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ERRATA

The SAC-1 Polynomial Linear Algebra System
Page 81, line -17.(second line of CDET). Change "V" to "U".

Page 23, line 8. Change to "(1)[Initialize.] If A=0, return:
B<«FIRST(A); t<-1; if B#0, t<TYPE(B).".

Page 23, line 10. After "DECAP(B,A)" insert "; if t<0, go to (2)".

Page 90, 4th line of MCPERS. Replace "1 T=TYPE(FIRST(A))" with:

1 1IF (A.EQ.0) RETURN
B=FIRST(A)
T=-1
IF (B.NE.O) T=TYPE(B)
Page 90, line 10. After "21 CALL DECAP(B,A)" insert:

IF (T.LT.0) GO TO 2

July 8, 1974 George E. Collins
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This system is the tenth in a series of subsystems comprising
the SAC-1 System for Symbolic and Algebraic Calculation. The
present subsystem consists of programs implementing modular
algorithms for linear equations solution, matrix inversion, deter-
minant calculation, null space basis generation, and matrix multi-
plication, all for matrices with integer or polynomial entries, For
each program in the system is given a functional specification, an
algorithm description, an analytical computing time, and a Fortran
program listing, Empirically observed computing times for some of
the key programs are presented. Also, a test program is supplied

as an aid in implementing the system and to illustrate its use.






1. INTRODUCTION

The SAC-1 Polynomial Linear Algebra System is a subsystem
of the SAC~1 (Symbolic and Algebraic Calculation - Version 1) System,
This subsystem is designed to perform exactly a number of those calcu~
lations which are basic to linear algebra on matrices of multivariate
polynomials with infinite-precision integer coefficients or, as a
special case, matrices of infinite~precision integer coefficients. The
main capability is the solution of systems of linear equations with
either integer or polynomial coefficients, which conveniently includes
matrix inversion. However, several other computing abilities are
available such as matrix arithmetic, determinant calculation, and
null space basis generation.,

Let us consider the relation of this subsystem to the SAC-1
System as a whole. The SAC-1 System is a set of hierarchically
organized modules, each consisting for the most part of Fortran Sub-
programs (with possibly a few machine~-coded primitive routines),
which conform to USASI specifications, [1]. Almost all SAC-1 cap-
abilities required by the Polynomial Linear Algebra System may be
found in the following SAC~1 Subsystems: the List Processing System,
[2], the Infinite-Precision Integer Arithmetic System, [3], the Poly-

nomial System, [4], and the Modular Arithmetic System, [6]. Only



three additional routines are required: one (PNORMF) from the Poly=-
nomial Real Zero System, [8], and two (CPNV and IFACT) from the Polynomial
GCD and Resultant System, [9]. Other subsystems in existence are:
the Rational Function System, [5], the Partial Fraction Decomposition
and Rational Function Integration System [7], and the Polynomial
Factorization System, [10].

The documentation provided in the remainder of this manual
for the Polynomial Linear Algebra System is as follows. In the re-
mainder of this section basic definitions and results are presented
and the data structures and related conventions which are peculiar to
this subsystem are described. In Section 2 each algorithm is explicitly
specified and is accompanied by its analytically derived computing
time. For some of the main algorithms empirically observed computing
times are given in Section 3. Section 4 contains a test program to-
gether with the input and output for a sample run. This test program
can be used to test a typical implementation of the SAC-1 Polynomial
Linear Algebra System. The Fortran subprograms corresponding to
the algorithms of Section 2 are listed in alphabetical order in Section
5. A‘thorough treatment of the theory underlying the algorithms may
be found in [11] along with further explanation of the algorithms and
derivations of the computing times,

We now describe the computational problems treated and the




new SAC~-1 data structures involved. As stated above, the primary
capability of the Polynomial Linear Algebra System is the exact solu-

tion of the matrix equation:

AX = B (1)

where A is m by n and nonzero, B is m by g, and both A

and B are over I[X. ,...,%x_|, s 2 0, the ring of polynomials in s

1 s
variables over the integers (s = 0 corresponding to the case of integer
entries), Such a system may 1) have no solution, 2) have a unique

solution, or 3) have infinitely many solutions. In cases 2) and 3)

a particular solution is computed as a pair (d,Y), where d is in

I[x ,,,,,xs] and Y is an n by g matrix over I[x ’”°'Xs] such

1 1

that AY =d - B. In case 3) the null space of A is nontrivial and an
infinity of solutions can be obtained in the form (d,Y+W), where each

W is an n by g matrix over I[X.,c.o ,xs] such that AW = 0,

1
What is actually computed in case 3) is an n by n-r matrix
Z over I[x1 Joos ,XS], whose columns form a basis for the null space

of A (i.e. the columns are linearly independent and AZ = 0). Such

a matrix 7 will be called a null space basis matrix for A and the

triple (d,Y,Z) will be referred to as a general solution of the matrix

equation (1). If the system has a unique solution, the null space is

trivial and we take the value of Z to be 0.



The computation of a general solution to (1) is intimately
connected to general elimination algorithms. Such an algorithm, when
restricted to elementary row operations and applied to an m by n'
nonzero matrix C of rank r, will compute a sequence of pivot
columns 1 < jl < j2 < eoo < jr < n' and a transformed matrix F satis-

. . .th . .
fying: for 1 <i<r, the i row of F has P(l,]i) A0 and F(i,j) = 0,
for lgj<ji and j :ju,i< ugr, andfor r<i<m, row i is zero.

A matrix with this general structure is called a reduced row echelon

(RRE) matrix and, if in addition it is row equivalent to some matrix C,

it is called a reduced row echelon (RRE) form for C. The sequence

J = (jl’jz" oo ’jr) is unique for C and is called the row echelon (RE)

AN

sequence for C and denoted by 'IC, The elements F(i,ji), 1<i<r,
constitute the diagonal of F.

In the case that C is a matrix over an integral domain with
a division algorithm, C can be transformed to an RRE form T using

only arithmetic operations in the integral domain., The best known

method of this kind is the exact division algorithm (see [11]). When

in this algorithm the pivot searches and row interchanges are performed

in a certain way, a special RRE form F = (_3_:, called the determinantal

RRE form for C, is obtained. In particular, if IC = (jl"’ .o ’jr)’ then,
for 1<i<r, E(i,j) is the minor of C defined from the elements common

to rows il, ceoo ,ir and columns jl’ coa ] in that order.

i"ll‘],]i‘{‘l"n. I]r




Here IC = (il, oo o ,im) is a special permutationof 1,2,...,m,
which is uniguely defined for each matrix C and which may be com-
puted using the row permutations employed in the elimination (see
[11]). When C is over a field, E‘_j can be computed by a Gaussian
elimination algorithm, provided that the same method of pivot searches
and row interchanges is used as in the exact division algorithm. This
algorithm is used in subsection 2.5 for the finite field GF(p) with
a prime number p of elements,

Consider now the construction of a general solution from an
RRE form of a matrix. Let E be any m by n nonzero RRE matrix with

common diagonal value d and let IE = (j oo ’jr)’ where rank r < n.

17’

Let 1< h < h2 < eoe < hn-—r be the sequence of integers which com—

1

plements jl’jZ"’”’jr with respectto 1,2,...,n. Thenan n by n-r

matrix Z can be defined from E by

E(i,h, ), if ji<h

k k
Z(jlk) = ’
! 0 , otherwise
"'d, if ] = k
Z(h]’,j) = . (2)

0, otherwise

Several theorems concerned with computing general solutions to

systems of linear equations will now be stated,



Theorem 1. Let E be an m by n nonzero RRE matrix with IE =
(jl,. oo 'jr)’ r < n, and common diagonal value d. If Z is the

n by n-r matrix defined by (2), then Z is a null space basis for E.
This leads immediately to the following result:

Theorem 2, let C be an m by n nonzero matrix with rank r < n.
If E= 5 and 7 is defined by (2), then 7 is a null space basis

for C.

The next result provides a sufficient condition for deciding
if the RE sequence of some RRE matrix is the RE sequence of another

matrix,

Theorem 3. Let C be an m by n nonzero matrix of rank r<n
and let E be an m by n nonzero RRE matrix of rank r' < r, where
< ‘J‘E if r' =r. Suppose Z is the matrix constructed from E as
in (1). Then, if CZ = 0, it follows that ]‘C = IE,
This condition will be applied directly in the algorithms of
Section 2.5. However, it is also required by the following theorem,

which applies the previous results to the computation of general

solutions,




Theorem 4. ILet C = (A,B) be the augmented matrix of a consistent
linear system AX = B, where A is m by n, nonzero, and of rank [
and B is mby g, Let E be an m by n' RRE matrix, n' = n+q, with
common diagonal value d and rank r, and suppose r<r and

J

<7J

g < . Also, let Z' be the n' by n'-r matrix constructed from E

C
according to (2), let Z consist of the first n rows and first n-r
columns of Z', and let Y consist of the first n rows and last q

columns of Z'. Then, if CZ' = 0, the triple (d,Y,Z) is a general

solution of AX = B,

This theorem implies that, if E = EJ;, then CZ' = 0 by Theorem

2 and, letting d be the common diagonal value of 5, the triple

EN

(d,Y,Z2) constitutes a general solution, called the determinantal

general solution of AX = B, It is in fact true that with high probability

the modular algorithm given in subsection 2,5 computes the determi-
nantal general solution, when a solution exists.
We now describe the additional SAC-1 data structures and

conventions required for the Polynomial Linear Algebra System.

Several mathematical objects are represented as single-precision
integers (i.e. as atoms), that is, as integers less than -y in
magnitude, the maximum Fortran integer plus one. The integer
quantities in this class are: the radix f for the infinite-precision

integer (L-integer) representation, prime numbers p when used to



specify a finite field GF(p), the elements of GF(p), the degrees and
degree bounds for polynomials, the dimensions of matrices, and
hence the elements of RE sequences ] and of permutations I of
initial segments of the positive integers.

The representations of those objects requiring list structures

are now described, A non-null sequence H = (hl’ eoo,n ) of Fortran

k
integers is represented as the first-order list (hl, oo o ’hk)' The null
sequence is represented by the null list (). Let M(m,n,S) denote

the set of m by n matrices over a set S and assume the elements
of S have a SAC-~1 data representation., A matrix A in M(m,n,S)
is represented rowwise by the list (Al” oo ,Am), where Ai is the

list (A, ,,e00,A, ). Thus, if S = GF(p), then A, . is the atom
i,l i,n 1,]

+ 1

representing A(i,j) and if S is the ring of integers I, or I[X,,«.. ,xs]

1

or GF(p)[xl,. - ,XS], s > 1, or a subset of one of these sets, then

A, ., is the list representing the integer or polynomial A(i,j). Here

1]
GF(p)[xl,., - ,XS] denotes the domain of polynomials in s variables
over GF(p). The columnwise representation is defined similarly as
the list (A

,...,An), where Aj is the list (A, .,c..,A ) repre-

1 1,3 m,j

senting column j. The rowwise representation will ordinarily be used
and exceptions will be properly noted.
The case of a nonzero RRE matrix F with common diagonal

value d presents an exception to the above representation. In the




interests of efficiency, the known zero elements are discarded from
the list representation, resulting in a special list representation,

Let k be the least non-negative integer such that ji+l = ji + 1, for

k <i<r, where IF = (jl,..o ’jr) and we take j =n+l and j_. = 0,

r+l 0
If k = 0, the only nonzero elements of F are the diagonal elements.
Otherwise, 0< k <r and eachof rows 1,2,...,k of T have non-
diagonal elements which are possibly nonzero; for row i, these are
F(i,i), j,<j<n and j % j,» 1<u<r. We then define the list V

as follows. If k =0, V isthe null list (). If k>0, V is the

list (Vl"“ WV

k)’ where Vi is the list of possibly nonzero non-

diagonal elements of row 1 of T, as given above. Clearly, F can
be constructed from IF’ d, and V; hence, the triple (IF,d,V) is

referred to as the compact representation of the RRE matrix F. The

list V 1is called the non~diagonal part of the compact representation

of F.

In order to more compactly represent the analytically derived
computing times which will accompany the algorithms of Section 2,

the following useful notation for certain subsets of I[x ,...,%x_],

1 S
s> 0, and GF(p)[xl,,”,xs], s>1, is employed., Let A be in

I[xl,..,.,,xs], s > 0, and define norm(A) to be |A|, if s =0, or

the sum of the absolute values of the integer coefficients of A, if

s > 0. We note that norm satisfies the following important properties:
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) if AZ0, norm(d)> 0, 2) norm(A+B) < norm(A) + norm(B), and

3) norm(AB) < norm(A) ¢« norm(B). For A in I[xl,,o. ,xs] or in
GF(p)[xl,.. o ,XS], s>1, let degi(A) denote the degree of A in X,
Then let P(d) denote the set of all integers a such that [a] < d

and let P(d,ml, coo ,ms) denote the set of all polynomials A in

I[Xl, oo ,xs] such that norm(A) < d and degi(A) < m, . By convention
we let P(d"“l’” . ,ms) denote P(d) for the case s = 0., Similarly,
let P*(ml, coo, ms) denote the set of all polynomials A in

GF(p)[xl,. - ,xs], s > 1, such that degi(A) < m, , where we let
P*(ml,... ;mg) denote GF(p) for s =0. Thus, M(m,n,P(d,m/,...,m)
is the set of all m by n matrices whose polynomial or integer entries
have norms of at most d and, if they are polynomials, have degrees
in x, of at most m, . Similarly for M(m,n,P*(ml,.“ ,m )

S

Another useful notation for expressing computing times concerns
the length of an integer. TFor any integer a, define
1 , if a=20

L (8) =
p l—logr(]athl)m[, if a#£o0.,
D

Then LB(a) is the number of digits in the P~radix representation of a,
for a £ 0. We note that L (a) ~ L

B 6

B and 6. It is then appropriate to omit the base, writing L(a),

(a), for any two fixed bases,

which may be referred to as the length of a. This particular formula-

tion of length is due to D. R. Musser, [12].
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2 ALGORITHM DESCRIPTIONS

In this section the algorithms comprising the SAC-1 Linear
Algebra System are presented. The format employed for each con-
sists in 1) a functional specification, 2) the explicit steps of
the algorithm, and 3) analytically derived computing times, stated
in terms of dominance and codominance relations. The algorithms
are grouped by subsection as follows. In 2.1 classical algorithms
for matrix arithmetic (sum, difference, and product) are given. In
2.2 algorithms for applying mod-p and evaluation homomorphisms
elementwise to matrices and for applying the Chinese Remainder
Algorithm and incremental interpolation elementwise to matrices are
presented. These auxiliary algorithms are employed in the modular
homomorphism algorithms for matrix multiplication, given in 2,3,
for the solution of systems of linear equations, given in 2,5, and
for determinant calculation, given in 2.6. The latter two algorithms
will also require additional auxiliary algorithms; these are found in
2.4, Finally, in 2.7 algorithms for matrix inversion and null space

basis generation are given,
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2.1 Classical Matrix Arithmetic Algorithms
C = MSUM(A,B)

A and B are m by n matrices over I[x

A + B.

Algorithm

(1) [Initialize.] X «—A; Y« B; C+« ().

(2) [Begin next row D.] ADV(E,X); ADV(F,Y); D+« ().

(3) [Compute and prefix next element of row D.] D+ PFL(
PSUM(FIRST(E),FIRST(F)),D); E« TAIL(E); F « TAIL(F); if
EZ (), goto (3).

(4) [Prefix next row of sum matrix.] C<+ PFL(INV(D),C); if
X#(), goto (2).

(5) [Return. | C+ INV(C); return C.

Computing time: < mn(L{d) + L(e)) - (HS 1L S

N =Pyt Iy vy for

Age M(m,n,P(d,ml,,,,,ms)), B e M(m,n,P(e,nl,.“,n N, =

m, +1, and v, =n, +1,
i i i
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C = MDIF(A,B)

A and B are m by n matrices over I[xl,,.,.,,xs], s>»0, C=

A - B.

Algorithm

(1) [Initialize, ] X +A; Y«B; C« ().

(2) [Begin next row D.] ADV(E,X); ADV(F,Y); D« ().

(3) [Compute and prefix next element of row D.] D+ PFL(
PDIF(FIRST(E),FIRST(F)),D); E« TAIL(E); F+« TAIL(F); if
E#£ (), goto (3).

(4) [Prefix next row of difference matrix.] C <+« PFL(INV(D),C);
if XZ (), goto (2).

(5) [Return., ] C <« INV(C); return C.

Computing time: Same as MSUM.
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B = MTRAN(A)

A is an m by n matrix over I[xl feee ’Xs] or G‘F(p)[x1 feoo ,xs],

s2 0. B is the n by m matrix transpose of A: B(i,j) = A(,1).

Algorithm

(1) [Initialize.] G < CINV(A); F+ G; C+« FIRST(F); t« TYPE(C);
n+<— LENGTH(C); construct the list B = ((), (),...,()) of length
n,

(2) [Begin next column of transpose.] ADV(C,F); S+« B.

(3) [Prefix next element of current column,] ADV(D,C); if t =0,
ALTER(PFA(D,FIRST(S)),S); if t #0, ALTER(PFL(BORROW (D),
FIRST(S)),S); S+« TAIL(S); if SA (), goto (3); if F £ (),
go to. (2)».

(4) [Return, ] Erase G; return B.

Computing time: ~ Mn,
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C = MPROD(A, B)

Matrices A and B over I[x,l,.,..,xs], s> 0, where A is mby
n and B is n by g, C = AB, the m by g matrix product of A

and B,

Algorithm

(1) [Initialize.] X « CINV(A); Y+« INV(MTRAN (B)); C+«();
Ve X,

(2) [Begin next row of product C.] ADV(R,V); W+Y; D« ().

(3) [Begin next element of current row.] S« R; ADV(T,W);
Ee{().

(4) [Add next term of inner product,] F « PPROD(FIRST(S),
FIRST(T)); G+« PSUM(E,F); erase E and F; E« G
S« TAIL(S); T« TAIL(T); if S £ (), goto (4).

(5) [Prefix next element of current row, ] D« PFL(E,D); if
W £ (), goto (3).

(6) [Prefix next row of product C.] C« PFL(D,C); if V£ (),
go to (2).

(7) [Return.] Erase X and Y; return C,

Computing time: S mng ¢ L(d)L(e) - (His_lui)(ﬂs

o1 vi) + mng e L(n) -

(7

llei), where A g M(m,n,P(d,ml,.,.,m

S)), B e M(n,q,P(e.nl,”n,ns)),

L,=m, +1 ,=n,+1, and «k, = W. + v..
L1 1+ 'Vl 1+ ! i p“1 Vi
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2.2 Applying Mod-p and Evaluation Homomorphisms, the Chinese
Remainder Algorithm and Interpolation Elementwise to Matrices

Nine relatively simple algorithms are given, all required by the
modular homomorphism algorithms in subsections 2. 3, 2.5, and 2.6,

The first tests for a zero matrix,

k = MZERO(A)

An m by n matrix A over I[xl,,“,xs] or GF(p)[xl,u..,,xs],

s>0. k=0, if A is nonzero, and k=1, if A is zero.

Algorithm
(1)  [Initialize.] X «<A; k+« 0,
(2) [Obtain next row., ] ADV(Y,X).
(3) [Test next row element.] If FIRST(Y) # 0, return k;
Y TAIL(Y):; if Y £ (), goto (3); if X # (), go to (2);

ke1: return k.

Computing time: the maximum computing time is ~ mn.

The next four algorithms concern the application of mod-p
homomorphisms and Garner's variant of the Chinese Remainder

Algorithm elementwise to matrices,
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L = MVLIST(A)

A is an m by n nonzero matrix over I[xl,,..,x ], s>0, If s=0,

s
I is the null list ( ) and, if s> 1, L is the list of variables

(Xll""‘ IXS)O

Algorithm

(1)  [Initialize.] X «A.

(2) [Get next row, | ADV(B,X).

(3) [Get next row element. ] ADV(C,B); if C £ (), go to (4);
if BZ(), goto (3); goto (2).

(4) [Compute and return variable list, ] L+ PVLIST(C); return L.

Computing time: the maximum computing time is ~ mn.
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MERASE(A)

A is an m by n matrix over I[x1 teeo ,xs], s> 0. A is erased,
The variable A is redefined as the location of the list representation

of the first row which overlaps another list. The usual result, how-

ever, is that all rows are erased and A = 0 is returned,

Algorithm

(1) [Begin erasure of next row,| If A = (), return; k «
COUNT(A) - 1; if k>0, (SCOUNT(k,A); return); DECAP(B,A).

(2) [Erase next row element,] k« COUNT(B) - 1; if k>0,
(SCOUNT(k,B); go to (1)); DECAP(C,B); PERASE(C); if

BZ (), goto (2); goto (1),

Computing time: S mne L(d) e (His_lui), where A ¢ I\/I(m,n,P(d,ml,

...,ms)) and ui = mi+1.
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B = MMOD(p,A, s)

A is an m by n matrix over I[Xl” o ,xs], s > 0, and p is a
prime number., Both p and s are Fortran integers. B is the
m by n matrix over GF(p)[xl, oo ’Xs] such that corresponding

elements of A and B satisfy: B{(i,j) :cpp(A(i,j)),

Algorithm

(1) [Initialize. ] X« A; B« (),

(2) [Begin next row, | ADV(T,X); C<+< ().

(3) [Apply cpp to next row element.] ADV(R,T); R+ CPMOD(p,R);
if s =0, C«PFA(R,C); if s £0, C+«PFL(R,C); if T#£ (),
go to (3).

(4) [Prefix next row.] B« PFL(INV(C),B); if X £ (), goto (2).

(5) [Return,] B« INV(B); return B.

Computing time: S mn e L(d) ° (H,S

l_ui), where A ¢ M(m,n,P

(d,ml,..,.,ms)) and LLi: mi+1.,
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C = MGARN(Q,B,p,A,L)

p is an odd prime number and Q is an odd infinite-precision integer
relatively prime to p. B is an m by n matrix over I[x1 seoe ,xs]

and A is an m by n matrix over GF(p)[x ’”"Xs]’ s > 0. L is

1

the null list, if s =0, oris the list (X ,.0. ,xs) of variables,

1
if s> 1. The integer coefficients of B are less than Q/2 in
magnitude. C is the m by n matrix over I[x1 reoe ,xs] such that
each element is that unique polynomial or integer such that C(i,j) =
B(i,j) (mod Q), C(i,j) = A(i,j) (mod p), and the integer coefficients
of C(i,j) are each less than Qp/2 in magnitude.

Note that the case Q =1 is allowed, in which case the

elements of C have integer coefficients less than p/2 in magnitude.

Algorithm

(1) [Initialize.,] X« B; Y« A; C+ ().

(2) [Begin next row of C,] ADV(S,X); ADV(T,Y); D+« ().

(3) [Compute next row element by Garner's Method. ] ADV(U, S);
ADV(V,T); E« CPGARN(Q,Y,p,V,L); D« PFL(E,D); if S £ (),
go to (3),

(4) [Prefix next row,] C+ PFL(INV(D),C); if X £ (), go to (2).

(5) [Return.] C <« INV(C): return C.
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Computing time: the maximum computing time is ~ mn- L(Q) -

a’ 4y for A e M(m,n,P¥m ,...,m)), B an mbyn matrix

1=
over I[.x1 sooe ,xs], each of whose elements have degree in X,

at most mi and whose integer coefficients are less than Q/2 in

magnitude, and ;Li = mi +1,

The final four algorithms are concerned with the application
of evaluation homomorphisms and interpolation elementwise to

matrices of polynomials over GF(p).
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s = MCPNV(A)

A is an m by n nonzero matrix over GF(p)[X,,0.. ,xS], s> 0,

1

s is the number of variables, a Fortran integer.

Algorithm
(1) [Initialize.] B« A; if TYPE(FIRST(B)) = 0, ( s+ 0; return s ).
(2) [Begin next row search. | ADV(C,B).
(3) [Obtain and test next row element. ] ADV(D,C); if D #£ 0,
go to (4); if C £ (), goto (3); go to (2).

(4) [Compute and return variable count, | s« CPNV(D); return s.

Computing time: the maximum computing time is ~mn, if s > 1,

and is ~1, if s = 0.
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MCPERS(A)

A is an m by n matrix over GP(p)[x1 tooo ,xs], s> 0. A is

erased. The variable A is redefined as the location of the list
representation of the first row which overlaps another list, The
usual result, however, is that all rows are erased and A = 0 is

returned,

Algorithm

(1) [Initialize,] t «— TYPE(FIRST(A®)).

(2) [Begin erasure of next row,] If A= (), return; k« COUNT(A) -
1; if k >0, (SCOUNT(k,A); return); DECAP(B,A).

(3) [Erase next row element. ] k« COUNT(B) -1; if k > 0,
(SCOUNT(k,B); go to (2)); DECAP(C,B); if t =1, CPERAS(C);

if BZ(), goto (3); go to (2).

Computing time: < mn(Hilui) , for A & M(m,n, P*(ml, coo, mS))

and U, =m, + 1.
i i
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C = MCPEVL(p,A,b, s)

p is a prime number, b is an element of GF(p), and A is an

m by n matrix over GF(p)[xl,o..,xs], s> 1, p,b, and s are

Fortran integers, C is the m by n matrix over GF(p) [Xl’ coe ’Xs-—l]
such that each element satisfies: C(i,j) = A(i,j)(xl,., oo ,xs_l,b) =
¥y, (B(L,3).
Algorithm
(1 [Initialize, ] X« A; C+ ().
(2) [Begin next row.] ADV(W,X); D+ ().
(3) [Compute and prefix next row element, | ADV(U,W); if
U Z(), U« CPEVAL(p,U,b); if s =1, D« PFA(U,D); if
s 41, D« PFL(U,D); if W £ (), go to (3).
(4) [Prefix next row, ] C+« PFL(INV(D),C): if X Z (), goto (2).
(5) [Return, ] C <« INV(C); return C.
Computing time: < mn(IIiS_lui) , for A ¢ I\/I(m,n,P*(m1 Jooo ,mS))

and by = mi+1;
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H = MCPINT(p,A,b,C,D,s)

p is a prime number, b is an element of GF(p), A isan mbyn
matrix over GF(p)[x;,...,x ], s> 1, C isan mbyn matrix over
G:I—'(p)[x1 roea ’xs—-l]’ and D 1is a univariate polynomial D(x) =

Hk (x—bi) over GF(p), where bz_‘bt, 0<t<k, andthe bt are

i=0
distinct., The degree of each element of A in Xs is at most k.
H is the m by n matrix over GF(p)[xl yeoe ,xs] such that each

element H(i,j) is the unique interpolating polynomial of degree k +1

or less in X such that H(l,))(xl,,.,,,x bt) = A(l,])(X‘ '“"Xs—l’bt)’

s-1'
0<t<k, and also 1‘—I(.1,3)(:><l yoas ’Xs—-l ,b) = G(l,))(X1 Jo o ,xs_l)o
Note that the special case k = ~1 is permitted, in which case

D(x) =1, A isthe m by n zero matrix, and H = C is computed.

Algorithm
(1) [Initialize. ] X«A; Y« C; H+e ().
(2) [Begin next row., ] ADV(W,X); ADV(T,Y); E« ().
(3) [Interpolate to get next row element, | ADV(U,W); ADV(V,T);

F <~ CPINT(p,U,b,V,D,s); E« PFL(F,E); if W £ (), go to (3).
(4) [Prefix next row,] H<+ PFL(INV(E),H); if XA (), goto (2).
(5) [Return, ] H+ INV(H); return H.

Computing time: < mn(k + 2)(His:llui) , for A ¢ M(m,n, P*(ml, coo

ms—l’k)) and C ¢ M(m,n,P"(ml,,” ,ms_l)), and LLi = mi + 1,
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2.3 A Modular Algorithm for Matrix Multiplication

Five algorithms are described, three of which are the outer
(or main), middle, and inner portions of the modular matrix multipli-
cation algorithm, the remaining two computing integer coefficient
bounds and degree bounds, respectively. The outer algorithm applies
mod-p homomorphisms and the Chinese Remainder Algorithm to com=-
pute the product of two matrices over I[x1 sooo ,xs], s > 0., This
algorithm employs the middle algorithm to compute the products of
pairs of matrices over GF(p)[x1 reoo ,xS], s > 0, using evaluation
and interpolation. The middle algorithm eventually applies the
inner algorithm, which computes the product of two matrices over
GF(p) by the classical algorithm. The three main algorithms are

given in the order: outer, middle, inner,

C = MMPY(A,B)

A and B are matrices over I[Xl'”’ ,xs], s> 0, where A is
mbyn and B is nby q. C isthe m by g matrix product AB.
Note that this algorithm requires the list PRIME of odd single-

precision primes.
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Algorithm

(1) [Initialize., ] B'+ MTRAN(B); Z+ PRIME; m+« LENGTH(A);
g+« LENGTH(B").

(2) [Construct the m by g =zero matrix C.] C«(); for i=1,
m do: (D« (); for j=1, g do: (D« PFL(0,D)); C+ PFL(D,C));
if MZERO(A) =1 or MZERO(B) =1, go to (8).

(3) [Finish initializing Garner's method. | V+ MVLIST(A);
s« LENGTH(V); I+« PFA(1,0); J+« MMCB(A,B").

(4) [Apply a mod-p mapping, if available.] If Z = (), (print
error message; stop); ADV(p,Z); A%« MMOD(p,A,s); B*«
MMOD(p,B’, s).

(5) [Apply evaluation mapping algorithm.] C*« MCPMPY(p,A™,B%);
erase A%, B,

(6)  [Apply Garmner's method.] C'+ MGARN(I,C,p,C*,V); erase
C,C* Cc+cC'.,

(7) [Recompute I and test,] T+« PFA(p,0); U« IPROD(I,T);
erase I,T; I+ U; if ICOMP(I,]) #1, go to (4); erase V,I,7.

(8)  [Return.,] Erase B'; return C,

Computing time: < L{nde)° [mnq(HS

(g +mn (L)« (0_u) +

i . s s s ,_s S
oL )(Hj:i/cj)}wL nq{L(e) > (II,_;v,) + Zi:l(nj:lvj)(nj:ikj)} + mq

ZS
11T My

((_yx) (Lide) + Z_1k))] < Linde)x® (mng +mn(u +L(d)) + nq(v + L(e))
+mq (« +L(de)) ), for A ¢ M(m,n,P(d,ml,Me ,ms)), B e M(n,q,P(e,

nl,e”,ns)), ui:mi'”' vy = n+1, p = MaxX p;, v = max vi, kj=L;+vj,

and « = max Ky o
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K = MMCB(A,B)

A and B are matrices over I[x1 Jooo ,xs], s>0, where A is
m by n and represented rowwise and B is n by g and represented
columnwise. K is an infinite-precision integer such that K/2 >

norm(C(i,j)), for all elements of C = AB,

Algorithm

(1) [Initialize, ] X +A; Y« B; K+ 0; n+ LENGTH(FIRST(X));
I~ ((,0,600,(), alistoflength n; 7<= ((0,0,e00,( )

a list of length n,

(2) [Begin column bound list for A.] ADV(R,X); S« 1.

(3) [Compare next row element, ] ADV(U,R); U<+« PNORMEF (U);
Ve FIRST(S); h« ICOMP(U,V); if h =1, (erase V;
ALTﬁR(U,S); if h#Z1, erase U; S+« TAIL(S); if S £ (),
go to (3); if X £ (), go to (2). |

(4) [Begin row bound list for B, ] ADV(R,Y); S« ],

(5) [Compare next column element. ] ADV(U,R); U+ PNORMEF (U);
Ve« FIRST(S); h« ICOMP(U,V); if h =1, (erase V; ALTER(U, S));
if hZ1, erase U; S« TAIL(S); if S £ (), go to (5); if
Y £ (), goto (4).

(6) [Compute and return norm bound. ] DECAP(U,I); DECAP(V,]):

R« IPROD(U,V); erase U and V; S« ISUM(K,R); erase K
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and R; K« 8; if 1 £ (), goto (6); U« PFA(2,0); Ve

IPROD(U ,K); erase U, K; K« V; return K,

s
v,) +

Computing time: S mn- L{d) ° (HS .1 Yy

i=1

L.} +ng- L(e) - (I

ne L{d)L{(e) + nL(n), where A g M(m,n,P(d,ml,.“,mS)), B e

M(n,q,P(e,nl,eM,nS)), ui:mi+1’ and Vi:ni+1°
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C = MCPMPY(p,A,B)

p is a prime number and A and B are matrices over GF(p) [Xl recey

xS], s 20, where A is m by n and represented rowwise and B

is n by g and represented columnwise. C is the m by g matrix

product AB.

Algorithm

(1)

(2)

(4)

(5)

[Initialize., ] m<« LENGTH(A); g+« LENGTH(B).

[Compute product over GF(p).] If TYPE(FIRST(A)) £ 0, go to
(3); C+<= MCMPY(p,A,B); return C.

[Construct the m by g zero matrix C.] C« (); for i =1,m
do: (D« (); for j=1, g do: (D« PFL(0,D)); C+ PFL(D,C));
if MZERO(A) =1 or MZERO(B) =1, return C.

[Finish initializing the interpolation.] s+ MCPNV(A);

ke~ MCPMDB(A,B); i+« 0; D - PFA(0,PFA(1,0)).

[Apply another evaluation mapping, if one exists.] If i = p,
print error message and stop; A*«— MCPEVL(p,A,i,s); B¥«
MCPEVL(p,B,1i, s).

[Apply algorithm recursively. ] C* MCPMPY(p,A*,B*);

ES ok
erase A" and B".
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(7) [Apply incremental interpolation.] C'< MCPINT(p,C,i,C*,D,s);
erase G, C* C«C"; if i <k, goto (8); erase D: return C.

(8) [Recompute polynomial D for next interpolation, ]| E« PFA
(1,PFA(1,PFA(CDIF(p,0,1),0))); W« CPPROD(p,D,E); erase

D and E; D« W; i«i+1; go to (5).

Computing time: for s = 0, the maximum computing time is ~mng

S
f > it i
and, for s > 1, itis S)mnq('ﬂi:1 i i1l
S S

o ) mal(T e (k)] k7 (mng + mny ¢

s i s
ng {3, (M vy (@

DF

ngv + magk), for A eM(m,n,P*(ml,”.,ms)), Be1\/[(r1,q,P”<(1r1l,.,.,.,mS

,=m, +1 v, =n, +1 = max |\, =max v,, Kk, = L, ., and
Hy i o i e B LLJ,’ v Vl' i LL.1+V1’

K = max Ki..
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z = MCPMDB(A,B)

A and B are matrices over GP(p)[x1 seoe ,xS], s>1, where A

is m by n and represented rowwise and B is n by q and repre-
sented columnwise., z is a non-negative Fortran integer which bounds
the degrees in the main variable X of the elements of the product

AB.

Algorithm

(1) [Initialize.,] X «A; Y« B; z+ 0,

(2) [Begin degree bound for next row.] ADV(R,X); W <Y,

(3) [Get degree of next row element.] S+ R; ADV(T,W).

(4) [Compare degree of next term of inner product.] ADV(U, S);
ADV(V,T); if U=0 or V=0, goto (5); e«deg(U) +
degB); if e >z, z+e,

(5) [Termination tests and return.] If S £ (), go to (4); if

W £ (), goto (3); if XZ (), goto (2); return z.

Computing time: the maximum computing time is ~mng.
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C = MCMPY(p,A,B)

A and B are matrices over GF(p), where A is m by n and

represented rowwise and B is n by g and represented columnwise,

C is the m by g matrix product AB,

Algorithm

(1)
(2)
(3)

(5)

[Initialize.] X+ CINV(A); Y« CINV(B); Ce (); V& X.

[Begin next row of product.] ADV(R,V); D« (); WY,
[Begin to compute next element as an inner product. ] S« R;
ADV(T,W); e« 0,

[Add next term of inner product.] e« CSUM(p,e, CPROD(p,
FIRST(S),FIRST(T))); S« TAIL(S); T« TAIL(T); if S £ (),

go to (4); D« PFA(e,D); if W £ (), go to (3); C+ PFL(D,C);
if V£A(), goto (2).

[Return. ] Erase X,Y; return C.

Computing time: the maximum computing time is ~mnq.
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2.4 Auxiliary Algorithms for Solving Linear Equations

Various supporting algorithms are described, which will be
required by the modular algorithm for solving linear equations. The

first performs the lexicographical comparison of two integral vectors,

z = VCOMP(H,K)

H and K are lists of Fortran integers, either possibly null, =z is
the Fortran integer -1, 0, or 1 depending on whether H < K,

H =K, or H>K, respectively,

Algorithm

(1) [Initialize.] S« H; T+ K.

(2)  [Test if H exhausted.] If S£ (), goto (3); if TX (),
go to (5); z+ 0; return z,

(3) [Test if K exhausted.] If T £ (), go to (4); go to (6).

(4) [Compare next elements, ] ADV(u,S8); ADV(v,T); weu - v;
if w=0, goto(2); if w > 0, go to (6).

(5) [H< XK return.] z+« -1; return z.

(6) [H>K return.] z+«1; return z.

Computing time: the maximum computing time is ~ min(m,n) + 1,

for H of length m and K of length n.
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B = MZCON(@A)

A isan m by n matrix over I[xl,..,,xs], s > 0, or GF(p)

[Xl”“'xs]’ s>1, for some prime p. B isan mbyn zero

matrix,

Algorithm

(1) [Initialize.] B « (); S+«A,

(2) [Begin next row, ] ADV(U,S); X< ().

(3) [Prefix next row element, | X« PFL(0,X); U<« TAIL(U); if
U # (), goto (3); B—PFL(X,B); if S £ (), go to (2).

(4) [Return. | B« INV(B); return B.

Computing time: ~ Mil.
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Zz = MEQ(A,B)

A and B are m by n matrices over I[Xl"’”’xs]' s > 0. z is

the Fortran integer 1 or 0 depending on whether A =B or A £ B.

Algorithm

(1) [Initialize, ] X +A; Y+« B,

(2) [Obtain next rows.] ADV(S,X); ADV(T,Y).

(3) [Test next row elements.] C+« PDIF(FIRST(S), FIRST(T));
if C#£0, goto (4); S« TAIL(S); T+ TAIL(T); if S £ (),
go to (3); if X £ (), goto (2); z+ 1; return z.

(4) [Unequal return. | Erase C; z+ 0; return z.

Computing time: S mn(L(d) + L(e))(HiS_lui + His—l vi), for A ¢

M(m,n,P(d,ml,..-,ms)), B e M(m,n,P(e,nl..u ,ns)), by =m + 1,

and v, =n, +1,
i i
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z = MCPLEQ(p,A,B)

p is a prime number and A and B are m by n matrices over

N

GP(p)[Xl,,, . ,xs], s> 1. =z is the Fortran integer 1 or 0 de-

pending on whether A =B or A £ B, respectively.

Algorithm

(1) [Initialize. ] X < A; Y« B',

(2) [Obtain next rows.] ADV(S,X); ADV(T,Y).

(3) [Test next row elements. ] C+« CPDIF(p,FIRST(S), FIRST(T));
if C£0, goto (4); S« TAIL(S); T« TAIL(T); if S £ ( ).
goto (3); if XZ (), goto (2); z+«1; return z.

(4) [Unequal return. ] Erase C; z+ 0; return z.

W+ 05 v,), for A g M(m,n,P¥m. ,...,

s
\ . . <
Computing time: < mn(l;_ U, + I v, 1

mS)), BeM(m,n,P‘(nl,.,.,nS)), ““i:mi+1’ and Vi :ni+1.
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Z = NULCON(n,J,P, W)

n is a positive Fortran integer, J is the RE sequence of an m by n

RRE matrix F of rank 1 1 <r <n over I[Xl'“"xs]’ s> 0, or

GF(p)[xl,... ,xs], s> 1, for some p.,-P is the common diagonal

value of F and W is the non-diagonal part such that (J,-P, W) is

the compact representation of F. Z is the n by n-r null space

basis matrix for F, as defined by formula (2) of Section 1.

Algorithm

(1)

(2)

(3)

(5)

[Initialize, ] L+ J; W'« CINV(W); r+— LENGTH(]); t<r -

LENGTH(W); if t > 0, apply W'« PFL(0,W') t times;

W' INV(W'): een-r; Z+ (); ADV(h,L); I<0; k+« 0.

[Begin next row of Z.,] i«1i+1; if i>n, goto (5); if i=h,
go to (4).

[Construct next row using P.] k«k+l; U« (); tee-k;

if t> 0, do U« PFL(0,U) t times; U+« PFL(BORROW (P),U);
tek-1; if t> 0, do U« PFL(0,U) t times; Z<« PFL(U,Z):;
go to (2).

[Construct next row from row of W'.] DECAP(U,W'); U+
INV(CINV(U)); tee - LENGTH(U); if t> 0, do U+ PFL(0,U)
t times; Z« PFL(U,Z); if L Z£ (), ADV(h,L); go to (2).

[Return, | Z+ INV(Z); return Z.

Computing time:  the maximum computing time is ~n(n-r),
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b = DBRRE(J,C)

C isan m by n nonzero matrix over GP(p)[Xl,, oo ,XS], s>1,

and J is the RE sequence of C. b 1is a positive Fortran integer
which bounds the degrees in the main variable Xs of the elements
of any RRE form for C which might be computed in the modular

algorithm for solving linear equations.

Algorithm

(1) [Initialize.] X+« MTRAN(C); Y« X; K< TJ: e« 0; f« 0;
Le= () i<0.

(2) [Obtain next column of C.] If Y = (), go to (5); ADV(U,Y);
iei+l; if K= (), goto (4); if i ZFIRST(X), go to (4);

g« 0,

(3) [Get maximum degree of pivot column. | ADV(T,U); if T £ 0,
(d«deg(T); if d >g, ged); if UZ (), goto (3); Le
PFA(g,L); K« TAIL(X); go to (2).

(4) [Get maximum degree of non-pivot column,] ADV(T,U);
if TA0, (dedeg(T); if d>f, f—d); if UZ(), go
to (4); go to (2).

(5) [Compute sum and minimum of elements of list L.] DECAP(d,L);
e—e+d; if d<g, ged; if LZ (), goto (5.

(6) [Complete computation of degree bound.] b« e; he f-g; if

h> 0, b«b+h; erase X: return b,

Computing time: ~ mn,
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2.5 A Modular Algorithm for Solving Linear Equations

This algorithm is presented as three separate subalgorithms:
an outer algorithm employing mod-p homomorphisms and the Chinese
Remainder Algorithm, a middle algorithm employing evaluation homo-
morphisms and interpolation, and an inner algorithm which employs
a Gaussian elimination algorithm in computing the determinantal
RRE form for any nonzero matrix over GF(p). These algorithms are

presented in the order: outer, middle, inner.

G = PLES(n,C)

n is a positive Fortran integer and C is an m by n' matrix over
I[xl,, oo ,xs], s >0, where n<n'. C is the augmented matrix
for a linear system AX = B, where A is m by n and nonzero and
B is mbyq. G isthe list (D,Y,Z), representing a general solu-
tion to the system AX = B, if the system is consistent, or G is
the null list (), if the system is inconsistent.

Note that this algorithm requires the list PRIME of distinct

odd primes,

Algorithm

(1) [Initialize, ] X+ MVLIST(C); L+ PRIME; r+« 0O,




41

(2) [Apply mod-p mapping cpp.] If L={(), print error message
and stop; otherwise, ADV(p,L); C*« MMOD(p,C,s); if
MZERO(C*) =1, (erase C* go to (2) ).

(3) [Compute an RRE form F* for C* by the evaluation mapping
algorithm,] W*«~ CPRRE(p,C*); DECAP(J*, W) DECAP(I™*, W™,
DECAP(D*,W™*); DECAP(V*, W),

(4)  [Rejection tests.] r*« LENGTH(J*); if r*<r, goto (5); if
r®>r, goto (6); u« VCOMP(™,); if u=1, goto (5); if
u = -1, goto (6); u+~ VCOMP(I*,I); if u =1, go to (5); if

u

~1, go to (6); erase J*,1% go to (7).

(5) [Discard cpp,] Erase J*, I™; if X £ (), erase D* if
VE £ (), erase V¥ go to (2).

(6) [Discard previously retained mod-p mappings and initialize
interpolation. ] If r> 0, ( erase J,I,D,V,E ); J«J% I«1%
De—0; Ve (); if V¥Z£ (), Ve MZCON(V¥); E« PFA(L,0); rer*,

(7) [Retain (pp and apply Garner's Method.] D'+« CPGARN(E,
D,p,D*,X); if XZ (), erase D¥ if VA (), ( V'« MGARN(
E,V,p,V¥,X); erase V*): T« PFA(p,0); E'+ IPROD(T,E);
erase T,E; E«E'.

(8) [Equality test,] T+« PDIF(D,D'); erase D; D—D" u«]l
if VA (), ((ue—=MEQ(V,V'); erase V; Ve=V*' ); if u =1

and T =0, go to (9); erase T; go to (2).
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(9) [Substitution test.] If r>n, ( G« (); erase D; go to (12));
n' < LENGTH(FIRST(C)); D'+ PNEG(D); Z' <~ NULCON(n',J,D"',V);
Te— MMPY(C,Z'); ue— MZERO(T); erase D', T; if u=20,
( erase Z'; go to (2) ).

(10) [Inconsistent system test.] T« INV(]); if FIRST(]J) > n,
( erase Z'; G+ (); eraseD; goto (12) ); Y= (); 2« ();
hen-r-1; u+n,

(11) [Construct general solution. ] u<« u-l; DECAP(T,zZ'); if
h>0, ( Z+PFL(T,Z2); if h> 0, do T+« TAIL(T) h times;
W« T; T« TAIL(T); SSUCC(0,W) ); Y« PFL(T,Y); if u> 0,
go to (11); erase 2Z'; G+ PFL(D,PFL(INV(Y), PFL(INV(Z), 0))).

(12) [Final erasures and return,| Erase J,I,V,E,X; return G.

Computing time: for s =0, ’< (L(n") 4 rL(rd)} - [m(n')z +

(m+n')r(n'-r+l)L(rd)] and, for s> 0, S (L(n') + rL(rd))rS(Hiszlui)

[m(n')2 + (m4n)r(n'-r+1) (L(rd) + Z.S

u,), for C € M(m,n',P(d,
i=l"i

My, eee,m ), C of rank r, and ui:miJrl. If n'~m and

s
S 3
+3L

n-r< 1, then <m® CL(md)(_p)(m+a(ld) +2] p)gm®

s+4 s

MSL(md) (m+q(u +L(d))) <m i L(md)(w +1L(d)), for s> 0, where

b= max u., and n' = n +q.
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W = CPRRE(p,C)

p is a prime number and C is an m by n nonzero matrix over
GP(p)[xl,.., ,XS], s> 0. W is the list (J,I,D,V), where J is

the RE sequence IC' I is the permutation 1 D is the common

CI
diagonal value of the determinantal RRE form 5 for C, and V is

the non-diagonal part of the compact representation of (~3—= The

list C is erased.

Algorithm

(1) [Apply Gaussian elimination algorithm] s « MCPNV(C); if
s> 0, goto (2); W« CRRE(p,C); return W.

(2) [Initialize evaluation mapping algorithm,] r«0; a+<p;
he 0,

(3) [Apply evaluation mapping Yao] a+a-l; if a< 0, print
error message and stop; otherwise, C™*« MCPEVL(p,C,a,s):
if MZERO(C™ =1, (erase C*; go to (3)).

(4)  [Apply algorithm recursively.] W™« CPRRE(p,C*); DECAP(
7%, W*); DECAP(I*,W*); DECAP(D*,W™*); DECAP(V*, W¥),

(5) [Rejection tests.] r*«— LENGTH(*); if r¥<r, go to (6);
if r*>r, goto (7); ueVCOMP(J*,]); if u=1, go to (6);
if u=-l, goto (7); ueVCOMP(I*,I); if u=1, goto (6);

K,

if u=-1l, goto (7); erase J*, I™ go to (8).

1
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[Discard \_Va.,] Erase J*, 1%, v if s> 1, erase D¥, go
to (3).

[Discard previously retained evaluation mappings and
initialize interpolation.] If r> 0, (erase], I, D, V, E);
JeT% TeI1% De0; Ve (); if VEZ (), Ve MZCON(VY);
E« PFA(0,PFA(L,0)); rer™,

[Retain ¥_ and apply interpolation, ] D'+« CPINT(p,D,a,D™,
E,s); if s> 1, erase D™ if V£ (), ( V'« MCPINT(p,V,a,
V*,E,s); erase v ); T+ PFA(1,PFA(l,PFA(CDIF(p,0,a),0))):
E' <~ CPPROD(p,T,E) erase T,E; E«E'; if h = 0, go to (9);
erase D; D«D% if VZ (), (eraseV; V«V'); go to (12).
[Equality test.] T+ CPDIF(p,D,D'); erase D; D« D'; ue1
if VA(), (u~=MCPEQ(p,V,V'); erase V; Ve V' ); if
u=1 and T =0, to to (10); erase T; go to (3).
[Substitution test, ] n+< LENGTH(FIRST(C)); if r =n,

( he=1; goto (11) ); D'+~ CPNEG(p,D); 2+ NULCON(n,]J,
D',V); T+« MCPMPY(p,C,Z); u+e MZERO(T); erase D',Z,T;
if u=0, goto (3); h«1.

[Compute degree bound.] b+« DBRRE(J,C).

[Degree test, ] If CPDEG(E) < b, go to (3).

[Construct output list and return, | Erase E,C; W« PFL(

J,PFL(I,PFL(D,PFL(V,0)))); return W,
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S,_8
Computing time: ~mnr, if s = 0, and Sr (Hi_l,ui)[mn2 + (m+n)

(-r+l)r(zg w)l, i s 21, for C e M(m,n,P¥m ,...,m)), C

of rank r and p,i=mi+1.. If m~n~r then this

s+3 s+l
I

is < m , for u = max p,.
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W = CRRE(p,A)

p is a prime number and A is an m by n nonzero matrix over GF(p),
whose list representation does not overlap another list. W is the
list (J,1,d,V), where ] is the RE sequence ]A of A, I isthe
permutation IA’ d 1is the common diagonal value of the determinantal
RRE form K for A, and V is the non-diagonal part of the compact

representation of A, The list A is erased.

Algorithm

(1) [Initialize.] B' « A; m<« LENGTH(B'"); n<« LENGTH(FIRST(B'));
Ie=(); Je () de=1; Ve (); Be=(); I'—(); for k=1,
m do: ( I'« PFA(m+l-k,I') ); z+« 0,

(2) [Begin next step of triangularization. | z+ z+l; B" < B";
B'e—= () I"«1' I'«=().

(3) [Search column =z for next pivot element.] DECAP(F,B");
DECAP(e,F); DECAP(k,I"); if e £0, go to (4); I'« PFA(k,I');
if F#£(), B'«<PFL(F,B"); if B" £ (), go to (3); go to (8).

(4) [Update d, J, I, and B, and begin elimination, ] d«
CPROD(p,e,d); J« PFA(z,]); I+ PFA(k,I); B+« PFL(F,B);
if F=(), goto (8); e« CRECIP(p,e); G+« F.

(5) [Transform pivot row, ] ALTER(CPROD(p,e,FIRST(G)), G);

G+ TAIL(G); if G £ (), go to (5).




47

(6) [Begin to transform next row, if any.] If B" = (), go to (8);
DECAP(G,B"); DECAP(u,G); B'«<— PFL(G,B'); if u =10, goto
(6); H<F.
(7) [Recompute next element of row G.,] s+ CPROD(p,u,FIRST(H));
t« CDIF (p,FIRST(G), s); ALTER(t,G); G+ TAIL(G); H+« TAIL(H);
if GZ(), goto (7); go to (6).
(8) [Test for end of triangularization. ] B'« INV(B'); I'+~ CONC(
INV(I"'),I"); if B' £ (), go to (2); I+ CONC(INV(I),I'); if
B" £ (), erase B",
(9) [Initialize splitting of row, ] If B= (), ( Ue~V; Ve ();
go to (15) ); DECAP(H,B); H+« INV(H); 1:1*"' () M~ ();
z+n; L+« T
(10) [Split row.] If H = (), go to (11); DECAP(u, H); k + FIRST(L);
if z =k, ( M+ PFA(u,M); L<TAIL(L)); if z £k, H+ PFA(u,H);
z+z=-1; go to (10).
(11) [Initialize diagonalization of row,] T+ V; H« INV(H).
(12) [Prepare transformation by next row of V.] If M = (), go
o (14); DECAP(u,M); if T = (), go to (12); ADV(S,T); H+ H.
(13) [Transform by next row of V.] If S = (), go to (12); ADV(x, S);
w « FIRST(H); w+ CDIF(p,w,CPROD(p,u,x); ALTER(w, H);

H« TAIL(H); go to (13).



(14)

(15)

(16)

(17)
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[Prefix row to V.] If H £ (), Ve PFL(H,V); go to (9).
[Compute next row of non-diagonal part.] If U =(), goto
(17); DECAP(T,U); S+« ().

[Multiply next row element by 6(A).] DECAP(e,T); g+
CPROD(p,d,e); S« PFA(g,S); if T # (), go to (16);

V+« PFL(S,V); go to (15),

[Construct output list and return, ] Ve« INV(V); ]+ INV(]);

W« PFL(],PFL(I,PFA(d,PFL(V,0)))); return W.

Computing time: the maximum computing time is ~ mnr, where

A is of rank r,
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2,6 A Modular Algorithm for Determinant Calculation

As for matrix multiplication and linear equations solution,
this algorithm is presented as outer, middle, and inner subalgorithms,
in that order. The outer algorithm requires an additional algorithm
for computing an integer coefficient bound, CBDET, while the middle
algorithm employs DBRRE to compute a degree bound. The inner
algorithm is a Gaussian elimination algorithm for computing deter-

minants of matrices over GF(p).

D = PDET(A)

A is an m by n nonzero matrix over ]Z[X1 fooo ,XS], s >0, D is

B

Note that this algorithm requires the list PRIME of distinct

the determinant of A, an element of I[x1 reee X

odd primes,

Algorithm_

(1) [Initialize, ] D+ 0; V<« MVLIST(A); S+« LENGTH(V); J+«
CBDET(A); I+ PFA(1,0); L+« PRIME; h+ 0,

(2) [Apply mod-p mapping qu.,] If L=1(), (print error message;
stop); ADV(p,L); A*«~ MMOD(p,A,s); if MZERO(A™) = 1,

( erase A%, D¥*«0; go to (4) ).
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(3) [Apply evaluation mapping algorithm,] D*« CPDET(p,A%).

(4) [Apply Garner's Method.] If D* £0, h—1;if h = 0, go to
(5); D'+« CPGARN(I,D,p,D*,V); erase D; if V£ 0, erase
D* D« D',

(5) [Integer coefficient bound test.] T+« PFA(p,0); U+ IPROD(I,T);
erase 1,T; I<U; if ICOMP(I,]) £1, go to (2).

(6) [Final erasures and return. ] Erase V,I,J; return D.

Computing time: for s = 0, < m3L(md)(L(d) +r); for s=1,

< m3L(mdm1(L(d> +mr+myu); andfor s 22, ¢ m3L(md)(His_1L_1i)

(L) + m°r + m . zleuims"i) < mop Limd) (L(@) + m®(r+n)), 1 r < m,

s+2 s

L(md) (15 p ) (L(d) + m® 4 muy + 25 0 <m° p L(md) (L)

+2
j=2Mi) S

s
and < m

+ m(m+w)), if r = m., These hold for & ¢ M(m,m,P(d,ml,... ,ms)),

il

A of rank r, by = my +1, and @ = max 'LLi'




A isan m by m matrix over I[.x1 yooe ,xs], s > 0. J is an infinite=~
precision integer such that J/2 bounds the magnitudes of the integer

coefficients of the determinant of A,

Algorithm

(1) [Initialize.] B < A; m+« LENGTH(B); J+« PFA(2,0).

(2) [Begin to compute maximum norm of next row, ] ADV(C,B);

K« 0.

(3) [Compare norm of next row element. ] ADV(D,C); L+« PNORMF(D);
u— ICOMP(L,K); if u=1, (erase K; K«1L ); if u#1i,
erase IL; if C £ (), go to (3).

(4) [Recompute coefficient bound.] L+« IPROD(J,K); erase J,K;
J«1L; if BZ (), goto (2).

(5) [Final computations for bound.] K+ IFACT(m); L+ IPROD(,T);
erase K,J; T« L; return J.

2

A 2
Computing time: S m?L(d)(L(md) + Hf__l,l.Li) +m L(m) , for

A ¢ M{m,m,P(d, m ,”e,ms)) and U“i = mi + 1.

1
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D = CPDET(p,A)

p is a prime number and A is an m by m nonzero matrix over

GF (p)[x

preee ,XS], s 2 0. D is the determinant of A, an element

of GF(p)[xl,,..,xS]. The list A is erased,

Algorithm

(1)

(2)

(3)

(5)

(7)

[Get number of variables.] If MZERO(A) = 1, ( D« 0;

erase A; return D ); s« MCPNV(A).

[Apply Gaussian elimination algorithm. | If s > 0, go to (3);
D« CDET(p,A); return D.

[Initialize evaluation mapping algorithm. ] he0; m« LENGTH(A);
Je= () for i=1, m do: ( J« PFA(m+l-i,J) ); b« DBRRE(],A);
erase J; i+« 0; E+« PFA(0,PFA(1,0)); D+« 0,

[Apply evaluation mapping \l’i.,] If i =p, ( print error message;
stop ); A¥« MCPEVL(p,A,i,s).

[Apply algorithm recursively.] D*« CPDET(p,A™); if D™ Zo0,
he1; if h=0, goto (7).

[Interpolation step.] D'+ CPINT(p,D,i,D™,E,s); erase D:

if s> 1, erase D* D«D'.

[Degree test and return. ] If CPDEG(E) = b, ( erase A, E;

return D ).
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(8) [Initialize next interpolation step.] T+ PFA(1,PFA(l, PFA(CDIF(
p,0,a,),0))); U« CPROD(p,T,E); erase T,E; E« U;

i< i+l; go to (4).

, . . , . . 2
Computing time: for s = 0, the maximum computing time is ~ m“r;

for s =1, itis § m3u,l(r+u1); and for s> 2, itis S m (Hilpi)

s-1 .S s=i, _ s+l s 2
{(m r+ 2Ji::lu“im ), if r<m, and < m (Hizlui)(m +m|,Ll +

S

Zi~2‘u“i)’ if r = m. These hold for A ¢ l\/I(m,m,P*(ml,,,.,m )), A

s
of rank r, and by = m, + 1. Letting | = max Ly v for s> 2, itis
s42 s
m®* u (rHL), r<m,

<
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d = CDET(p,A)

p is a prime number and A is an m by m nonzero matrix over GF(p).
The list A may not overlap any other list. d is the determinant of
A, an element of GF(p) and, hence, a Fortran integer, The list A

is erased,

Algorithm

(1) [Initialize,] d+«1; t«0; B'«A,
(2) [Begin next elimination step. | B"+B'+« ().
(3) [Search next column for pivot. ] DECAP(F,B"); DECAP(e,F);
if e £0, goto (4); if F A0); B'«+— PFL(F,B'); tet+l; if
B" # (), goto (3); d+«0; erase B': return d.
(4) [Recompute d and begin elimination. ] d« CPROD(p,e,d);
if F=(), goto (8):; e « CRECIP(p,e); G+« F.
(5) [Transform pivot row, ] ALTER(CPROD(p,e,FIRST(G)),G);
G« TAIL(G); if G £ (), go to (5).
(6) [Begin transforming next row, if any.] If B" = (), go to (8);
DECAP(G,B"); DECAP(u,G); B'«— PFL(G,B");: if u = 0, go to
(6); HeTF,
(7N [Recompute next element of row G.] s+ CPROD(p,u,FIRST(H));
v« CDIF(p, s,FIRST(G)); ALTER(t,G); G« TAIL(G); H« TAIL(H);

if G#£ (), goto (7); goto (6).
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(8) [Complete determinant calculation, if elimination finished. ]
Erase F; B'+— INV(B'); if B' £ (), go to (2); u+~ 0; QR(u,t,2); if

t =1, dep~d; return d.

. , , 2
Computing time: the maximum computing time is ~m'r, for A

of rank r,
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2.7 Matrix Inversion and Null Space Basis Calculation

Two of the more important applications of the modular algorithm
for linear equations solution are given below, Each is simply a
skeleton which structures its input as input to PLES, evokes PLES,
and constructs' its output from the output of PLES. The first algorithm
computes a matrix inverse for a matrix A, which consists of an
integer or polynomial D and a matrix Y such that (1/D)AY is the

identity matrix,
X = MINV(A)

A is an m by m nonzero matrix over I[x1 rooe ,xS], s> 0, If
rank(A) = m, X is the list (D,Y) representing a matrix inverse
for A, where D is in I[x1 soeo ,xs] and Y is an m by m matrix

over I[x1 yooeoe ,xs]., If rank(A) < m, X is the null list,

Algorithm

(1) [Initialize,] T« A; C« (); j«0; P« PFA(1,0); m+
LENGTH(T); L« MVLIST(T).

(2) [Construct integer or polynomial 1.] If L = (), go to (3);
DECAP(V,L); P= PFL{(V,PFL(0,0))); go to (2).

(3) [Begin next row of augmented matrix C.] ADV(U,T); R+« ();

jej+l.
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(4) [Prefix element of A to row R.] ADV(W,U); R« PFL(BORROW/(
W),R); if U Z (), goto (4).

(5) [Suffix elements of identity matrix to row R,] k+j-1; if
k >0, do R« PFL(0,R) k times; R« PFL(BORROW(P),R);
ke« m-j; if k> 0, do R« PFL(0,R) k times; C+« PFL(INV(R),C):
if TZ(), goto (3); C+ INV(C).

(6) [Compute a matrix inverse, | X« PLES(m,C); if X = (), go
to (7); T« TAIL(X); U« TAIL(T); SSUCC(0,T); erase U.

(7) [Return. ] Erase P,C; return X,

Computing time: < (L(m) + rL(rd))rS (ﬂis~1 U“i) [m3 + mr{2m=-r)

s ]
(L(rd) + Sic1 LLi)], for A in M(m,m,P(d,ml,.. . ,ms)), Wy = m, +1
s

and . = max By If m-r< 1, thisis £ ms+4 L(md)(Hi:l pi)(L(md) +

58 LL)ng+4

oyl w5L(md) (L + L(md)).
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7 = NULSP(A)

A is an m by n nonzero matrix of rank r over I[Xl” o ,xs], s> 0,

If r<n, Z isan n by n-r null space basis matrix for A, If

r=n,

Z is the null list,

Algorithm

(1)
(2)

(3)

(4)

[Initialize. ] T« A; C« ().

[Begin next row of augmented matrix C.] ADV(U,T); R« ().
[Construct matrix C.] ADV(V,U); R+ PFL(BORROW(V),R);

if UZ (), goto (3); R« PFL(0,R); C« PFL(INV(R),C); if
T#(), goto (2); C « INV(C).

[Obtain null space basis.] n<+« LENGTH(FIRST(A)); G«
PLES(n,C); DECAP(D,G); DECAP(Y,G); DECAP(Z,G); erase

D,Y,C: return Z.

Computing time: for s =0, S (L(n) + rL(rd))[ng + (m+n)rL(rd) ]

and, for s > I, < (L{n) + rL(rd))rs(II.s
+ Zi—l ui)], for A ¢ M(m,n,P(d,m

fn~m~r, then S ms+3L(md)(ﬂ,S

<r

~

s+3
" s

1:1““1) [mn2 + (m4n)r(n=r+l) (L(rd)

eeo,m V) and W, = m, + 1,
1’ ! s/) i i

L) (m e+ (n=r +1)(L(md) + "151 w))

1= 1

p-L(md)(m + (n~r+1) (p + L(md)), for s > 0, where p = max by
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3. EMPIRICAL COMPUTING TIMES

Three classes of computations were selected for empirical
computing time studies involving a series of representative cases,
The computations performed were determinant calculation, solving
a single system of linear equations, and matrix inversion, the
Fortran programs used being PDET, PLES, and MINV, respectively.
The SAC-1 implementation on the UNIVAC 1108 computer under
EXEC 8 at the University of Maryland was used. Matrices of
randomly generated infinite-precision integers, univariate and
bivariate polynomials were used as inputs for each of the three

computations, All times are given in seconds.
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3.1 Determinant Calculation

Tables 1, 2, and 3 give the times for computing determinants
of m by m matrices, Table 1 gives the times for randomly generated
integers in the intervals [—2k+1 ,Zk—-l], for k=4, 8, 16, 32,

Table 2 gives the times for randomly generated univariate polynomials
with integer coefficients in the interval [-15,+15] and degrees at
most t. Table 3 gives the times for randomly generated bivariate
polynomials with integer coefficients in the interval [~15,+15] and
degrees in each variable at most t. All matrices generated had non-

zero determinants,

Table 1

PDET for Integer Entries

m
Kk 5 10 15
4 0.12 0.51 1. 89
8 0.14 0,82 2,84
16 0.21 1.30 4.20
32 0,39 2,33 8,08
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Table 2

PDET for Univariate Polynomial Entries

& 4 6 8 10
1 0,20 0. 82 1.58 3.91
2 0.32 1.47 2.97 7.78
3 0.53 2.37 4,72 12,35
4 0.68 3.22 6.16 16,42
5 0.81 3.92 7.92 21.56

Table 3
PDET for Bivariate Polynomial Entries
m
\ 3 4 5
1 0.48 0.96 3.30
2 1.79 3,28 12.01
3 3.34 14,64 28,60
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3.2 _ Solving Systems of Linear Equations

Tables 4, 5, and 6 give the times for solving a single system
of linear equations with an m by m coefficient matrix. The entries
of the m by m+1 matrix inputs to PLES are of the same classes as
for Tables 1, 2, and 3, respectively, All system matrices generated

had unique solutions.

Table 4

PLES for Integer Entries

, @ 5 10 15
4 0.23 1.09 3,21
8 0.38 1.56 4,49

16 0.57 3,12 8.56

32 1,11 6.58 18, 45
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Table 5

PLES for Univariate Polynomial Entries

K 4 6 8 10
t
1 1,29 3.44 8,21 15,04
2 2.68 7.14 19,21 33,96
3 4,33 12.41 33.01 64,01
4 5,66 16,59 45,60 89.76
5 7,91 22,65 64,24 119.70
Table 6
PLES for Bivariate Polynomial Entries
m
t\\ 3 4 5
1 5.79 11.52 24,79
2 24, 80 61.29 115,95
3 46,22 129,63 263,75




3.3 Matrix Inversion

Tables 7, 8, and 9 give the times for inverting an m by m
matrix. The entries of these matrix inputs to MINV are of the same

classes as for Tables 1, 2, and 3, respectively.
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existed for all matrices tried.

MINV for Integer Entries

Table 7

k\‘ 5 10 15
4 0.47 3,26 10.37
8 0,71 4,76 18.35

16 1.10 8,96 33,88

32 2,08 21, 86 106.98

The inverses
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Table &

MINV for Univariate Polynomial Entries

4 6 8 10
2.39 8,95 28. 89 60.78
4,62 18. 84 66,93 151,25
T.43 32.15 114.32 —

11.25 47.39 163.38 o e e
14,46 81.71 235,29 ———
Table 9

MINV for Bivariate Polynomial Entries

N 3 4 5
1 9.78 26,32 57.89
2 33.17 91.97 242,67
3 62.14 199.31 -
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The three cases missing from Table 8 and the one case missing
from Table 9 were omitted due to space restrictions, For example,
the inverse of the 10 by 10 matrix of univariate polynomials of
degree at most 5 would require at least 26000 cells for computer
representation. The inverse of the 5 by 5 matrix of bivariate poly-
nomials with degree in each variable at most 3 would require over

22500 cells.
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4, A TEST PROGRAM

In this section a test program for the SAC-1 Linear Algebra
System is given, accompanied by two simple subprograms for
reading in and writing out matrices. Also given is the output for a
typical run., This program can be used to test out a user's imple-
mentation of the Polynomial Linear Algebra System. In fact, the
test run described below employed all the programs of this system
except those for classical matrix arithmetic,

The main program can read in any number of matrices C with
multivariate polynomial entries and perform the desired computation
for C from among the following:

(a) compute the determinant D of C by PDET;

(b) compute a general solution (D,Y,Z) for the system

of linear equations AX = B by PLES, where C is
the augmented system matrix (A,B);
(c) computé the inverse of C by MINV;

(d) compute a basis for the null space of C by NULSP.

The main loop begins at the statement labeled 1, reading in
integers K, M, N, NN. If K = 0, the run is terminated, after the
final erasures. If K >0, an M by N matrix C is read in,

using MREAD, and is written out, using MWRITE. (These input-
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output routines, written in USASI Fortran, are described below.) The
values 1, 2, 3, 4 of K specify computations (a), (b), (c), (d),
respectively, and require the following corresponding conventions

for M, N, and NN:

(a') K=1: M =N and NN is ignored;
(b"Yy K = 2: the coefficient matrix A is M by NN;
(c'y K=3: M =N and NN is ignored;

(d'y XK = 4: NN 1is ignored,

Following each computation the results are written out, again usina
MWRITE for matrices included in the output.

The test program includes the following features which are
common to SAC-1 main programs employing the Polynomial System,
(4], and the Modular Arithmetic System, [6]. The four Common
blocks, TR1, TR2, TR3, and TR4, introduced in [2], [4], [3], and
[7], respectively, are declared. All the elements of these common
blocks, and all variables and function subprograms used by the
program, are declared type integer., The arrays SPACE and ARRAY
are dimensioned. SPACE is used by BEGIN to initially construct
the available space list AVAIL and ARRAY is used by GENPR to con-
struct the list PRIME of Fortran integer primes. The size of these

arrays in general depends on the size of the computation being
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performed. The values of the implementation parameters used are
those for the UNIVAC 1108 implementation of SAC-1. Specifically,
since two words per cell are required, SPACE is dimensioned to
10000 to obtain the 5000 cells. The base BETA for the infinite~
precision integers is 233; hence, 33 bits of a 36-bit word are used
for each digit. Also, each prime generated by GENPR is > 231 + 1.
The standard input and output units are IN = 5 and QUT = 6,
respectively. The symbol list SYMLST for the Polynomial System
is initialized to the null list,

We now give functional descriptions for the two matrix input

and output routines,

C = MREAD(u,m,n)

u is an input unit number and m and n are positive integers; all
are Fortran integers. C is an m by n matrix, represented rowwise,
whose entries are multivariate polynomials with infinite-precision
integer coefficients, The polynomial (or integer) entries Cij of C
are read in row-by=-row from row 1 to row m in the order:

C

C C ,ooolc

- 10620 ,aoa,c o h . t
ln'C'Zl >n nn These elements

117°°°7 m1l

are read from consecutive records on unit u using PREAD, each
beginning in column 1 of the record immediately following the last

record of the preceding element. If an attempt to read an element
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results in reading an end-of-file or in a syntactic error, an error
message is printed and the run is terminated. Note that by inter-
changing row and column, and m and n, in the above description,

a columnwise representation can be read in.

MWRITE((u, C)

u is an output unit number, a Fortran integer, and C is an
m by n matrix of multivariate polynomial entries with infinite-
precision integer coefficients, assumed to be represented rowwise,
The elements Cij of C are written out row-by~-row from row 1 to

row m in the order: C C CZl'“"CZn"“’bml’"”’(J o

11'°°°"“1n’' mn
Each polynomial (or integer) is written on unit u using PWRITE.
The elements of row i are preceded by a record of blanks, followed
by a record containing the identification "ROW i", followed by an-
other blank record. Note that C may be represented columnwise,
in which case column i will be mislabeled "ROW i",

The routines MREAD and MWRITE are not part of the Linear
Algebra System but are included for the user's convenience.

Three test cases were run on the UNIVAC 1108, all for matrices
C with univariate polynomial entries: (1) a determinant calculation,

(2) the solution of a system of linear equations, whose coefficient

matrix has a non-trivial null space, and (3) a matrix inversion.
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The total execution time was approximately 22 seconds, the times
for (1), (2), and (3) being roughly 2.5, 7.5 and 12 seconds,

respectively, A separate null space basis computation is not in-
cluded, since a null space basis was computed as part of case (2).

Four cards were read at the statement labeled 1 containing

the values:

K M N NN
1 5 5

2 3 6 5
3 5 5

.

Immediately following each of the first three cards were the cards
containing the M?*N polynomials. For these cases, each poly-
nomial was contained on a single card. The 25, 18, and 25
polynomials read in for cases (1), (2), and (3), respectively, are
listed below as part of the program output in the format specified
by MWRITE., This test run can be duplicated by punching these
polynomials on cards in the format and order given in the output,
remembering to begin each in column 1, and preceding each group
of polynomials for a matrix with a card containing the values of X,

M, N, and NN.
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Test Program

INTEGER GENPRsLENGTH,MINV,MREAD, NULSPyPDET,PLES
INTEGER AKRAYsCoDoGoIoIN, KoL eMpNNN,QUT,SPACE»XoY o7
INTEGER AVAILSTAK,RECORDBETA, SYMLST,PRIME
DIMENSTION SPACE(10000) » ARRAY(50)
COMMON /TR1/AVAIL,STAK,RECORD(72)
COMMON /TR2/SYMLST
COMMON /TR35/BFTA
COMMON /TRy4/PRIME
CALL BEGIN(SPACE«1lp0n00)
PRIME=GENPR(ARRAY »50,2%%31+1)
BETAz2%%33
SYMLST=0
INzs
OuUT=6
I=¢

1 READ 903s roMoNNN

403 FORMAT(WIH)
IF (K.EQ.0) GO TO &0
I=1I+1
PRINT Q05 1

905 FORMAT(OHICASF NO.,13)
Cz=MRFAD(IN, Mo N)
PRINT an7, M,N

907 FORMAT(//ubH THE 14, 3H RBY, 14,134 INPUT MATRIX/)
CALL MWRITE(OUT,C)
GO TO (10,20930,40), K

10 PRINT 910

y10 FORMAT(//14H DETERMINANT D/)
D=PDET(C)
CALL PWRITE(QUT,D)
CALL PERASE (D)
GO TO 50

20 PRINT 920, KN

920 FORMAT(//30H LINEAR SYSTEFM SOLUTION (NN =,I401H))
GzPLES(NN,C)
IF (G,EQ.0) 6O TU (¢
CALL DECAP(D,G)
CALL DECAP(Y,G)
CALL DECAP(Z,06)
PRINT 921

y21 FORMAT(/14H DENOMINATOR D/)
CALL PWRITE(OUT L)
CaLL PERASE (D)
PRINT 922

ypp FQORMAT(/22H PARTICULAR <OLUTION Y)
CALL MWRITE(OUT,Y)
CALL MERASE(Y)

23 IF (Z.EQ.u) GO TO 25
PRINT 923

423 FORMAT(/19H NULL SPACE BASIS 2)
CALL MWRITE(OQUT,Z)
CALL MERASE(2)
Go TO S0

25 PRINT 925

yes  FORMAT(22H NULL SPACE IS TRIVIAL)
GO TO 549

26 PRINT 926
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926  FORMAT(/1bH DOES NOT ExIST)
GO TO 50
30 PRINT 930
430 FORMAT(//15H MATRIx INVERSE)
X=MIMV(C)
IF (X, EQ.0) GO TO 2¢
CALL DECAP(D,X)
CALL DFCAP (Y, X)
PRINT 931
431 FORMAT (/25 DETERMINANT D (+ OR <=)/)
CALL PWRITE(OUT,D)
CALL PERASE (D)
PRINT 932
Y32 FORMAT(/19H ADJOINT Y (+ OR =))
CALL MWRITE(OUT,Y)
CALL MERASE (Y)

GO TO 50

40 Z=ZNULSP(C)
GO TO 23

hu CALL MERASE(C)
GO TO 1

o0 CALL ERLA(PRIME)
CALL ERASE(SYMLST)
L=LFNGTH(AVAIL)
PRINT 960, L

960 FORMAT(//1eH LENGTH(AVATL) =018)
STOP
END
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Matrix Input/Output Proarams

INTFGER FUNCTTON MREAD (U, MoN)
INTEGER AptsColedemoNeU
INTEGER TNV JHREAD
A=(
DO 4 I=1.mMm
B=0
Do 3 J=1eN
C=pREAD (L))
LF (C,EGe,=1) GO TO &
IF (C,Fh,=2) GO TO 6
B=pFL(C»,B)
4 A=PFL (INV(B) M)
MREAND=INV(A)
RETURN
5 PRINT 9n% ,I,J
90% FORMAT(/10H EOF AT A(eIu,iH,oI4e1H))
STOP
6 PRINT 906 ,1¢J
90c FORMAT(/20H SYNTAX FRROR FOR ACyTtylHy o1, 1H))
STOP
END

[N

SUBROUTINE MWRITE(yUsA)
INTEGER ApBeColoMeT U
INTEGER LENGIH
M=LEMGTH(A)
T=A
Izo

2 I=1+1
WRITE (Up,901) I

901 FORMAT(/4H ROW,14/)
CALL ADV(B,T)

3 CALL ADVI(C,8)
CALL PWRITE(U.C)
IF (B.NE,0) GO TC 3
IF (T.NE,u) 60 TO 2
RETURN
END
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Test Program Qutput

CASF MU 1
TiE 5 BY BOINPOLT MATRIX
ROwi 1

(=L13X kgD P IXRFI+L X k¥ 2=~ L Xk k1 =RX Xk {))
(=2Xexh+ ]l Xkkl+TOXKk kD=7 X kx24I X k¥ 14 L UXF*()
(+7XxkE=1 2%k xS +5X ok ke 3+ TXH k2 4 ORFF L+ X k¥ 1))
(+ 7Y kx5=1 4 XkkH+ 12X+ 4B+ 2 Xk k2N kx4 | 4 X 2% U)
(+1XokEh=1 Ak +TX k4 B+ T X bk ] IX R+ 14X k%)

Rouw 2

(=OXkky+ 12Xk I=I3Xk#2=9X ekl +UN%*{)
(=12X#%541 1X k¥ U+ k% F3=B8Xxx2+12X %))
(+1UX%4D=12XkFU=LGX 3k 3= ] Xk 2 4+OXF R L= Xk % ()
(415X %D+ 3 X k404Xt 3mp Xk 22Xk L +4X%%0)
(15X kB4 TXEEG+ORKRI+ I DA kA D I DXk u ] =9N k% Ui )

Row 3

(= TXkkB=1 ] Xkk4+ LI X% kB3+3Xkk 1 4+L0X k%] )
(+5Xk%5=1 ] X#k4+LIXF* 5=OX %2 =5X K k] +8X*E%()
(=] 3X &k Do Xk b OX k313X ek ] +15XE%(0)
(415X D=L UXF*U=GX k¥ 2=1UXkx1+1X%%()
(=8Xxkb+ 12Xk 4+ Uk FHLUX R K2+ 2X ¥ %1 +3X*%0))

Row 4

(+LI XD T XA =B k4 5= LAk D2l Xk k1= SX K% D)
(X xAGTTXERY~OXkk 2= 2 Xk k=] 3Xk*()

(+ k=1 2 Xkd e L Xk k Fm DXk 2 Xk ke J ety XK U )
(+1 1 X3k D=1OXKFULLU X kR BF=LOX k% 24+ T X% 1 +5X k%0
(=1 1X&xkD+12XKKRU+L1 0¥ kI=IXkk2+3 1 X4 % 1)

ROw o)

(+1XXREFESXEXYFIXNKE 2+ TX%¥])
(=L0X*%xD+EXkkh=2Xkk2=TX ¥ ]=TX%%¥])
(+1UXEA5+ 12X E*U42X 4%k 5=OX ¥k 2+ 3X k%) +3X¥%()
(+10X5%D+0X ek +LIXx k34 1Ok 2+ kx L +1 Xk l})
(=5XkxH=FXkkG+ T Xkk3+IX k%21 I Xk 14 LXR¥%0)

DETEFRMINANT D

(+1317513Xk420=13 5 488X kw2l 40, 7T I33UX*%23=4, 8712 ¥ %% 02+69UUS1 X xx21=302T783
Tx*x20=1726R8679XKx%x 19427071 738X ¥k 1d-41H8UT9604X k41 7+3224836X ¥ 164871 768D X k%
15=2539973UX¥*¥1U+3,;99302X%x13+18074812X*%]12=1801567Xk k%1 1+25341053Xxx10+2
5631958X+%941 3575937 Xx%x8+191525605X k% 7+3900704X4 x6=15278 15X+ %5 +:51 547 X k%l
wlh 3OBYET X%k F=L 7011 76X4%24+86TE08X %% 1=18294 3X%%())
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CAbr “() o 2

THE 5 By o INPYT MATKHIX

ROW |

{(+oX%x34+ 1 2Xx%2=12X k%1 =UX2%()
(+3XF%x3+1OXEK2+LEX 4%k 1+ TXk%())
(=7X®x3=1]1 X%+ 11Xs%])

(+ 13X %% F3=OXekd=BX 4+ 1+UX%%()
{4+ L3X*234+1HXKF2+5X %1 =11 X%%0)
(=13X %k 3mpy X k=0 X %%k 1)

Row £

(=5% ko= Xkl +lXkx0)

(+2Y k2 3+ ¥ 2+ 10X %k1=] 0Xx%x0)
(=8Y2 3+ ] 2A%kl+4 Xk 14+10X%%0)
(=8XkxZm] HX ks 2=l X dx]l=BX%k%())
(=2Xkk3=13Xk%k2+ L1 Xk%k1+T7Xk%0)
(+3X%k634+T7X%%2=OX%k%ky)

RO 3

(= IXHAZ=2 Xk k2= Kk k] =5 A%%k()
(+7Xkx3+5X%42+IXk%X]=12X*%()
(+1 T X%k D= [ HXEE2H 1L X kXLl OXK%()
(+10Xk%3=9xXxkZ+11A%%1)
(+7X%e3=11X%x1+12X%%0)

(41X R EZHHXxE2+AXEX(0)

LinNFEAR SYSTEM SOLUTTION (NN = 5
DEJOMINATOK D

P TR2X kX1 =226UX%%(0 )

PARTICULAR SOLUTION v
ROW 1

(=127UX%k%9=17 71Xk B=2U0 73Xk T+ THOTAEROF2DBEX k%D +05 14X %%k Y=G20X % $3-801Xxx2 4+
1992 X %% 1)

ROw e

(+121X%¥0=b DX Xk BaPp 0 X% T=092X b %6+ 40X A 2545200 X x4 +31B83Xx%xI4+2 724 X %*x2+130
2X%%1)

ROW 3

(=lUOXKKDm2T 1Ak ¥ EB+H0 X%k * T+ 1852 X ko + 20737 %45=00X k4314 X% 33301 Xxx2+2793
Xak1+2034x%%x0)
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RO w 1.

+0

R()W L)

+U

NUL.L SPACE BASIS 7

ROw 1

(415700 %9+25DAXk A+ 00X kb Tl P3G x4 4O+ 72U TX %5141k %L B3OO5X 63 34+ 3062 Xkt
2=2860x¥x1+1410Xx%x,)

(+110N8Xkx9+30 1 DXk 4832 T Xk k T=TLHUUX ¥ 46=OT B ¥k kB 11 63X kU +1 27 50X b kBmbHB26 Xk
¥2+764EXxx1=1U90X%x+0 )¢

ROw 2

(+$112X4%9=1ABX«xB+LAUOX*xT+13U0X4 46 +B 00Xk B4U220 X k4 b=3601 X+ k34 2066Xx%2=]
52 7X%%]1=T77iXx*0)

(+3222 %%k 94499 X%k B+ 225 LX ¥4 7+ 3062 X x40="90 4 Xk kBmn 002X k=l QU X*k3=T7104X k%245
0SLXx%x1+2150X*%0)

ROW 3

(+5N6HXHKF+2T16UX* %84 3990X 4% THU13BX5¥0+1BIXk%6B4+BA2TX kA YB=DOX* %34+ 260X X244
09 X%%]1+219X%*()

(+2ﬂ0>\**9+11&5{\)X**H+1728X**7—1\051x«*b—j097x**5+3305><**4+1ﬂngx b B30 12N %%
2=H1609X**1+67 /X 4,%x())

ROW 4

(=478XA%*k9=101O0X ¥kl UUOX4kT+1BUSXA0+0H0I N 4k BwD 725Xk kY +500P ok 5 3=2 (01 Xk D
F¥27A2Xx%1+226UX*x%0)

+0

ROw 5

+0

(=4 78Xx%9= 010X ¥kB8=1HUEX+%T+13USX£*B+0609X ¥ k5= 725X k¥4 450U SXkk3=2N01 Xk
+2T7B2X*x%]1+226UXx%x0"
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CASFE Qo 3

THe Loy DOINPYUT SATRIX

Row 1

(=OXH %2+ % 1=10X%kx0)
(=oX*%2=10xk%L=1X%%0)
(=1IXkp 24 UXk*1l=6Xk%()
(=10X*%x24+ L UXE¥1+9Xk%()
(43X ko + ] xxwl+7 Xk )

ROvi e

(=OX k24 Xkx]1 +11Xk%0)
(=10X%32=4Xxxl+15xi%ky)
(+12X%22+8X%kxl=13x%%Q)
(+1X*%1+5x%%0)
(+4Xx%())

RO, 3

(+4X k%2 +3X¥21=12X%%0)
(+7XA %2+ 1 HXxk L=8Xx%0)
(= SXAN2+TXEEL=3X%%()
(=1 1X%%2+ 1 HX%x¥1=10X%%U)
(+2X %62+ X% ] +AXK%,,)

RO, 4

(=11 X%%x24+9X%xl=7X2%0)
(=15X%=k2~5X%%l)
(+1X#%2+10X%%xL412X5%()
(+15X#%2+8X+xL+15X.%0)
(+3XHE0+Q0 k% 1= 3X&kxy )
ROwW H

(=OX k248 X kK1 =OXKK )
(+0Xkx2+ L AX ok l=FXx%0)
(=5X%%ko+ 1 3XxkU)
(+12X%n2+12Xxk14+11X%k%(0)
(=11X%k2=10XE* 1=8X%%{)
MATRIX INVERSE
DETFRMINANT D (4 O =)

(+1060808Xx%x10=2106701Xx%0=2 0 3U3X4x¥B8+3218301 X% 7=16HTH2UXx+6=]727090X%%Y
+901205X4x44+3390663Xx%3+42171211 X442+ 7H1912X%x%14131892X%%0)

ADJOINT Y (4 VR =)

ROw 1
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(= 2hBLHEXk4B+0 TABIX+ ¥ T+ 21093 3BX 4 +¥H 4w U X ARL= ] 1 26k k=690 TEXH % F=p ] 93Xk # D
1053241+ 1564A%%()

(+19208Xk k841 U215 444 7+35263Xx*6+5Y1POX KRG+ 1OUROX ¥k U+19P60BX k% F3+934 12X %
%2=-25540X%*1~0768X*%()

(+3R9I0X 4 %xB+3U26IX4 % T=60294X*#E+380LOX¥*¥5465T702 ¥k U=62U4TEX*%3=122762X%k%2
=71552X*%%1=-9576X%x%x,,)

(+11006Xxx8+1839X x4 T=07276X4%k6=151209Xx* 51 3040 3Xxxb=4U455Xx%3+49061 X%+
528ANAx%14+T7148X%%0)

(«Q020x¥+8+8151 X% T7+90009Xk%p=0651 00X 4 xD=7Uy 34+ 4+60THUXF %2419 2X%¥2=018
Oyx*xi=1550UX*%U)

ROwW e

(+39057X%48=1DU87 A+ ¥ T=68383X*«0+05L 16X XD 406602V Ax4=TT7 115Xt *Fm b1 93X Kk D e
U3212x%%1=10211X%x% ;)

(=408 76X ex8=1DA18X+*7+3UA2 TN+ kbH+85I LN %% =7R900X x4 U 4B 0IRTHN %34+ 22280X k%247
S468X*%x1+1621 7X*%%()

(=ph2Y9 1 X %x3=20R60X % 7+1UL53UX k%0 ] HYORX ¥ e QU IX R U+3651 0N 341203830 %%
2HBTHE3X %k 14+1DT5H8X+%0)

(=2N721Xx %6544 921UX 2% T+10B00X3 %6=T 16X *5 442230 X ¥ U=LU3UX 4+ 342922 Xk %k 2=
3994 X %1+ 581 x*%0)

(#1NT7U1 X% %xB=54BIGX**T+12510XxkbH+617HOXK*¥O-UBISUN ¥k =295 X kX F=ly HE0IXX X245
696X k%1 +1u7RIX%%())

ROW 3

(¢ 12008XkkB+5L035Xx+%7+12300Xk*6+4 3381 X4%B500032 1 vkkl=163480X k% 3l 33LBON 4%
2=52798X%%1=11538x%%0)
(«10712X548=-118762x%%7+109462X*%p=25711X%45=480u3Xk%U4=T7076NXkx3=11680% %%
247070UX*%1+46070X%k%y)
(=26000X4kx8=1U0928X%%7+837HTX5%xb6=31573IX$¥D0UBIUNEkY=12T730X+%F3443981X%xD¢
29158X %k 149024 X*%()
(=BOOOX*E+x8+37DAUX.4T=1965]1 X4 k6=107873Xk*54 10486 *%x4+1100B7 X %%34+130576X %%
2452690X%x14130T70X+%0)

(+18LUXRx+250H8X k¢ 7+12074X 46330 15Xx%kDh=2H00 ] X ¢ ¥ UBaB1416X 44 3oy 266X k#2m=]
024NX*x1=2938X%%0)

ROW 4

(+7869X¥%8+19U26Xk+T+56194 X xx6=8T73608Xx3D=4T7299X+ x4+ 1270803 X34+ 7361 TXEx24
3UTTLA$®X]L+H867X%k%(0)

(=1U700XexB34+1UN598X+¥ T=23040Xxk0+25TBEXH54466H3X kel +17752X k34100326 Xt
2=2U 1 X%k L=y 137 X%40)

(=10311XkkH+52256X 4% T=1518Xx46=T72u3X%%kD+326802 ¥+ % U4+30535X x4+ 3424 73X e%2=35
631X kx]1=T378X*%U)
(=721Xx*8=T1398X%k%7=8102X*%6+59T20X%%¥5=2070UXx*u+A286X%4R=396]1aXx%x2+1516
5X*k1+2155X%xl)

(42197 X% 8=6329X%xxT=385U4 X% 46+50 704X x%H=0U9] TXok*u=20093X % ¥ 34150499X %% 2=6(
66Xk -D121X%*0)

ROw 5

(+53326X4%B=82095X4%T7=58040X4%6+157297 X k5=54 037X ¥%U+6]1338X4%3.430704A%%2
=1 2807Xk%k1=6970X*x%x()

(=5HE6H00X%x84+BI3T I X+ % T+HU482 I Xk kb=1516TOX ¥k 4137681 X kkL=52076Xxx3+1 310351
#24 12741 X xx1+31T0OXR%0)
(=8827UX%%x3+32318X4%7+122558Xx%k6=14094BX*x5=TO1x%x%x4+71001 X+ %34+118960X&%x2
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10952 Xk k] +H7Y2X k& )

(=20830X% £8=bH 022X+ 4 T+905U X+ 4A+6 /0 1AXH %5 1 HBTULXE 349220 X4 2342921 TX k424
HAUEIXEX L+ IRGIBX %%y )

(+7342X*%%8466V51 X2 T=123755X%%6+1 7001 X4*¥H4 1901 GO ksl LAZN2E Xk k 34U 5 3T Xtk
2=01921 Xk x1=19970X%x%()

LENGTH (AVALL) = 5000
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30

31
32
40

59
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FORTRAN PROGRAM LISTINGS

INTEGER FUNCTION CBDET(A)
IMTEGER A8, Cs0yJsKyebl MU
IMTEGER ICOMP,IFACT,1PRIU,LENGTH:PFA, PNORMF
3=A

M=LENGTH(B)

J=PFA(2,0)

CALL ADV(C,4B)

K=0

CALL ADV(D,C)

L=PNORMF(D)

U=TCOMP L 4K)

IF (U.NE. 1) GG TC 31

CALL ERLALIK)

K=L

GU TO 32

CALL CRLA(L)

[F (C.NE.O) GC TO 390
L=IPROD(JK)

CALL ERLACY

CatL ERLA(K)

J=L

[F {(B.NE.O) GO TO 20
K=IFACT (M)
CBRET=IPRODIK ,J)

CALL ERLA(K)

CALL ERLAC(J)

RETURN

END

INTEGER FUNCTIUN CRENIP,A)
INTEGER Ayl s BPPy DBy FyGyHy 1P, T,V
IMTEGER CDIF,CPRGNDy CRECIP,FIRSTy INV,PFL,TATIL
BP=A

D=1

=0

BPP=RP

3P=0

CALL DECAPI(F, BPP)

CALL ODCCAPLE, )

[F (E.NE.Q) GC TO 4

IF (FoNE.Q) BP=PIL(F,LEP)

[=1+1

IF (BPP.NELLD) GU TU 3

CNET=0

CALL MCPERL(BP)

RETURN

D=CPRUOLIP ,E, D)
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IF (F.EQ.0) GC TG 8
E=CRECIP({P,E)

G=F

CALL ALTERICPROD(PyE,TFIRST{GH)y0)
G=TAIL(G)

IF (GoNE.C) GC TG 5
IF (BPP.EQ.OY GO TO 8
CALL DECAP(G, BPP)
CALL DFCAP(J;G)
BP=PFLIG, )

IT (U.EC.C) GO TO 6
H=F

T=CDIF(Py, FIRST(G)yCPRELD(PyU,FTRST(H)))
CALL ALTER(T 45)
G=TAIL(%)

H=TALIL(H)

IF (G.NE.0) GG TO 7
GO TO 6

CALL ERLA(F)
BP=INV{EP)

IF (BP.NE.Q) GO TO 2
U=g

CALL GR(U,I,2)

IF (1.EG.1) L=P-D
CDET=D

RETURN

END

INTEGER FUNCTION CPLET(PP,AA)
INTEGER A,AA, ASTAR;B,D,DP DSTARyEyH 1 sJsMyP PPy RET5,T5U
TNTEGER CODET ; CULF3CPDEGyCPINT+CPFRUD, DBRREZLENGTH,MCPEVL s MCPRY
INTEGER MZERU,PFA

A=AA

p=pp

RET=1

50 T0 10

CPDLET=D

RETURN

IF (MZERC(A).2Q.0) GU Tu 11
D=0

CALL MCPERS(A)

GU TO (1,51), R&T

S=MLPIV(A)

IF (S.6T.0) GO TU 30
D=CDET(PsA)

GO TG (1,51) s RET

H=0

M=LENGTH( A)

J=0

DO 21 I=1,M

J=PFA(M+]1 -1, J)

B=DBRRE (J,A)

CALL ERLALJ)
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41

42
50

51

60

70

10
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[=0
E=PFA{O0,PFA(1,0)]}
D=0
IF (I.LT.P) GC TU 42
PRINT 41
FURMAT(521 ELEMENTS OF GR(P) FXIHAUSTER. ALGURITHM CPDET FAILS.)
STUP
ASTAR=MCPEVL (P, A, I,45)
CALL STATK3{A5,1)
CALL STACKS(D,Es«B)
CALL STACKZ2(HZRET)
RET=2
A=ASTAR
GO TO 10
DSTAR=D
CALL UNSTKZ{H,,RET)
CALL UNSTK3{(D,E,B)
CALL UNSTK3(ALS,1)
1F (DSTARLNE D) H=1
IF {(HeFQ.0Q) GO TC T7CQ
DP:C,PINT( PDDY lyUbTAD\pgpb)
CALLL CPERAS(ID)
IF (SeGT.1) CALL CPERAS(DSTAR)
D=0DP
I1F (CPDEG(E) .NE.B) GO TO BOQ
CALL MCPERS(A)
CaLt ERLA(E)
50 TO (1:51) s RET
T=PFA(L,PFA{Y, ,PFA(CDIF(P,0,1),0)))
U=CLPPROD(P,T 3 E)
CALL CPERASIT)
CALL CPERAS(E)
E=U
=[+1
GO Tu 40
END

INTEGER FUNCTIUON CPRREL(P,CC)

INTEGER AsBy CyClyCSTAR D, OP OSTAR EZ Py Hy I3 ISTAR I USTAR N, P
INTEGER RSyRET JRSTAR Sy TyUypV VP VSTARy Wy WSTAR, Z5 2P

INTEGER CDIF, CPDEG,CPDIF,CPINT,CPNEG,CPPROD,CRRE,,DBRRE,FIRST
INTEGER LENGTH,MCPER,MCPEVL,MCPINT ,MCPMPY,MCPNV,MTRAN,M.ZCON
[INTEGER MZERD ,;NULCUNsPFA,PFL,VCUMP

C=CC

RET=1

GO TO 10

CPRRE=W

RETURN

S=MCPNV (L)

IF (S.6T.0) GC Ty 20

W=CRRE(P,C)

GO TU (1,41), RET

R=0



40

41

10

71

50

84

P
0
A-

i

1

F lA.GLE.0) GO
PKINM 31
FORMAT{22H ELEMENTS OF
STUP

CSTAR=NMCPEVL (P3CA4S)
I[F (MZERD(CSTAR).EC.Q)
CAatl MCPERS(CSTAR)

GO Tu 30

CALL STACK3(C,5,M)

CALL STACK3(RsI,J)

CALL STACK3{(D,VsE)

CALL STACK3(R,8,RET)
C=CSTAR

RET=2

G0 70 17

WSTAR=W

CALL UNSTK3I(H,B¢RET)
CALL UNSTK3(R;1,4)

CALL UNSTK3(C,:5,A)

CALL DzCAP(JSTARZWSTAR)
CALL DECAP(ISTAR,WSTAR)
CALL DECAP(DSTAR,WSTAR)
CALL DECAPIVSTAR;ASTAR)
RSTAR=LENGTH ( J5TAR)

IF (RSTAR-R) 60,351, 70
IF (VCCMP (USTAR,J)) 70,552,650

IF (VCOMP (ISTAR,I)Y) T70,53,60

CALL ERLA(JSTAR)

CALL ERLACISTAR)

50 T 80

CALL ERLA(JSTAR)

CALL ERLA(ISTAR)

IF (VSTAR.NE.OQ) CALL MCPERS(VSTAR)
[F ($.5T.1) CALL CPERAS(DSTAR)

GO TO 30

IF (R.EC.O)
CALL ERLA (D)
CALL ERLALD)
CALL CPERAS(D)

[F (V.NE.O) CALL MCPERS(V)
CALL CPERAS(E)

R=RSTAR

J=JSTAR

[=1STAR

D=0

V=0

IF (VSTAR.NE.O) V=MZCUN(YSTAR)
E=PFALO,PFA(L1,0))
DP=CPINT(P,D, A, OSTAR,E,S)

IF (S.5Te1) CALL CPFRAS(DSTAR)
IF (V.EQC.0) LU TC 61

A
H
A
[ Ty 32

GF(P) EXHAUSTTL.

G TO 40

GO Tu 71

ALGORITHM CPRRE FAILS.)




90

91

100

101

110
120
132

140
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VP=MOPTIRT (P, VA, VETARGESS)
MCPEPS(VSTAR)
T=PFA(LPFALL ,PFALCDIT(Ps23A) D) ))
EP=CPPRCENO(F, T,E)

CAL

CAL

L

L

CPERAS(IT)

CALL CPERAS(E)

E=t
1F

P
(ti

OECOO) (7G

CALL CPERAS(CUL)

D=0
IF

P

(v

LEGa0) GO

CALL MCPLRS(V)

V=V
GO

p
TuU

120

T0

e

T=CPULF(P,0L, DP)
CALL CPERASID)

D=D
Uu=1
IF

CAL
V=V
IF

p
(v
L

p
(U

90

120

sEC.0) GO TO 91
U=sMCPEQIP 3V VP)

MCPERS(V

e FEdal o AN

CALL CPERAS(T)
GO T0 30
N=LENGTHI{FIRST(C))
«NELN) GC TG 101

IF
H=1

(R

GO TU 110

UP=CPNEG(2,D)
Z=NULCON{N,J,0P,V)
IP=MTRAN(Z)
T=MCPMPY(P4C,2P)
U=MZERU(T)

CAL

L

MCPERSIZP

Do

)

CALL CPERASIDP)

CAaL

L

MCPERSIZ)

CALL MCPERS(T)

IF
H=1

(U

sEG.0) GU

B=DBERRE (J+C)
(CPUES(E) « LEoB) 6L

IF
CAL

L

CPERASIF)

CALL MCPERS(C)
W=PFL(JsPFLIT PFLID,PFLIV,0))))

GO
END

TO

(ly41),

TG

RET

T.EQs

30

0) GO TO 100

TO 30
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INTZGER FUNCTION CRRE(P,A)

INTEGER AB, BO,BPP, D, T FeGyHyHBu, I 10, PPy Ky MyN,P

INT'L'GER SyfyU,Vy'v")Xy/_

INTEGER CDIF s CUNCSCPRUDZCRECTIP,FINST, INVyLENHGTH,PFA,PFL,,TALL
L DP=A

M=LENGTHBP)

M=LENGTH{FIRST(BP))

1=0
J=0
D=1
V=0
3=0
1P=0
DU 11 K=1,M
U=M+1-K
11 [P=PFA(U, IP)
7=0
20 l=7+1
BPP=BP
BP=0
[pP=1P
[P=0

EXY CALL DECAP(F,BPP)
CALL DzCAP(E,F)
CALL DECAP(K,1IPP)
[F (E.NE.QO) GC TO 40
[P=PFA(K, IP)
IF (FoNE.O) BP=PFL(F,BP)
IF (BPP.NE.O) GO TO 30
GO Tu 80

40 D=CPROD(P sEs D)
J=PFA(LZ,J)
[=PFA(K,I)
B=PFL{F,{B)
IF (F.EGC.0) GO TQ 80
E=CRECIP(P,E)

G=F
50 CALL ALTER(CPRODIP,E,F1 STIG))s6)
G=TAILLG)

IF {G.NE.O) GC TO 50
6y IF (BPP.EC.0) GU TU 60
CALL DECAPI{G,BPP)
caLt DECAPU,G)
BP=PFL(G, BP)
I (U.EGe0) GC TG 66
H=F
[y T=CULF(Py FIRSTIG),CPRGN(P,U,FIRSTI(H)))
CALL ALTERI(T,G)
G=TAITLA{G)
H=TALL(H)
IF (G.NE.O) GO TOQ 70
GU 10 60
g0 BP=INV(BP)
IP=CONC(INV{IP),IPP)
IF (8P.NE.Q) GO TO 20
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I=CONCCINV(T ) IP)
IV (BPP.NE.O) CALL CRASLALPPP)
90 IF (B.NE.O) GC TC 91
U=V
V=0
Gu Tu 150
91 CALL DECAP(H,B)
H=TINV{H)
HBAR=0
M=Q
=N
L=.J
LOO  IF (H.EQ.0) GU TG 11w
CALL DECAP(J,H)
K=FIRST (L)
IF (Z.NE.K) GC TC 191
M=PFA{U M)

L=TALL(L)

GO TG 102
101 HBAR=PFA(U,HBAR)
102 ZI=7-1

GO Tu 1G0
110 7T=V

HBAR=INV(HBAR

120 IF (M.EQ.0) GC TG 140
CALL DECAP(U, M)
IF (T.EC.0) GC TO 120
CALL ADVI(S,T)
H=HPAR

130 IF (S.EQ.0) GU TU 120
CALL ADVIX,5)
W=F IRST (H)
w=CDIF{ Py W,CPRO{‘(P.U,X) )
CAaLL ALTER(W,H)
H=TAIL(H)
GO TG 130

14 IF {HBAR.NE.Q) V=PFLIHBAR,V)
GO Tu 98§

152 IF (U.Ew.0Q) GU TO 170
CALL DECAP(T ,U)
5=0

160 CALL DECAP(E ,T)
G=CPROU(P 4Dy E)
S=PFALG,S)
IF (T.NE.O) GO TO 160
V=PFLA{S,V)
GO0 Tu 150

170 V=INV(V)
J=INV(J)
CRRE=PFLUJ,PFLUTI,PFA(D,PFLIV,0))))
RETURN
END
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INTFEGER FUNCTION DBRRE{JLC)

INT:C(‘)ER C'.‘)r[)FrGy-i’%nyJ:KyLyr,U,X,Y

INTEGER CPOIGFIRST yMTRAL,PFA,TATL
10 X=MTRAN(L)

— TR
T T R TR T
QOO0 . x

20 [F (Y.EQ.Q) GC TC 50
CALL ADVI(UsY)
[=1+1}
IF (K.EW.0) GO TO 40
IF (I.NE.FIRST(K)) GO T0O 40
G=0
30 CALL ADV(T,J)
IF (T.EC.Q) GO TU 31
D=CPDEGI(T)
IF (D.GT.GC) G=D
31 IF (U.NE.Q) GC TGO 20
L=PFA(G L)
K=TATL(K)
GU TO 20
40 CALL ADV(T,J)
IF (T.£Q.0) GO TC 41
D=CPDEG(T)
IF (D.GT.F) F=0
41 IF (U.NF.0) GO TC 4Q
GO TO 20
5( CALL DECAP{(D,L)
E=£+D
IF (DalT0G) 6=D
IF (L.NE.Q) GO TC 50
60 DBRRE=E
H'-:F”G
IF (H.GT.0Q) DBRRKE=DERRE+H
CALL MCPERS(X)
RETURN
END

INTEGER FUNCTION MCMPY(P,A,B)

INTEGER A33, C303EBsPsReSyTeViWeXyY

INTEGER CINV, CPRUD, CSUMZFIRSTyPFASPFL,TAILL
1 X=CINV(A)

Y=CINV(g)

C=0

V=X

OF:)

L ADVIR,V)

1A

L
N=0
W=Y
3 S$=R
caL

L ADVITW)
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£=0
E-CSUM{P,E,CPROD{P,FIRST{S),FIRST{ 1)}
S=Tafues)

T=TALLLT)

IF (5«.NE.Q) GC TC &
D=PFA(E D)

IF {(W.NE.O) GC TU 3
C=PFL{D,C)

IF (V.NE.O) GO TO 2
CALL ERASE(X)

CALL ERASFE({Y)
MCMPY=C

RETURN

END

INTEGER FUNCTION MCPEVLIP;A,B4S)
INTEGER Ayt CabePySyUpWeX
INTEGER LPev AL, INVyPFA;PFL
X=A

C=0

CALL ADV{W,X)

D=0

CALL ADV(UyA)

IF (UNET) U=sCPEVAL(P,U,B)
1F (SaEOnl) [):PFA(U'D)

IF (S.NE.1) T=PFLIU,D)

IF (W.NE.O) GL TC 3
C=PFLUINV (D) ,C)

IF (X.NE.O) GC TQ 2
MCPEVL=INVIC)

RETURN

END

INTEGER FUNCTICN MCPEQ(P,A,B)
INTEGER AyB,CyPsSyT XY
INTEGER CPOUFFIRST,,TAIL

X=A

Y=08

CALL ADV{S,X)

CALL ADV(T,Y)
C=CPDIF(P,FIRST(S),,FIRST(T)})
[F (C.NE-O) GG TO 4
S=TALLL(S)

T=TATL(T)

[F {(S.NE.Q) GG TO 3

[F (X.ME.Q) GC TQ 2

MLPER=1

RETURN

CALL CPERAS(C)

'.(J PE(;.—.O

RETURN

END



NG -

31

ro

tad

4

90

SUBROJUTING MUPERS(A)
INTEGER Ay Ly, T
INTLGER COUNT FIRST,TYPL
T=TYPe(FI2uT {A))

IF (AefG0) RITURN
K=CUOUNT (A ) -1}

IF (KoeEGQaO) GG TU 21
CabLl SCUCUNTIK,A)

RETURN

CALL UECAP(B, A)
K=COUNT (B )~1

IFf (Ko2GQa0) GC TG 31
CALL SCCUNT{K ,13)

GO TuU 2

CALL DECAPI(C,;8)

IF (T.ELa 1) CALL CPFERASI(C)
IF (B.NE.O) GC TG 3

GO Tu 2

END

INTEGER FUNGTIUN MCPINTUIP Ay B:CeD3S)
INTEGER AgBy Cy0D9EsF sHeP3SsTyUsVilsXyY
INTEGER CPINT,,INVy,PFL

X=A

Y=C

H=0

CALL ADV(W,yX)

CALL ADV(T,Y)

£=0

CALL ADV{U4)

CALL ADVIV,T)

F:CP[NT (P 1Uy BstDpS)

E=PFL(FE)

IF (W.NE.O) GO Tu 3

H=PFL(INY (E) , H)

IF (X.NE.0Q) GC TO 2

MCPINT=INVI(H)

RETURMN

END

INTEGER FUNCTION MCPMDB(A,B)
INTEGER AoBs b yReSyTsUsVelWeXsY el
INTEGER CPDLLG

X=A

Y=8

=0

CALL ADV(R,X)

W=Y

5=R

CALL ADY{(T , W)

CALL ADV(U.S)




91
10

20

3¢

31
32

50
51
52

60

91

CALL abDv{v,T)

IT (UeBUW.0 . 1i%s VoEGaT)Y GU TG 5
E=CPDeG U} +CPLEGIV)

IF (E.GTe7) 7=0

IF (S.KE.0) GO TU 4

IF (WenEe0) GO TG 3

[F (KaNE.O) GO TE 2

MCPMDB=17

RETURN

END

THTEGER FUNCTIUN MCPAPY (P, AA,BB)

ITNTEGER A3 ARy ASTAR B BB BSTARZCyUPy COTAR 3D €3 Ly s Kyt 3?3 Q3 RET,Sy N
IMTEGER IDIF, CPPRODZFIRSTHLENGTRHyMCNMPY MOPEVLyMCP INT MOCPMDB

INTEGER MOCPNV  MZEROWPFA,PFL,TYPL
A=A4A

B=BHu

RET=1

GO T0 10

MCPMPY=C

RETURN

M=LENGTHILA)

Q=LENGTH(2)

IF (TYPE(FIRST{A)).NE.O) GO TO 30
C=MCMPY (P ,A;B)

GO Tu 90

C=0

DO 32 1=1,M

0=0

Do 31 J=1,Q

U=PFL(O,4D)

C=PFL(0G,C)

IF (MZERG(A)Y .EC.]l CR. MZERO(B).FQC.1) GC TO 92
S=MCPNV (A)

K=MCPMDE( A,B)

I=0

D=PFA(D,PFA(1,0))

IF (I.LT.P) GC TC 52

PRINT 51

FORMATI(S53H LLEMENTS OF GF(P) EXHAUSTED. ALGORITHM MCPMPY FATLS.

STOP
ASTAR=MCPEVL(P;A4145)
BSTAR=MCPEVL (#,B,1,5)
CALL STACY3(A,8B,C)
CalLl STACKID,1,K)
CALL STATKZ2(SLRET)
A=ASTAR

B=HSTAR

RET=2

GO TO 10

CSTAR=C

ASTAR=A

BSTAR=8

)
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CALL UNSTKZ2(5,PLT)
CALL UNSTK3(D,1+K)
CALL UNSTKI(A,t,C)
CALL MUCPERS(ASTAR)
CALL MCPERSIBSTAR)
TO CP=MCPINT (P, CeTl4CS5TARDN4S)
CALL HMCPERSIC)
CALL MCPENRS(CSTAR)
C=CPp
IF (1.LT.K) GO TCO 80
CALL CPERAS(D)
GO T0 90
80 E=PFA(YLPFALL,PFALCDIF(P;0+1)50)))
W=CPPROD(P3D 4 E)
CALL CPERAS{D)
CALL CPERAS(E)
U=w
I=1+1
GO Tu 50
30 GU TO (91,61) RLT
END

INTEGER FUNCT ION MCPNV(A)
INTEGER A,y8,C,0
INTEGER CPNY, FIRST, TYPE

1 B=A
IF (TYPE(FIRST(EB)).EG.Y) GO TO 2
MCPNV=0
RETURN

2 CALL ANDV(C,8)

3 CaLL ADV(D,C)

IF (D.NE.O) GO TC 4
IF (C.NE.Q) GU TC 3
GO Tu 2

4 MCPNV=CPNVI(D)
RETURN
END

INTEGELR FUNCTION MDIF(AR)
INTECGLR AzBy Cs0sFaF 3 XY
INTEGER FIRST INV.PUIF¢PEL,TATL
1 X=A
Y=8
=0
2 CALL ANDV(EX)
CALL ADVIF,Y)
0n=0
3 D=PPFLIPLIFIFIRST(E)FIRST(F)) D)
E=TATL(E)
F=TAIL(F}

IF (E.NE.O) 6Q TC 3
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C=PFL{INVID),C)

IF (X.NE.O0) GU TU Z
MODTE=INV(C)

RETUN

END

INTEGER FUNITIUN MEQ(A,)
INTEGER AyﬁyCySyTprY
INTEGER FIQST,,PUIF, TAIL
X=A

Y=t

CALL ADVIS,Y)

CALL ADVIT,Y)
C=PDIFIFIRST(S),TIRST(T))
IF (C.NE.O) GC TO 4
S=TAIL{S)

T=TATL{T)

IF (S.NE.Q) GC TO 3
IF (X.NE.Q) GO TO 2
MEQ=1

RETURN

CALL PERASE(C)
MEC=0Q

RETURN

END

SUBRUUT INE MERASLC(A)
INTEGER A9y LK
INTEGER ZGUNT

IF (AEL.O) RETURN
K=COUNT {A)=1

IF (K.EQ.0) GO TO 11
CALL SCUUNT(K,A)
RETURN

CALL DECAP(B,A)
k=COUNT (B) -1

IF (hR.EC.0) GO TC 21
CALL SCUUNT(K ,t)

GU TO 1

CALL DECAP(G,B)

CALL PERASE(C)

IF (bL.NL.O) GU TC 2
GO TO 1

END
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INTEGER FUIXTIUN MGARN(N,RyP,0A,L)
THTEGER ApBy L 3D E L P 3Qy 5, T3 U VXY
INTEGER CPGARN, TNV, Pt L
1 X=1
Y =A
c=0
2 CALL ALV(IS,.X)
CALL ADVI(IT,Y)
D=0
3 CALL ADV(U,S)
CALL ADV(IV,T)
E:CPGARN(C7U1P9V1L)
D=PFL(E,M)
IF (S.NE.O) LU TO 3

4 C=PFL(IMV(D),()

IF (X.NE.O) GC TU 2
5 MGARN=1NV (C)

RETURN

END

INTEGER FUNCTICN MINVIA)
INTEGER AvaI9J1KyL7M9PyR7T1U9VyW1X
INTEGER SURROW, INV,LENGTH MVLIST PFA, PFL,PLES,TAIL
10 T=A
C=9
J=7
P=PFL{]1,0)
M=LENGTH({T)
L=MVLIST(T)
2C IF (Leee.0) GC TC 30
CALL DECARP(V,L)
P:pFL(vaFL(pvppA(°70)))
GO Tu ZO
30 CALL ADVI(U,T)
R=0
J=J+1
40 CALL ADV(IW,V)
R=PFLIBCRRAW (W) 1)
[F {U.NE.D) GO TC 40
50 K=Jd-1
IF (KeECaQ) GC T 52
DO 51 I=1,K
51 R=PFL(Dy2)
32 R=PFL{BURRUWW(P),;R)
K=M—-J
IF (K.EQ.Q) GC TC 54
DO 53 1=]1,K
53 R=PFL{OsR)
54 L=PFLIINY(R),C)
IfF (T.NE.O) GO Tu 30
L= INY(C)
6y Y=PLES{M ()
1F (XK.ELs0) GO 70 70
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T=TAIL(X)

U=sTATLI(T)

CatL SsSuCcClo, 1)

CALL ERASE(U)
10 MIMV=X

CALL PERASE(P)

CALL MERASE(C)

RETURN

END

INTEGER FUNCT ION MMCB(A,B)
[NTE()ER A,H, H,InyK 7L1N)R'51U1V1X1Y
INTEGER FIHST.ILUMP,IPRUU,ISUM,LENGTH,PFA,PFL,PNGRMF,TAIL
10 X=A
Y=B
K=0
N=LENGTHIFIRST(X))
1=0
DO 11 L=1,N
11 I=PFL(O,I)
J=0
DO 12 L=1yN
12 J=PFL(0,J)
290 CALL ADVIR,X)
S=1
30 CALL ADVIUZR)
U=PNUORMF (U)
V=FIRST(S)
H=ICUMP{U ,V)
IF (H.NE.1) GC TT 31
CALL ERLA(V)
CALL ALTER(U,5S)
G0 Tu 32
31 CALL ERLA(U)
32 S=TAILA(S)
IF (S.NE.O) GO TC 30
IF (X.NE.O) GO TC 20
40 CALL ADVI(R,Y)
S=J
50 CALL ADVIUWR)
U=PNUORMF(U)
V=FIRST(S)
H=1COMP (U, V)
IF (HoNE.1) GO TC0 51
CALL ERLAL(V)
CALL ALTER(U,S)
GO T 52
51 CALL ERLA(W)
52 S=TAILL(S)
IF (S.NE.O) GO TC 50
IF (Y.NE.O) GO TU 40
60 CALL Decar(u,l)
CAaltL DECAPIVY,, )
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R=TPROC (U, V)
CaLt ERLACD
CALL LRLA(V)
S=ISUM(K,; )
CALL ERLA(K)
Catl ERLA(R)
K=S

IF (I.NE.D) GO TC 60
U=PFA(Z,0)
V=1PROD (U ,K)
CaLL eRLA{Y)
CALL ERLA({K)
MMCB=V
RETUR!

END

INTEGER FUNCTIUN MMUU(P,4,S)
INTEGER As8yCsPy R3S T4X
INTEGER CPMID,INVePFA,PFL
A=A

B=0

CALL ADVI(TeX)

C=0

CALL ADVI(R,T)
R=CPMOD (P 4 R)

I[F {(5.5Q.0) C=PFA(R,;C)

IF (S.NE.Q) C=PFL{R()

IF {(T.NE.O) GC TQ 3
B=PFL{INv (C) 4B)

IF (X.NE.O) CQ TU 2
MMOD=INV{B)

RETURN

END

INTEGER FUNCTION MMPY(ALA,BB)

INTEGER A AN ASTAR BB, 2P yBSTARZCCPyCSTARs Dy 13 d My P, PRINME
INTeGER 045, T UsV,e/

INTEGER TCUMP,IPRCO LENGTH MOPMPY s MGARN MMCB ¢ MMOE g MTRAN s MVL T ST
INTEGER MZERD PFAPFL

COMMON /TR4/PRIME

A=AN

BP=MTRAN(38)

I=PRIME

M=LENGTH(A)

Q=LENGTHI[ 3P}

C=i

DO 22 1=1,M

D=0

DU 21 Jd=1 .4
D=PFLLO,D)
C=PFL{L,C)
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VaMVLISTEA)

LF {MZERG(A) « ENal o1IR. MZEROIBPIL.EQ.1) GUL T 80
S=LENGTHIV)

1=PFA(1,0)

J=MMCB( A, BP)

IF (Z.NE.O) GC TU 42

PRINT 41

FORMAT{42H LIST OF PRIMES EXHAUSTED. ALGORITHM MMPY FAILS, )
STOP

CALL ADVIP,Z)
ASTAR=MMODI{P 3 A,S)
BSTAR=MMOD(P, BP;S)
CSTAR=MCPMPY ( Py ASTARLZESTAR)
CALL MCPERS{ASTAR)

CALL MCPERS(BSTAR)
CP=MGARN{I,C,P;CSTAR,;V)
CALL MERASE(C)

CALL MCPERS(CSTAR)

c=Cp

T=PFA(P0)

U=TPRODI(I ,T)

CALL CRLALL)

CAaLLl ERLALTY

I=U

IF (ICOMP({I,J)eNELY) GO TO 40
CALL ERASE(V)

CALL ERLALD)

CAaLL ERLALYD)

CALL MERASE(EPR)

MMPY=C

RETURN

END

INTEGER FUNCTIUON MPRUC(A,B)

INTEGER A,B,C Dy EaF GRSy T, VWi XsY

INTEGER CINV,, FIRST, INV,MTRAN,PFL,PPRUD,PSUM, TAIL
X=CINV(A)

Y=INV{MTRAN(E))

C=0

V=X

CALL ADV{R,V)

W=Y

D=0

My N
il

LALL ADVIT W)

A

m
[ 2N aall )

F=PPROD(FIRSTA{S),FIRST(T))
G=PSUM(E, F)

CALL PERASE(E)

CALL PERASE(F)

E=06

S=TATL(S)

T=TAIL(T)
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IF (S.NC.0) 50 TQ 4
D=PFL(E,L)

IF (WeNE.O) GU TC
C=PFLID,C)

I+ (VoNEGO) GU TG
CALL ERASE(X)
CALL ERASE(Y)
MPROUD=C

RETUKN

END

W

nD

INTEGER FUNCTION MSUM(A,DB)
INTEGER AyB3CyDsEpFeXsY

INTEGER FIRST INV,PFLsPSUM,TATIL
X=A

Y=b

c=0

Catl ADVIEX)

CALL ADVIF,yY)

D=0
D=PFL({PSUM(FIRST(E)},FIRST{F))sD])
E=TAIL(E)

F=TAIL(F)

IF (E.NE.O) GO TO 3
C=PFL{INVI(D),C)

IF (X.NE.0) GC 70 2

MSUM=INVI(C)

RETURN

END

INTEGER FUNCTION MTRAN(A)
INTEGER A 4By C o0 Felgl g NyS,T

INTEGER BURRUW,CINVFIRSTyLENGTH,PFA,PFL,TAIL,TYPE

G=CINV(A)

—
—2

C=FIRST(F)
T=TYPE(C)
N=LENGTHI(C)
B=0

DO 15 I=1,N
B=PFL{O,B)
CALL ADV(C,F)
S=B

CALL ADV(D,C)

IF (T<EQ.0) CALL ALTER(PFA(D,FIRST(S)),S)
IF (1.NE.0O) CALL ALTER(PIL(BURROW(D);FIRST(S)),5)
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S=TAIL(S)

If (S.NF.0) GC TC 3
IF (FoeNEsO) GC TG 2
CALL ERASE(G)
MTRAN=B

RETURN

END

INTEGER FUNCTION MVLIST(A)
INTEGER A,08yC X%
INTEGER PVLIST

X=A

CALL ADVI{B4X)

CALL ADV(C,B)

IF (C.NE.O) GO TQ 4
IF (B.NE.OQ) 60 TC 3
GO 10 2
MVLIST=PVLISTIC)
RETURN

END

INTEGER FUNCTICN MZCUGN(A)
IMTEGER A B,y S sUypX
INTEGER INV,PFL,TATIL
B8=0

S=A

CALL ADV(U,5)

X=0

X=PFL(O,X)

U=TAIL(W)

IF (U.NE.O) GO TQO 3
B=PFL{X,B) :
IF (S.NE.©0) 60 TC 2
MZCON=INV (B)

RETURN

END

INTEGER FUNITION MZERU(A)
INTEGER A4XsY

INTEGER FIRST,,TAIL

X=A

MZERU=0

CALL ADVIY,sX)

IF (FIRST(Y).NE.O) RETURN
Y=TAIL(Y)

IF (Y.NE.O) GO TQ 3

1F (X.NE.O) GO TC 2
MZERQO=1

RETURN

FND
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INTEGER FUNCT LN NULCUNINyJsPW)
INTEGER F oyl I3 JsKs Ly Ny PsRy S, Ty UsWaWP,7Z
INTEGER BUORRUW,CINV,CUUNT, INVSLENGTH, PIFL
L=J

WP=CINV W)

R=LENGTH(J)

T=R-LENGTH(W)

IF (TLEG.Q) GO TC 12

OO 11 S=1,1

WP=PFL(0; WP)

WP=INV{WP)

m
|
|
x

> 0

i
-0 mrozZ

L ADVIH,L)

et ped DT i (Y N
1
-‘-
—t

“nu u

(I.5T.N) -:C TG 50
IF (I1.5C.H) GC TC 40
K=K+1

U=0

T=E£-K

IF (T.EC.0) GO TG 32
0O 31 S=1,T
U=PFL(2,U)
U=PFL{BARROW(P),U)
T=K~1

IF (T.Ex.Q) GO TO 34
DG 33 S=1,T
U=PFL({O,U)
Z=PFLU,Z)

GO 10 20

CaLL DECAP(U,;WP)

IF (U.NE.O) CALL SCOUNT(CQUNTI(U)-1,U)
U=INV{CINV{U))
T=E-LENGTHI(U)

IF (TLEC.0) GQ TU 42
0o 41 S=1,T
U=Pre (0 ,u)
I=PFL{U,2)

[F (L.NE.O) CALL ADVIH,L)
6N Tu 20
NULCON=INV (/)

RETURN

END

INTEGER FUNCT IGN NULSP(AA)

THTEGER AsAd; Gyl Gy Ny Ry TyUsV,yYs2

INTEGER BORRUW,FIRST, INV,LENGTH,PFL,PLES
A=AA

T=A

C=0

CALL ADVI(U,T)
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R=0
3C CALl aAnviv,u)
R=PFLIBOEIWIVY,R)
I (UNL.0) L1 TG 20
R=PTLIO,R)
C=PFL INVIR) L)
IF (T.NE.OQO) G 100 20
C=INVI(L)
4G N=LENGTH{FIRST(A))
G=PLES{NyC)
CALL DECAP(D,G)
CALL DLCAP{Y,G)
CALL DECAPL{/Z,46)
CALL PeERASE(D)
CALL MERASE(Y)
CALL MERASE(C)
NULSP=/Z
RETURN
END

INTEGER FUNCTION PDET(AAL)
INTEGER ALAR ASTAR NP 3 USTAR eHes I g oL y Py PRIME,S,ToU,V
INTEGER CBDET yCPUREY,CPCARMICOMP, IPRUDLENGTHMMCL ,MVLIST
INTEGER MZERD,PFA
COMMUN /TR&/ PRIME
A=AA
10 D=0
V=MVLIST(A)
S=LENGTH(V)
J=CBDET (A)
1=PFA(1,:0)
L=PRIMNE
H=0
20 IF (L.NE.O)Y GO TG 22
PRINT 21
21 FURMAT(48H LIST CF PRIMES EXHAUSTED. ALGURITHM PDET FAILS.)
sSTOP
22 CALL ADV(P,L)
ASTAR=MMOD (P 4 A; S
IF (MZERD(ASTAR) . EC.O0) GL TO 30
CALL MCPERS(ASTAR)
ODSTAR=0
GO TU 40
30 DSTAR=CPDETIP,ASTAR)
40 IF (DSTARGNE Q) H=1
IF (H.EQ.0O) GC TL 50
DP=CPGARNI(IsDyPyDSTAR,V)
CALL PERASE(D)
IF (V.NE.O) CALL CPERAS{LSTAR)
D=0P
S0 T=PFA{P;0)
U=TPROD(L ;T)
CaLL ERLAL(IL)
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CALL EPLALD)

I=U

IF (ICOMP{T,J).NE.1) GO TO 20Q
PDOET=D

CALL ERLACD)

CALL ERLACJ)

CALL ERASE(V)

RETURN

END

INTEGER FUNCTION PLES(NN,CC)

INTEGER CyCC9CSTAR7090P,DSTAR7E1EpyGyHgIylSTAR,JyJSTARgKyL;N’NN
INTEGER NPyP, PRIME Ry PSTAR Sy ToUyVy VP g VSTAR Wy WSTAR, Xy Y7420
INTEGER CPOARN;CPRRE,FIRST, INV, IPRODsL ENGTH, MEQ , MGARN,, MMOD
INTEGER MMPY, MVLIST s MZCON,MZERDNULCOMN,PUIFPFA,PFL,PNEG
INTEGER TAIL, vCOMP .
COMMUN /T R4/ PRIME

N=NN

C=CC

X=MVLIST(C)

S=LENGTH(X)

L=PRIME

R=0

IF {L.NE.O) GO TC 22

PRINT 21

FORMAT(49H LIST CF PRIMES EXHAUSTED. ALGORITHM PLES FAILS.)
STQP

CALL AGV(P,L)

CSTAR=MMOD(P sCsS)

IF (MZEROI(CSTAR).cQ.0) GUL TO 30

CALL MCPERS{CSTAR)

GO TO 20

WSTAR=CPRRE(P,CSTAR)

CaLL DECAP(JSTAR,WSTAFR)

CALL DCCAP{ISTARGWSTAR)

CALL DECAP(DSTARZWSTAPR)

CALL DECAP(VSTAR WSTAR)

RSTAR=LENGTH{ JSTAR)

IF (RSTAR-1) 504341560

IF (VCOMP (JSTAK,J)) €£04540950

TF (VCOHP LIS TAR,T)) 600445, 50

CALL ERLA(ISTAR)

CALL LRLACISTAR)

Gt TU 70

CAtL CRLA(JSTAR)

CaLL ERLAC(CISTAR)

IFf (X.NE.O) CALL CPERAS(USTAR)

IF (VSTAR.NE.Q) CALL MUPERS(VSTAR)

GU T0 20

IF R.EQ.O0) 60 TU 61

CALL ERLALY)

CALL ERLALL)

CALL PERASE(D)
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If (V.NE.QO) CALL MERASUL(V)
CALL ERLAC(E)

R=RSTAR

J=JSTAR

=1STAR
D=0
V=0

IF (VSTARCNZ.0) V=MZLON(VSTAR)
E=PFEA(L,0)
DP=CPGARN(F, 1)y PeLSTAR,,X)
IF (X NE.OQO) CALL CPERASCULSTAR)
IF (V.FEC.0) GO TO 71
VP=MGARNI E,V s P3VSTAR, X)
CALL MCPERS{VSTAR)
T=PFA(P,0)

EP=IPRUDI(T,E)

CALL ERLA(T)

CALL ERLA(E)

E=E£P

T=POIF (D, DP)

CALL PERASE(D)

D=DP

U=1

IF (V.EC.Q) GO TO 81
UsMEQ(V,vP)

CALL MERASF({V)

y=VPp

IF (UaFQel 2 ANDe ToEQ.0) GO TO 90
CALL PERASE(T)

GO TO 20

IF (R.LE.N) GO TC 61

G=0

CALL PCRASE(L)

GO TU 120
NP=LENGTH(FIRST(C))
DP=PNEG (D)
ZP=NULCUNI(NP s Jy0PsV)
T=MMPY(C,y ZP)

U=MZERI(T)

CALL PERASLE(DP)

CALL MFRASE(T)

IF (U.EC.1) GO 10 100

CALL MEPASE(ZP)

GO Tu 24

J=INV(J)

IF (FIRST{J).LELN) G T0 101
CALL MCRASE(ZP)

G=0

CALL PERASE(D)

GU TU 120

H

CZ‘%OO
]
|
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§
—
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CALL DECAR(T 3 ZP)
IF (HelL1.0) G TO 113
I=PFLAT 2
IF (HoFC.0) LC TC 112
DO 111 K=1,H
111 T=TAlL(T)
112 W=T
T=TAIL(T)
CALL SSUCCHO W)
113 Y=PRL(T,Y)
IF(U.GT.0) GU TO 110
CALL MEPASE(ZP)
G=PFL(DPFLOINVIY) o PELOTIVIIZ)sD) )
120 CALL ERLA(J)
CALL ERLALI)
IF (V.NE.O) CALL MIRASE(V)
CALL ERLAT(E)
CALL ERASE(X)
PLES=G
RETURN
END

IHTEGER FUNCTION VCCHMP(H¢K)
INTEGER HeKy SyTaU,V W
1 S=H
T=K
2 IFf (S.N=.0) GO TC 3
IF (T.NE.Q) GU TC 5
VCOMP=Q
RETURN
3 1F (T.NL.D) GO TG 4
GO TU 6
4 CALL ADV{U,S)
CALL ADVIV,T)
W=U-V
IF (WeEG0) GO TC 2
IF (We3T.0) GU TC 6

5 VCQAMP=-1
RETURN

6 VCOMP =1
RETURN

END
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