Algorithm (The formula G(X,,ooesX )e={C(X souos X )-A(X ;000X ,b) }
=1 1 T 1 r-1 1 r-1
D(b) D(Xr)+A(X1,..,,Xr) is used.)

(1) T<+CPEVAL(p,A,b); v¢CRECIP(p,CPEVAL(p,D,b)); if r>1, go to 3).
(2) u<CDIF(p,C,T); w+CPROD(p,u,v); V«CSPROD(p,D,w,0); go to (4).

(3) U<«CDIF(p,C,T); erase T; W<CSPROD(p,U,v,0); erase U; V+W-D (by
repeated applications of CSPROD; erase W.

(4) G<CPSUM(p,V,A); erase V; return.

Computing Time: O(nlnz'-°nr_1k), where A and C are polynomials of

degree n, or less in the i-th variable, and k is defined above.
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3.8 Univariate Polynomial Factorization

The following nine subprograms all pertain to the factorization of
a univariate polynomial over a finite field GF(p). Clearly it suffices
to factor monic polynomials and a method is described by Knuth in [10],
page 381, for expressing any polynomial over GF(p) as a product of
squarefree polynomials. This method is not realized by a subprogram

in the present system, although it could be easily added.

The subprogram CPBERL computes the complete factorization of any monic
squarefree polynomial A over GF(p), i.e., it produces a list of all the
monic irreducible factors of A. CPBERL implements the Berlekamp factor-
ization algorithm ({10], pages 381-~389). Since the computing time for
Berlekamp's algorithm is roughly O(pn3), this subprogram will be prac-
ticable only for moderately small values of p.

For larger values of p the subprogram CPDDF may be useful, since its
maximum computing time is only O(n3+n2(log p)). However, CPDDF does not
always produce a complete factorizatiom-it produces a "distinct degree

factorization."

I.e., if A is the monic squarefree polynomial to be
factored, it produces a list ((nl’Al)’°°"(nk’Ak)) where the n, are
positive integers, nl<n2<"-<nk, and Ai is the product of all monic
irreducible factors of A which are of degree n,. Thus AaAl...Ak and
this 1s a complete factorization just in case no two irreducible factors

of A have the same degree.

The other seven subprograms are present primarily for use by CPBERL
and CPDDF. However three of them, CVPROD, CMPROD and CMNULL, perform
standard linear algebra operations over a field GF(p), and may there-

fore have a general usefulness.

These nine subprograms represent just a first step towards the
development of a SAC-1 system for the factorization of polynomials over
the integers. But they are included in the present system also for
their possible usefulness in algebraic coding theory and other disciplines
where the factorization of polynomials over a finite field has rather

immediate applicability.
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F=CPBERL (p,A)

p 1s a prime number and A is a monic squarefree univariate poly-
nomial over GF(p), with deg(a)>2. F is a list (Al,...,Ar) of all the

monic irreducible factors of A of positive degree.

Algorithm (See (10}, pp. 381-389.)

(1) Q«CPBQ(p,A); nvdeg(A).

(2) CPTOM(n,Q)-

(3) Q«Q-1, where I is the n by n identity matrix.

(4) CMNULL(p,Q).

(5) Convert the matrix Q into a list Bw(Bl,.,.,Br) of monic polynomials
over GF(p), where Bi(x)a{§;i Qr~i+1,j+lxj so that O=deg (B, )<deg(B,)<. . .<
deg(Br).

(6) F<«CPBG(p,A,B,1); erase B; return.

Computing Time: 0(n3+rn2p+rnp(log p)),where n=deg(A) and r is the number

of monic irreducible factors of A of positive degree.

Note that in the present section, computing times are based on the
assumption that, since p is single-precision, the time for computing a
multiplicative inverse in GF(p) is o(log p), while the computing time
for any other arithmetic operation in GF(p) is 0(1).

L=CPDDF(p,A)

p is a prime number and A 1s a monic squarefree polynomial over GF(p) >
deg(A)>2. L is a list ((nl’Al)"°"(nk’Ak)) where each n, is a positive
integer, nl<n2<=~°<nk, and Ai is the product of all irreducible monic

factors of A of degree ng, a polynomial of positive degree, for 1l<i<k.
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Algorithm (see [10], pp. 389-390)

(1)
(2)

(3)
(4)

(5)
(6)

Q«CPBQ(p,A); k«l; B<«BORROW(FIRST(TAIL(Q))); C+BORROW(A); L+().

W(X)«B(X)-X; D«ged(W,C); erase W; if deg(D)=0,go to (3);
p«(k,D); L+PFL(P,L); C+C/D.

Erase D; k+k+l; if deg(C)>2k, go to (5).

If deg(C)>0, P+«(deg(C),C) and L«PFL(P,L); if deg (C)=0, erase C;

erase B and Q; return.
Convert B to a vector V; if k>2, go to (6); n+deg(A); CPTOM(n,Q) .

Multiply the vector V by the matrix Q; B+polynomial represented
by the vector V; go to (2).

Computing Time: 0(n3+n2(1og p)), where n=deg(A).

S=CPBG (p,A,B,d)

p is a prime number, A is a monic squarefree univariate polynomial

over GF(p). B is a list (Bl""’Br) of monic univariate polynomials

over GF(p), which constitute a basis for the space of all polynomials

C of degree less than deg(A) such that A is a divisor of cP-c. 1t is

further required that Blnl and Bi(O)“O for 2<i<r. d is a positive

FORTRAN integer such that A has no irreducible factors of degree less

than d. S is a list (Al""’Ar) consisting of all the monic irreducible

factors of A of positive degree, with deg(Al)zﬂeg(Az)z;--zﬁeg(Ar).

Algorithm

(1) S<PFL(BORROW(A),0); r<LENGTH(B); if r=1, return.
(2) B<TAIL(B); m<+l.

(3) T«(); BI«FIRST(B); B<TAIL(B).

(4) DECAP(C,S); if deg(C)=d, go to 6).

(5) For j=0,1,...,p-1,do:

Gegcd (BI-j,C) .
1f deg(G)=0, go to (f).
c. If deg(G)=deg(C), go to (6).
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d. CPINS(G,T); C+«C/G; m+m+l; if m=r, go to (7.
e. If deg(C)=d, go to (6).
f. Continue.

(6) CPINS(C,T); 1if S#(), go to (4); S+T; go to (3).

(7) 1Insert C and each remaining polynomial in S into T, using CPINS;

S+T; return.

Computing Time: O(rn2p+rnp(1og p)), where n=deg(A) and r is the number

of monic irreducible factors of A of positive degree or, equivalently,

the number of polynomials in the basis B.
Q=CPBQ(p,A)

p is a prime number and A is a univariate polynomial over GF(p) with
deg(A)>2. Q is the list (Qo’Ql""’Qn—l)’ where Qi is the univariate
polynomial Qicx)mrem(xpi,A(x)) and n=deg(A).

Algorithm
(1) L+2k, where k=[1ogzp].

(2) Compute B(x)=q,(x) as follous:
(@) B(x)x; Mép-L; Le[L/2].
(b) Berem(B2,A); 1f M<L, go to (c); MeM-L; B(x)+rem(x-B(x),A(x)).
(¢) Le[L/2]; if L#0, go to (b).

(3) C(x)+l; Q+(C); N«deg(A)-1; for i=1,...,N do: (C+rem(B°C,A);
Q+PFL(C,Q)); Q«INV(Q).

Computing Time: O(n3+n2(log p)+(log p)z), where n=deg(A). (Note that

the term (log p)2 may be omitted if A is monic.)
CPTOM(n,L)

n is a positive FORTRAN integer. L 1s a list (Qo’Ql”°°’Qn—1) of -
non-zero univariate polynomials over GF(p) of degrees less than n.

n-1

v 1f Qi(x)"= Ejno qij xj, then after execution of CPTOM the new value of
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L is the list ((q0,0"'°’qnml,o)""’(qo,n—l""’ qn~l,n-l))° No
overlapping is permitted in the representation of the input list L,

since it is altered to produce the representation of the output list.

Algorithm:

(1) Convert each polynomial Qi=(k’q1k’°°°’qio) on L to a list of
length n by prefixing n-1l-k zeros to (qik”"’qio)'

(2) Convert the resulting list L= ((qo’p_l,..,,qoyo),.,.,
(qn—l,n—l”"’qn~l,o)) to the form ((qo,o""’qn—l,o)’°°"
(q )

(a) IL«INV(L); L«Q).

o,n—l""’qn—l,n—

(b) Re«IL; C+Q).
(c) OQ<«FIRST(R); if Q=0, then erase IL and return.
(d) ALTER(TAIL(Q),R); SSUCC(C,Q): C+Q; ReTAIL(R); if R#0, go to (c).

(e) Prefix C to L and go to (b).

Computing Time: O(nz).

CMNULL (p,L)

p is a prime number and L is a second-order list representing an m

by n matrix M over GF(p) by columns. I.e., Le (L

g My e e ooty
representing a basis for the null space of M, consisting of all x such

1"""Ln) and ij
). After execution of CMNULL, L is a list (vl,V2’°°"vr)

that xM=0, Each vy is a list (vil’viZ"'°’vim) representing a 1 by m
row vector. r is the dimension of the null space, O<r<m. If r>0 and
ki is the largest integer k such that vikfo, then k1>k2>.,,>kr and
vikial for l<i<r. (Equivalently, 1f V is the r by m matrix vijsvi,m-j+1’
then V is in row-echelon form.) No overlapping is permitted in the

representation of the input list L, since it 1s altered and erased.

Alternatively, if the input 1list L represents a matyix M by rows,
then the output of CMNULL is a basis for the null space consisting
of all x such that Mx=0.
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Algorithm

Elementary column operations are performed on the matrix represented
by L to reduce it to a triangular form (similar to standard column—echelon

form), from which basis vectors for its null space can easily be found.
(1) A<L, B+(), L«(), m«LENGTH(FIRST(A)).

(2) Perform steps (3)-(6) for k=1,...,m.

(3) Search list A for a pivot column:

(a) S+A, A+Q).

(b) 1f S is empty, then go to (5).

(c) Remove the first column T from S, and remove the first
element d from T. If d#0, then go to (4).

(d) Prefix column T to A and go to (3b).

(4) Prefix column T to B and perform the following pivot operations:

(a) Compute e+ —d—l (in GF(p)).

(b) Multiply each element of T by e.

(¢) 1f S is empty then go to (6).

(d) Remove the next column Q from S, remove the first element
d from Q, and prefix Q to A. If d#0, add d times column T
to column Q. Go to (4c).

(5) No pivot column was found in step (3), hence generate a null space

basis vector v as follows:

(a) Let v+(1,0,...,0), where there are m-k zeros. Let C+B.

(b) 1f C is empty, then go to (5d).

(c) Compute the inner product d of the vectors v and FIRST(C),
and prefix d to v. Let C+TAIL(C) and go to (5b).

(d) Prefix v to L and () to B.

(6) Continue.

(7) Erase A and B and return.

Computing Time: O(kmn+rmn+k(log p)), where L is anm by n matrix over
g

GF(p), kemin{(m,n) and r is the dimension of the null space of L.
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c=CVPROD (p,A,B)

p is a prime number, A and B are first order lists over GF(p). ¢
is the inner product of A and B considered as vectors. Specifically,

if A or B is null them c=0Q. Otherwise, let Az(al,,,g,am), Bm(bl,..,,bn)

and k=min(m,n). Then c = 2$=1 aibi in GF(p).

Algorit@g
(1) c+0.

(2) 1If A=0 or B=0, return.

(3) c«c+FIRST(A)-FIRST(B); A+TAIL(A); B+TAIL(B); go to (2).

Computing Time: O(min(m,n)).

C=CMPROD (p,A,B)

p is a prime number, A and B are second order lists over GF(p). C
is the matrix product of A and B, i.e., if A represents an m by n matrix
by rows and B represents an n by q matrix by columns, then C represents
their product by rows. More generally, if A=(Al,...,Am) and B=(B1,...,Bq),

then C=((cl’1,...,cl’q),...,(cm,l,...,cm q)) where ci,ijVPROD(p,Ai,B ).

3

Algorithm

(1) Q«A; C<(); BI«CINV(B).
(2) If Q=0, go to (5); R«FIRST(Q); S+BI; V«().

(3) TIf S=0, go to (4); V<PFA(CVPROD(p,R,FIRST(S)),V); S*TAIL(S);
go to (3).

(4) C+PFL(V,C); Q«TAIL(Q); go to (2).

(5) C«INV(C); erase BI; return.

Computing Time: O(mnq), if A represents an m by n matrix and B an n

by q matrix.
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CPINS(A,L)

A is a univariate polynomial over GF(p) and L is the empty list or
is a list (Al""’Ak) of univariate polynomials over GF(p) with deg
(Al)zﬂeg(Az)z,..3ﬂeg(Ak). After execution of CPINS, L is the same
1ist with A inserted following the last Ai (1f any) such that deg(Ai)
> deg(A).

Al&orithm
(1) N«L.

(2) 1f N=(), go to (3); if deg(A)>deg(FIRST(N)), go to (3); MeN;
N«TAIL(N); go to (2).

(3) B«PFL(A,N); 1f N=L, let L+«B; otherwise, SSUCC(B,M); return.

Computing Time: O0(k), where k=LENGTH(L).
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4

4l

FORTRAN Program Listings

INTEGER FUNCTION CDIF(PsXsY)
INTEGER PsXsY

COIF=X-Y

IF (CDIFeLToV) COIF=CDIF+P
RETURN

END

INTEGER FUNCTION CGARN(WaHePsA)
INTEGER AsBelsDaebsPsQ

INTEGER BORROWeCUIFsCMOU9&PHUD9CR&C1P9IPRQD’ISUMsPFA
E=cMOD(PsB)

E=CcDIF(PsAsE)

IF (EoNEeU) GO TO 1

C=n0RROW(B)

GO TO 2

D=CMOD(PsW)

D=CRECIP(PsD)

PD=CPROLIP IV )

IF {DeGTeP/2) D=L=P

E=0FA(DsU)

D=TPROD(QSE)

CALL ERLACCE)

C=15UmM(DsB)

CALL ERLA(D)

CGARN=C

RETURN

END

SUBROUTINE CMNULL(PsL)
INTEGER CPROD&CRtCIP9CSUM9LVPROD9FIR5T9LtNGTH9PFA9PFL9IAIL
INTEGER PolsAsBsCosDsTsJsKsMsMDI sQsR9SsToUsV

A = L
B = O
= 0

M LENGTH(FIRST(AY)
DO 6 K = 1sM
5 = A
A = O

IF (S oEWe U) GO TO 5

CALL DECAP(TsS)

CALL DECAP(DST)

IF (D oNEe 0) GO TO 4

A = PFL(TsA)

GO TO 31

B = PFL(TsB)

MDI = P=CRECIP(PsD)

U =T

IF (U «FEQe V) GO TO 42

CALL ALTER(CPROD(PSFIRST(UL)sMDI) sU)
J = TAIL(U) :




42

43

GO TO &l

[F (5 «fQe U) GO TO 6
CALL DECAP({Hs D)

CALL DLCAP{Dsw)

A = PFLIQsA)

U = T

R = 4

IF (U «EQe 0O) GO TO 42

CALL ALTEH(CbUM(P$FIR5T(H)9CPROD(P,D»FIR5T(u)))sR)

U = TAIL{U)
R = TATLI{R)

GO TO 43
V = J
J = M-K

IF (J «EQ. Uy GO TO 52
DO 511 I = 19J
vV = PFA({OsV)
= PFA(1.V)
= B
(C oFEGLe Q) GO TO 54
= PFALCVPRODIPSFIPSTIC)sV) oV)
= TAall{Q)
TO 53
= PrL(VsL)
B o= PFLIUB)
CONT INUE
CALL FRASE(A)
CALL ERASE ()
RETURN
ENM

v
C
IF
%
C
QU
L

INTEGER FUNCTION CMOD(PsA)
INTEGER PsAsRs T

INTEGER PFAsIREMeFIRST
T=pFA(PsU)

R=1REM(AsT)

CALL ERLACT)

CMnD =0

IF (RefQe0) RETURN
CMND=FIRST(R)

IF (CMODeLTo0) CMOD=CMOL+P
CALL ERLACR)

RETURN

END
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INTEGER FUNCTION CMONIC(PsX)
INTEGER PeXsA

INTEGER FIRSToTAILsCRECIPSCHPROD
A=cRECIP(PSFIRST(TATIL(X)))
CMONIC=CSPRCD(PsX9sAs0)

RETURN

END

INTEGER FUNCTION CMPROD(PsAH)
INTEGER CINVsCVPRODSFIRST s INVePFASPFLsTAILL
INTEGER PoAsBsBIelsNsRsSsV

1 Q= A
L = 0
81 = CINV(B)

2 IF (@ eEWe UY KGO TO ®

FIRST(W)

B1

U

3 IF (& ¢EQe 0) WO TO &

V = PFA(CVPROD(PsRsFIRST(5))sV)

S = TAIL(S)

GO TO 3

L = PFL(VsL)

Q= TAIL(Q)

GO TO 2

5 CMPROD = INVI(L)
CALL ERASE(BI)
RETURN
END

wn
[ B

INTEGER FUNCTION CPRERL{Pe4)
INTEGER COIFsCPBGICPRQSFIRLT s INVSPFAsPFLs TALL
INTEGER PsAsBsRPsRVsNslsJosKsNsQsdsl
1 QO = CPBQ{PsA)
N = FIRST(A)
CALL CPTOMI(NsQ)

3 S = Q
[ =1
32 T = FIRST{S)
J =1
34 IF (J «EQe 1) GO TO 356
J = J+1
T TAIL(T)
GO TO 34
36 CALL ALTERICDIF(PsFIRSTIT)Is1l)oT)
I = I+1

S = TAILLLS)

IF (S oNEe 0) GO TO 32
4 CALL CMNULLI(PsW)
5 B = 0




54
56

4y

52

53

54

CALL DECAP(BV W)

BV = INV(BV)

DO 54 K = 1N

CALL DECAP(DsBV)

IF (D oNEe Q) GO T0O 56
COMTINUE

BP = PFA(N-KsPFA(DsBV))
B = PFLIBP»B)

IF (Q eNEo. 0) GO T0O 52
CPRERL = CPBG(PsAsBs]1)
CALL ERASE(B)

RETURN

END

INTEGER FUNCTION CPRG(PsABD)
INTEGER BORROWsCPGCD1sCPQREMsFIRSTsLENGTHPFLsTAIL
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INTEGER PsAsBsDsBIsBIOsHBTsCsDCaDGIEsGoaJsMIRsSsTs TEMPSTEMPL

S = PFL{BORROW(A) Q)
R = LENGTHI(B)

IF (R 6EQa 1) GO TO 8
BT = TAIL(B)

M= 1

T = 0

CALL ALVIBI«BT)

E = TAIL(BI)

BIO = E

E = TAIL(BIOQ)

IF (E oNEes 0) GO TO 35
CALL DECAP(Csb)

DC = FIRST(QO)

IF (DC «EQe D) GO TO 6
J =P

G = CPGCDL(PsBISC)

DG = FIRSTI(G)

IF (DG «GTe 0O) GO TO 52
CALL ERLA{G)

GO TO 54

IF (DG olLTe DCY GO TO 53

CALL ERLALG)

GO TO 6

CALL CPINS(GsT)

TEMP = CPOREMI(Ps(sG)
CALL ERLALQ)

CALL DECAP{CsTEMP)
CALL DECAP(TEMP1sTEMP)
M = M+1

IF (M «EQes R) GO TO 7
DC = FIRSTI(C)

IF (DC «EQe D) GO TO 6
J o= J-1

CALL ALTER(JsBI0)

GO T0O 51



32 Page

] CALL CPINS(CsT)
CALL ALTER(UsBIU)
[F (S oNEe 0) GO TO 4
S = T
GO TO 3
CALL ALTER(UsbIU)
71 CALL CPINSICST)
[F (% oEQe D) GO TO 72
CALL DeCAP(Csen)
GO TO 71
S = T
CPrG = 5
RETURN
END

X ~
N

INTEGER FUNCTION CPBQ(PsA)
INTEGER PFAsPFLoINVsFIRSTsCPPROD«CHSPROD s CPREM
INTEGER PshAsdesCsb Q)
L = 2
1 L = L+L
IF (L oLEs P)Y GO TO 1
L o= L/2
B PFA(L1sPFALLsPFAL{OS0)))
M p—-i
L L/2
C = CPPRODI(PsB9B)
CALL ERLALB)
B = CPREM(PsCsA)
CALL ERLA{LO)
IF (M oLTe L) GO TO 72
M = M=l
C = (SPROD{PsBslsl)
CALL ERLA(B)
B
C
L

i

Hou

ro

= CPREM(PsCsA)
ALL ERLACCC)
= L/2
IF (L oNEes 0O) GO TO 2
C = PFA(OPFA({150U))
QD = PFL{ICsO)
= FIRET(A)—-L
DO &4 I = 1sN
D CPPROD(PsBBs L)
C = CPREM(PsDsA)
CALL ERLAD)
4 Q = PFLICsQ)
CALL ERLAC(H)
cPr = INVQ)
RETURN
ENM

P
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INTLOER FUNCTTOR CPDDF (P A)

INTE R HOUZRONsCINV e TR (PO L s UPURFMs P OUMsLVPRUDFIRST o [inv et A
INTEGER PELsTATL P oA s=s3vesCsDsDCsdsKal sMasNosweoRa TP s TEMELéw

Q = CPBR(PsA) '

K = 1

B = BORROWIFIRST(ITATIL (W)Y
C = BORROW({A)Y

L= U

MX = PFA({1sPFA(P=1sPFA(USU)))
W = CPSUMIPsRsMX)

IF (A oNEe 0y GO TO 22

D = BORROW(C)

GO TO 24

D = CRPGCDLI(PsWsC)

CALL ERLAC(W)

IF (FIRSTI(D) oEQe 0O) GO TO 3
L = PFLIPFA(KsPFLIDsO))oL)
TEMP = CPUREMI(PsCsD)

CALL ERLA(C)

CALL DECAP({CSsTEMP)

CALL DECAP(TEMP1lsTEMD)

GO TO 31

CALL ERLA(D)

K = K+1

DC = FIRSTIC)

IF (DC oGhoe 2¥K) GO TO 5
IF (DC »GTe 0) GO TO 45
CALL ERLACCO)

GO TO 7

L = PFL{PFA(DCsPFL(Cs0)}sL)
GO 10 7

IF (K oGTe 2) GO TO 6

BV = CINVITAIL(B))

CALL cRLAC(B)

N = FIRST(A)

CALL CPTOMINsQ)

GO TO 61

CALL DECAP(TEMPsd)

BY = INV(E)

R = 0
R = Q
B = PFA(CVPROD(PsBVsFIRSTIR))sB)

R = TAIL(R)

IF (R oNE. 0O) GO TO 62
CALL ERLA(BV)

DN 65 J = 1N

CALL DECAP(TEMPsHB)

IF (TEMP oNEes 0) GO TO 67
COMT INUE

B = PFA(N=JsPFA(TEMPsB))
GO TO 2
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/ CALL FRASE ()
CALL ERLA(MX)
CoLL FRLA(R)
CPROF = L
RETURN
ENMN

INTEGER FUNCTION CPDIF(PsAAsHR)
INTEGER AAsAsH3stsCsFsFoGslslsMoNePsRs T
INTEGER BORROWsCUOIFsCPNEGsFIRST o INVePFASPFLsTYPL
A=A
H=RH
R=1
G0 1O 2
19 CPnIF=C
RETURN
C RECURSIVE PROCEDURE C=CPDIF{PsAsB).
2 IF (AsNE.O) GO TU 3
C=CPNEG(PsB)
GO TO L7
3 IF (BsNE.O)Y GO TO 4
C=nrQRROW(LA)
GO TO 17
I C:Q
CALL ADV(MsA)
CALL ADVINsB)
L=M=N
T=TYPE (A)
IF (LekQe0Q) GO TO 10
IF (LolLTa0Q) GO TO 7
DO 6 I=1losl
CALL ADVI(ESA)
IF (TeEQeOY GO TO 5
C=pFL(BORROWI(E)sC)
GO TO 6
C=pFA(E-C)
6 COMTINUE
GO TO 10
7 L=~L
M=’\.‘,
DO 9 I=1sL
CApLL ADVI(FsB)
IF (Toeide0)y GO TO 8
C=DFL{CPNEGIPeF)s(C)
GO TO 9
8 C=PFA(CDIF(PaGsF)sC)
9 CONT INUE
10 IF (TeEQoel) CO TU 12
11 CALL ADVI(EsA)
CALL ADVI(F«B)
C=pFA(CDIF(PosEsF ) +C)
IF (A.NE.O) GO TO 11

ut
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GO T2 14 -

1z CALL ADVIEsA)
CALL ADVIFeB)

C RECUPSIVE CALL G=CPDIF(PstsF)e

CALL STACK3{AsB()
CALL STACK2(MsR)
A=fF
R=r
R=72
GO T0O 2

13 G=C
CALL UNBTKZ2(MeR)

CALL UNSTK3(AsBsC)
¢ END RECUIRSIVE CALLSs
C=pFL{GC)
IF (AeNELU) GO TL 12

14 C=1NV Q)

15 IF (CeEQeD)Y GO TO 17
IF (FIRST(C)eNELU)Y GO TO 16
M=M-1
CALL DECAPI(ESsC)

GO TO 15

16 C=pFA{Ms ()

17 GO TU (19+13)s R

C END RECURSIVE PROCEDURE,.
END

INTEGER FUNCTION CPDRVIPA)
INTEGFR AstsCsPsT
INTEGFR FIRSTeINVIPFARTAILSsCPROD
1 B=0
IF (AsEQe0Q) GO TO 5
N=FIRST(A)
T=TAIL(A)
2 IF (NeEQeO)Y GO TL 5
C=CPROD(PSNsFIRSTIT))
N=n=-1
IF (BeNEosuU) GO TOU 3
IF (CebkQa0) GO TO 4
R=pPFA(NsO)

3 B=nFA{CsB)

4 T=TAIL(T)
GO TO 2

) CPDRV=INV (1)
RETURN

END
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INTEGER FUNCTION CREegm P e Al
INTEGER HORRUWvFiRST’TAlL!PFAvV%L
[MTEGER CﬁUMsCD[F9CDQUDOCPUIF,QPPRUU&CVUVL"\~HNHW
INTEGER A9A19A29A3°B§C909P9u95959&0%19&29%A°Y9YI°Y'-\ﬂ-»
1 Al1=8aPROWIA)
AZ2=BORROWI(S3)
X1=PFA(UsPFA(LlsU))
XZ2=U
Y1=0
Y2=BORROW(X1)
c=1
S=n
2 L=CPQREM(PsALsA2)
CALL DECAP(QsL)
CALL DECAP(A3sL)
IF (A3.NEeD) GO Tu 3
caLL ERLA(Q)
CPEGCD=0
GO TO 10
3 N=CPROU(29FIR5T(Al)gFIRbT(AZ))
S=rSUMI295N)
D=rFIRSTITAIL(AZ2))
N=rIRST(ALY-FIRST (A3)
DO 12 I=1sN
12 C=CcPROD(PsCsD)
4 T=rPPROD(PsX25Q)
X3=CPDIF(PsX1sT)
CALL ERLAL(T)
CALL ERLA(X1)
X1=X2
X2=X3
5 T=CPPRUD(PsY25Q)
Y3=CPDIF{(PsY1lsT)
cAaLL ERLA(TS
CALL ERLA(YL)
CALL ERLA(Q)
Y1=Y2
Y2=Y3
6 CALL ERLACAL)
Al=A2
A2=A3
IF (FIRST(A2)eTe0) GO 70 2
7 N=FIRST{AL)~1
IF (NetEQe0O) GO TO 8
D=FIRST(TAIL(AL))
DO 13 1=13sN

13 C=CPROD{(PsCsD)
8 IF (SeNEeQ) C=CLLIF(Ps0sC)
9 X=CSPROD(PsX29Cs V)

Y=CSPROD(PsY2sCsV)

W=CPROD(P9FIR5T(TAIL(A2))vC)

CPEGCD=PFL(X9PFL(Y,PFL(WaO)))
10 CALL ERLA(AL)

CALL ERLA(A2)
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SUBROUTINE CPERAS(AA)
INTEGER AAsAsCeNsR
INTEGER COUNT»TYPL

A=AA

R=1

z0 TC 1

RETURN

C RECURSIVE PROCEDUJURE
1 IF {(AeZQa0) GO TO

N=CCUNT (A) -1

CALL SCOUNTINSA)
IF (NeGTe0Q) GO TU 6

CALL DECAP(CsA)

IF (TYPE(A)«NE.U} GO TO 4

CALL ERLA(CA)

GO TO 6

N=COUNT(A) -1

CALL SCOUNT (HsA)

IF (1eGTa0) GO TO 6

CALL DLCAPI(CSsA)

C RECURSIVE CALL CPERASIC) .

CALL STACKZ2(AsR)

WO

PERALTA)

i
s

[N G

£~

A=C
R=2
GO TO 1
) CALL UNSTKZ2(AsR)

C END RECURSIVE CALLe
IF (AeNEL0) GO TU 4

6 GO TO (995)s R
C ENO RECURSIVE PROCLDURE.
END

INTEGER FUNCTION CPEVAL(PsAAsSB)
INTEGER AAsAsBosCaDsEsFsGsP
INTEGER CINVsCPRUD s CPSUMs Lo HUD s LOUAs TATL s TYHLE
A=AA
C=9
IF (A.bWe0) GO TO 5
A=TAIL(A)
IF (TYPE(A)eEQel) CO TO 2
CALL ADVI(CsA)
1 IF (AeEQ.0) GO TC 5
CALL ADVI(EsA)

Page

37
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[USER N

C

wn

CCHUMIP s CPROLIPsCs3) o)
oo TO 1

v=1

A=CINV(A)

CALL DLCARPICsA)

IF (AefWeQ) $O TO 5
D= PROLCIP D)

CALL OLCAP(LsA)

IF (EebWad) GO TU 3
F=CLPRODI{PsEsDs )
G=CPSUMIPsCsF)

CALL CPERAS(E)

CALL ZPERAS(F)

CALL CPZRAS(Q)

C=G

G TO 3

CREVAL=C

RETURMN

END

INTEGER FUNCTION CPGARN(WsB3sPsAAsLL)
INTEGER AAsAsBBsBsCsEstoboxsbllsloMoNsR
INTEGER SORROWs CGARNs CINVsFIRSTsINVIPFAsPFLsTALL
IF (LLeNESO) GO TO 1 ‘
C=COARN{IQsBBsPsAA)
GO TC 3
A=AA
2=p0
L=CINVI(LL)
R=1
GO TO 4
CALL ERASE(L)
CPGARN=C
RETURN

RECURSIVE PROCEDURE C=CPGARN(WsBsPsAsL])e
C=0

M=

IF (AeNEoU) CALL ADV(MsA)
N=-1

IF (BeLWwe0) GO TO 5
B=TAIL(B)

N=FIRST(TAIL(B))
IF (AeEQeQ «ANDe H.EQ.0) GO TO 12
=0

T o N
=)

IF (MeLTeN) GO TO 7
K=M

M=Mm—-1

CALL ADVI(EsA)

IF (KeGToN) GO TO 8
K=N

CALL ADLVI(F»B3)
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3=TAIL(B)

M=—1
[F (BeNLeU) N=FIRSTI(TALLIB))
3 IF (LellWel oANDe FolWel) LU T2 5

IF (TAIL({L)eNESO) 30O TO 9
G=CUOGARN(QsFePsL)
GO TO 11
RECURSIVE CALL G=CPGARN(WsFsPsESTALIL (L))
] CALL STACK3{AsBsL)
CALL STACK3(Manlsn)
CALL STACK2{LsR)
A=F
L=TAIL(L)
R=7p
GO TO 4
19 G=C
CALL UNSTRZ(LR)
CALL UNSTK3{ManNsK)
CALL UNSTK3(ASB5(C)
i RECURLIVE CALL e
11 C=pFAIRSPFLIGSC))
50 TO 5
12 IF (CeNEo0D) C=PFL(BORROWIFIRST(LY)INVIC))
GO0 TO (291001 R
IND RECURSIVE PROCEDURE
END

INTEGER FUNCTION CPGCD1(PsXsY)
INTEGER PsXsYsAs3sC

INTEGER BCRROWsCPREMs CMONIC
A=30RRCW (X))

B=BORROW(Y)

C=CPREM(PsAst3)

CALL ERLA(CA)

A=3

B=C

IF (BeNE.DO) GO TO 1
CPGCD1=CMONIC(PsA)

CALL ERLA(A)

RETURN

END

SURROUTINE CPINS(ALL)

INTEGER FIRSTSPFLSTAIL

INTEGER AsLeBsDsMaN

N = L

D = FIRST(A)

IF (N oEQe 0) GO TO 3

IF (FIRST(FIRST(N)) «LEe L) GO TO 3
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L

N
N TAIL ()

we TO £

5 PFLUASN)

IF (N «£Qe L) GO TU 4
CALL S55JCC(Be)
RETURN

L = 3

RETURN

END

Wl

Hou

i

INTEGER FUNCTION CPINT(PsAsBsCsDLIR)
INTEGER AsboCsUUsDsPsReTsUsVlW
INTLEGER CDIF’CPUIF;CPEVAL’CPRUU9LP&UM3CRLL19sLJPHU09INV,Pf
0=nD

T=CPEVAL(PsAsB)
V=CPEVAL(PsDsB)

V=CRECIP(PsV)

IF (ReGTel) GO TGO 1
U=CDIF(PsCsT)

W=CPROD(PsVsU)
V=CSPROD(PsDsWsU)

G0 T0 3

UsCPDIF(PsCol)

CALL CPERASI(T)
W=CSPROD(PsUsVsO)

CALL CPERAS(U)

CALL ADLVI(VsD)

vepFA(VsO)

CALL ALVIULD)
V=pFL(CSPROD(PswWsUsT) V)
V=INVI(V)

CALL CPERAS(W)
CPINT=CPSUMIIPsVsA)

CALL CPERASI(V)

RETURN

END

INTEGER FUNCTION CPMOD(PsAA)
INTEGER AAsAsS3sCaEsMaNoPsRST
INTEGER CMODSFIRSTsINVsPFASPFLsTAILsTYPE
A=AA

B=0

R=1

IF (AsNEeO) GO TO 3

CPMOD=4

RETURN
RECURSIVE PROCEDURE B=CPMODI(PsA) e
IF (TYPE(A)eEWel) GO TO &
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B=CMOD(PsA)
6O TO 13
4 3=0
A=TATL(A)
N=pIRST(TATL(A))
T=TYPE(FIRST(A))
M=N
IF (AeLQe0) GO TO 6
IF (MeEQoFIRSTITAIL(A))) GO TO 7

in

5 C=0
GO T0 10
7 E=FIRST(A)

A=TAIL(TAILAY)
C RECURSIVE CALL C=CPMOD({Pst) e
CALL STACK2(AsBsM)
CALL STHCK3(NsRsT)
A=F
R=2
GO 70 3
Y C=R
CALL UNSTK3(NsRsT)
CALL UNSTK3(As3sM)
C END RECURSIVE CALLo
1¢ IF (TeifiQae0) B=PFA(CsB)
IF (ToNEoQO) B=PFLI{CsB)
M=m-1
IF (MeGE.0O) GO TO 5
B=INV{3)
11 IF (FIRST(B)eNEsU) GO TO 12
CALL DECAPI(CB)
N=N-1
‘ IF (NoGEQ) GO TO 11
12 IF (BoNELU) B=PFA(NsB)
13 GO TO (2s9)s R
C END RECURSIVE PROCEDURE .
END

INTEGER FUNCTION CPNEG(PsAA)
INTEGER AAsAsBsCsDsGsPeR
INTEGER CDIFsINVsPFAsPFLSTYPE
A=pA
R=1
G0 TO 1
9 CPNEG=B
RETURN
C RECURSIVE PRCCEDURE B=CPNEGIPIA).
1 B=0
IF (A«EQe0) GO TQ 6
CALL ADVI(DsA)
B=pFA(D»Q)
IF (TYPE(A)eEQel) GO TO 3
2 CALL ADVICsA)
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15

C

rx

B=pFA{COTF{PsUaC) 93
1F (Ao!\!"f,oU) €18 T 2
o TO o

IALL ADV (e A)

S CJn IV CALLL GECPNEGR ) e
QALL STACHA(A I3 R)

A=

=2

20 To 1

o=r

CALL JNoTRICAstsin)

END RECURSIVE CALL.

B=pFL(Get)

I[F (AaiNEO)Y GO TU 3
521”‘\/(0)

GO TO (Yea)s R

2ND BECURLIVEL PROCEDURE

END

IriTheGIR FUNCTION CROWER(P sAsK)
INTLbLH DsviaPNeP oK
INTEGER CPROD

Nz

CPOWER=]

IF (M etQe U) RETURN

X = A

M=EN/2

IF (A% oEQe N) L TO 2
CROWER=CPROD (P {FORER X))
IF (M oEuWe U} RETURN
N=M

X=CPROD{(PsXoX)

GO TO 1

END

INTEGER FUNCTION CPPROD(P sAAH)
INTEGER AAsAsBBsbs(sF sFsCoHal o JaPsRobs 1 el

INTEGER CPROLDsCPOUMs CHPRODsCaUMFIRDT ¢ [NV

A=AA

I‘J, = D tj

R=1

Gu TO 1
CPrROD=C
RETURN

RECURSIVE PROCEDJRL C=CPPROD(P A ),

C=0

IF (AsbWelU «0ORe BeENeO) GL TO 13
CALL ADV(UeB)

IF (TYPE(B)eaNELO) GO TC 2
F=rIRST(8)

C=COPRUD(PsAsSFU)

PRASPFLeTATLs YR




C
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~

W

(62l

-

9
1

11

GO TO 4
T=9
S5=A
A=TAILI

A)

CALL ADVI{E»sA)
F=FIRST(B)

GO TO 7
T=TAIL(
S=TAILI
B=TAILI

<)
A)
3)

IF (BebUoU)

T=TAIL(
A=S
u=T

)

GO TO 13

CALL ADVIEsA)
F=FIRST(B)
IF (TYPE(U)eNESO)

G0 To 1

RECURSIVE CALL G=CPPRODIPsEsF )

-~
“

CALL STACK3(AsBsC)
CALL STACKZ(RS)
CALL STACK2(TsU)

A=E
B=F
R=2
GO 70O 1
G=C

CALL UNSTKR2(TsU)
CALL UNLTK2(RsS)
CALL UNSTK3(AsC)
o) RECURSIVE
IF (TelE Q)
C=prLlusl)

IF (AsNEov)

A=5

IF (Ueel)

(DION

I=1su

C=pFL{JsC)

C=pFALUHFIROTIA) s INVIT))

GO TC &

J=FIRSI

(U

)

CALL

GO TO 7
H=CSUMIP s FIRST(U) s CPRODIPLF )

wO TO 11

Gou To

3

GO TO 10

H=rPSUMIP s JeG)
CALL CPLRAS(D)
CALL CPERASED)
CALL ALTUERGsU)
1 ': ( ‘:\ o i \.i; @ ,\J )

wETATLA
uO TO ©
GO T0 |
LNo RECUR

END

Ji

1
i
51

vk

Lo Tu

ys3) s R

r

.

Page 43
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W

INTLLER FUNCTION CPAQRM(PIXsY)
IMNTEGER p9X9Y9A939C9CDIF9LPHOD’CRtLIPeLSPHUUsDoL9FIRbT9I9IHV
INTLGER Jok sl aMaNsPFASPFLsGWJOs TALL
JUn=Y

f\:()

N=FIRST(Y)

IF (NoeiQeQ) GO TO 7

M=FIRST(X)

QUO=PFA(M~NsQ)

I=TAIL{X)

A=pFA(FIRST(I)sA)

I=TAIL(I)

IF (1«NEoC) GO TO 1

A=TINV(A)

B=TAIL(Y)

E=CRECIPIPsFIRST(U))

C=TAIL{3)

C=CPRODIPSFIRSTIA)SE)
GUO=PFA(C,WUO)

CALL ALTER(OsA)

I=TAIL (A}

J=R

L=C

DO 3 K=1sN
U=CDIF(P9FIR5T(I)sCPROD(PsCsFIRST(J)))
CALL ALTER(DsI)

I=TAIL(I)

J=TAIL(J)

IF (FIRST(A)YNESU) GO TO 5

CALL DECAP(DsA)

M=M-~1

IF (LoebQolosANDeMaGESN) WUO=PFA(QQUU)
L=1

IF {(MeGWEeQ) GO TO 4

GO TOC 6

IF (MeGEeN) GO TO 2

A=PFA{(Ms»A)
CPQREM=PFL([NV(GUU)oPFL(AyO))
RETURN
UUO=CSPROD(P;X9LHﬁCIP(P$FIRbT(TAlL(Y)))90)
CPQREM=PFLIGWUOSPFL{0s0))

RETJRN

END

INTEGER FUNCTION CPREAD(PsU)
INTEGER AsB3sPsUsPREADSCPMOD
A=pREAD(U)

IF (AelLTeV) GO TU 1

B=A

A=CPMCOD (P sB)

CALL PLRASL(3)

CPRLAD=A

RETURN

END
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INTEGER FUNCTION CPREMIPsXsY)

INTEGER PeXsYsAstnaCeDsk

INTEOER BURROWoPFA;FIRST9TAIL9INV;CDIF9CPRUU$CRLCIP
/:\\ = O

N = FIRLGTLY)

IF (N oFEQe 0) GO TO 6

M = FIRST(X)

IF (M «GEes M) GO TO 7

A = BORROWI(X)

GO TO 6

I = TAIL(X)

A = PFA(FIRST(I)sA)

I = TAIL(D)

IF (I oNEe 0) GO TO 1

A = INV(IA)

3 = TAIL(OY)

o= CRECIP(PsFIRST(B))
B3 o= TAIL(OD)

C = CPRODIPSFIRST{A) )

CALL ALTER({UsA)

I = TAIL(A)

J =B

DO 3 K = 1N

D = CDIF(PSsFIRST(I)sCPROVIPsCsFIRGTIII))
CALL ALTER(DsI)

I = TAIL(I)

J = TAIL(J)

IF (FIRST(A) eNEe 0) GO TO 5
CALL DECAP(DsA)

M = M-1

IF (M ¢GEe 0) GO TO 4

GO TO 6

IF (M «GEes N) GO TO 2

A = PFA{MsA)

CPREM = A

RZTURN

END

INTEGER FUNCTION CPROD(PsXsY)
INTEGER PsXsYsAsd

A=X

3=y

CALL MPY(As8)

CALL GRUAsUsP)

CPRODL=B

RETURN

END
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INTEGER FUNCTION CPSUMIP sAASBR)
INTEGER ANsAsbSemsCozoFsslslsMeNsPsReD
INTESGER HORROWs CoUMsFIROT s INVSPFAsPFLs TYPE
A=AA
2=n08
R=1
GO TO 2
19 CpPsuM=C
RETURN
c RECURSIVE PROCEDURE C=CPSUM(PsAsB) e
2 IF (AeNEC) GO T2 3
C=R0ORROW(3)
Gu TO 15
3 IF (BeNEoO) GO TO &
C=RBORRUW(A)
GO T0 15
4 C=0
CALL ADVIMsA)
CALL ADV(INsB)
L=M=N
IF (LeGESLO) GO TO
M=N
L==L
S=A
A=R
B=S
5 IF (TYPE(A)eEQel) GO TO 8
IF (LoEQaQ) GO TO 7
DO 6 I=1sl
CALL ADVI(EsSA)
C=pFAlEsC)
CALL ADVI(EsA)
CALL ADVI(F2)
C=pFALCSUMIPsEsF ) 9Q)
IF (ANE.0) GO TG 7
GO TO 12
8 IF (LeEQe0O) GO TO 10
DO 9 I=lsl
CALL ADVI(ESsA)
9 C=pFL{BORROW(E)»C)
1u CALL ADVI(EsA)
CALL ADVI(FsB)
C RECJURSIVE CALL G=CPSUM(PsEsF)e
CALL STACK3(AsBsC)
CALL STACKZ2(MsR)
A=F
B=F
R=2
GO TC 2
11 G=C
CALL UNSTK2({MsR)
CALL UNSTK3(AsBsC)
C END RECURSIVE CALLe
C=pFL(GsC)

w

-~i O




12
13

12

13

23

IF (AeNE.O) GO TO 10
C=1NVI(C)

IF (CelWe0O) GO TO 15

IE (FIRST(I)eNELO) GO TO 14
M=Mm~-1

CALL DECAP(ZsC)

GO TC 13

C=pPFA(Ms{)

GO TO (19s11)s R

END RECURSIVE PROCLDURE e

END

SUBROUTINE CPTOM(N,L)

INTEGER FIRSTsINVPFASPFLSTAIL

INTEGER CsILsKsNZsQsR
R = L

Q = FIRSTIR)

CALL DECAP({XsQ)

MZ = N-1-K

IF (NZ «EQe 0) GO TO 13
Q = PFA(OQ)

NZ = NZ-1

GO TO 12

CALL ALTER(QsR)

R = TAIL(R)

IF (R oNEes 0) GO TO 11
IL = INV(IL)

L =20

R = IL

C =0

Q = FIRST(R)

IF (Q «EQe. 0) GO TO 23
CALL ALTER(TAIL (W) sR)
CALL SSUCC(CLQ)

C = Q

R = TAIL(R)

IF (R «NE., 0) GO TO 22
L = PFL(CsL)

GO TO 21

CALL ERASE(IL)

RETURN

Erm

SURROJTINE CPWRIT (PsUsAsl)
INTEGER AsBsPsQsUsPFASCPGARN
Q=pPFA(150)
B=CPGARN(Qs0s2%P+15AsL)

CALL PWRITE(UsB)

CALL ERLA(Q)

CALL PERASE(B)

RETURN

END
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C

10

11
12
13
14

C

3
C

INTEGER FUNCTION CRECIP(PsX)
INTEGER PeXsALsAZsA3sYL1sYL2eY35U
Al=P

A2=X

Y1=0

Y2=1

GO TO 2

N=A1/A2

A3=A1-A2Z2*Q

Y3=Y1-Y2#%#Q

Al=A2

AZ2=A3

Yl=Y2

Y2=Y3

IF (A2eNEo.1l) GO TO 1

IF (Y2eLTo0Q) Y2=Y24P
CRECIP=Y2

RETURN

END

INTEGER FUNCTION CSPROD(PsAAsBsN)
INTEGER AAsAsBsCsDsEaGslsNsPsR

INTEGER CONC9CPROD9INV9PFA9PFL9TA1L9TYPh
A=AA

R=1

IF (BoNEoO) GO TO 1

C=0

RETUPN PULYNOMIAL C=CSPROD(PsAAsBsN) o

IF (CeEQe0 «ORe NoEQ.0) GO TO 14
CALL ALTER(N+DsC)

E=0

IF (TYPE(TAIL(C))eEQel) GO TO 11
DO 10 I=15sN

E=pFA(OsE)

GO TO 13

DO 12 I=15sN

E=pFL(0sE)

C=CONC(CsE)

CSPROD=C

RETURN

RECURSIVE PROCEDURE C=CSPROD(PsAsBs0O)e

C=0

IF (A.EQ.O) GO TO 6

CALL ADV(DsA)

IF (TYPE(A).EQel) GO TO 3
CALL ADV(EsA)
C=PFA(CPROD(PSEsB)sC)

IF (A«NEoO) GO TO 2

GO TO 5

CALL ADV(EsA)

RECURSIVE CALL G=CSPROD(PsEsBsU)e

CALL STACKZ2(AsC)
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CALL STACKZ2(DsR)
A=F
R=p,
GO TO 1

4 G=r
CALL UNSTK2(DsR)
CALL UNSTKZ2(A-C)

C END RECURSIVE CALLe

C=pFL{GsC)
IF (AeNELQ) GO TO 3
5 C=pFA{Ds INVIC))
6 GO TO (9s4)s R
C END RECURSIVE PROCEDURE
END

INTEGER FUNCTION CSUM{(PsXsY)
INTEGER PsXsY

CSUM=X+Y

IF (CSUMsGEeP) COSUM=CSUM—P
RETURN

END

INTEGER FUNCTION CVPROD(PsAsB)
INTEGER CPRODsCSUMsFIRSTSTAIL
INTEGER PsAsBsQsRsSUM

1 SUuM = U
Q = A
R =8B
2 IF (Q oEQe O ¢ORe R «EQe 0) GO TO 3

SUM = CSUMIP s SUMs CPROD (P sFIRST(Q)sFIRSTIR)))
Q = TAIL(Q)
R = TAIL{(R)
GO T0 2
3 CVPROD = 5SUM
RETURN
END

INTEGER FUNCTION GENPR(AsKsM)
DIMENSION A(K)
INTEGER AsMaNeDoeRaIsPFA

N=M+2%K=2
DO 1 I=15K
1 Al1)=1
D=1
2 IF (DeGTeN/D) GO TO 7
R=MOD(MsD)
I=1]

IF (ReEQe0) GO TO 6
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[F (MODIRs2)eEQeV) GO TO 3
[=1+{(D-R)/Z
GO 10 6
3 =1+D=-R/2
6 IF {(MoLEeD) 1=I+D
GO TO 4
5 Al1)=0
I=1+D
4 IF (I.LEeK) GO TO 5
R=MOD{(Ds6)
D=D+2
IF (ReEQas1l) D=D+2
GO TO 2
7 GEMPR=0
1=y ,
8 IF (All)eEUWal) (JtNPR=PFA(M+Z*I"ZOQIL‘:.NPK)
I=1~-1
IF (I.GT-0) GO TO 8
RETURN
ENR




