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Abstract

k . k .
Let p(g) = ¥ o zd and o(z) = .Z 8. ¢ be

the characteristic polynomials of a linear multi-step
method for the numerical solution of an initial value
problem for ordinary differential equations. It is shown
that the method is A-stable iff all the following condi-
tions hold: (i) B, = 0 3 (ii) Re[p(z)o(z)] > 0 for
lz] = 13 (iii) p and o satisfy the root condition,
that is, their zeros lie inside or on the unit circle

and any zeros on the unit circle are simple. For the

case when p and o have integer coefficients, a program
has been developed which uses the SAC-1 system (system for

Symbolic and Algebraic Calculations, version 1) to determine

whether the multi-step method (p,0) 1s A-stable.




NECESSARY AND SUFFICIENT CRITERIA
FOR A-STABILITY OF LINEAR MULTI-STEP
INTEGRATION FORMULAE

by
Colin W. Cryer#
A linear k-step integration formula for ordinary
differential equations,

(1)

k k
= 1
Z G, V., . hljzo Bj yn+j

is A-stable (Dahlquist [4]) if all the solutions of the
finite difference equation obtained by applying (1) to
the equation y' = Ay tend to zero as n tends to in-
finity for any fixed h > 0 and any X , Re(x) < O
Liniger [8] has given useful sufficient conditions for

A-stability.

Here we extend the arguments of Liniger to obtain

necessary and sufficient conditions for A-stability.

We assume that the reader is familiar with the basic
theory of linear multi-step integration methods (see Gear

[5], Henrici [6], or Lapidus and Seinfeld [7]). Let

¥Sponsored by the Office of Naval Research under Contract
No.: NOOQl4-67-A-0128-0004,



o, ¢Y ., and o(g) =

o(zg) =
o Y J

J

o~

I 1
™
o
()

As 1is usual we assume that Oy z 0 and that p and o

have no common zeros. We do not assume that (1) is con-
sistent or convergent although, of course, every useful
multi-step method possesses these properties.
Theorem 1
The following statements are equivalent:
(a) (1) is A-stable.
(b) If Re(g) > 0 and -
p(g) + g o(z) =0, (2)
then |z < 1
(¢) p(2)/o(z) is regular and Re[p(g)/o(g)] > O
if g > 1.
(d) Relp(z)olz)] >0 if fgf > 1 .
Furthermore, p and o¢ may be interchanged in (b)),

(¢), and (d).

Proof: Criteria (b) and (c) are due to Dahlguist [4, p. 30]
who proved that (a) and (b) are equivalent and that (b)
implies (e¢). (In his Lemma 2.1 Dahlquist [4] asserts that
(b) and (c) are equivalent, but he only proves that (b)

implies (c)).

Let us assume that (¢) holds. If |z| > 1 then

o(z) = 0 and thus Re[p(z)o(z)] > 0 . Appealing to




continuity, it follows that (c¢) implies (d).

Now assume that (d) holds. Let Re(qg) > 0 and let
¢ satisfy (2). Then p(2)3T(E) + qlo(z)]® =0 . 1Ir
|z] > 1 it follows from (d) and (2) that o(g) = p(z) = 0
which is impossible. Hence |z| < 1 so that (d) implies
(b). The equivalence of (a), (b), (¢), and (d), has thus

been established.

To show that p and ¢ may be interchanged, it
suffices to consider (b). Let q' = 1/g . Since Re(g) > 0

iff Re(q') > 0, (b), is equivalent to:
(b') If Re(g') > 0 and
q'e(z) + o(z) =0
then |z| < 1

The assertion follows and the proof of the theorem is

complete,

A polynomial Yy(z) will be said to satisfy the root

condition (Gear [5, p. 125]) if (i) all the zeros of vy
lie inside or on the unit circle and (ii) Yy has only
simple zeros on the unit circle. With this notation we

can state our main result:

Theorem 2

'he multi-step method (1) is A-stable iff all the

following conditions are satisfied:



(a) B * 0 (that is, the method is implicit).

(b) Relp(z)o(z)] >0 if J¢| =1

(¢) p and ¢ satisfy the root condition.

Proof of necessity: We assume that (1) is A-stable.

Dahlquist [4, p. 30] has shown that condition (a)
is necessary, while condition (b) follows from Theorem 1,

part (d4d).

The roots of p must lie inside or on the unit circle
since otherwise, for sufficiently small q , the roots of
p + qo would lie outside the unit circle in contradiction

to Theorem 1, part (b).

Now suppose that p has a zero, Cl say, of mul-
tiplicity m > 2 on the unit circle. Since p and o
have no common zeros, 0(@1) # 0 . Thus, for ¢ close
to ¢, , elz) ~ C(C—Cl)m and o(z) ~ o(g,) where

¢c 20 . Let C be a circle with center and suf-

1
ficiently small radius, and let Cl be the part of C
outside the unit circle. Then, as ¢ traverses Cl s
argle(z)o(z)] changes by at least 37/2 , in contradiction
to Theorem 1, part (d). Consequently, p can have at

most simple zeros on the unit circle. Therefore, o

must satisfy the root condition.




Since p and o can be interchanged (see Theorem
1), o must also satisfy the root condition, so that

condition (¢) is necessary.

Proof of sufficiency: We assume that conditions (a), (b),

and (¢) hold.
It is convenient to use the transformation

z =¢-1 , ¢ = 1tz

2 e >

z+1 1-z

which maps the unit disk in the r-plane onto the left

half plane in the z-plane.

Corresponding to p(z) and o(g) we consider the

functions
r(z) ={ 1=z K 1+z s(z) = |1l-z k s 1+z
) ATz ? 2 1-z
Clearly s 1is a polynomial of degree Kk . Since
s(l) = Bk z 0 every zero of s corresponds to a
zero of o . If ¢ 1is a zero of o then =z = (g-1)/(zg+l)
is a zero of s iff ¢ = -1 . Since ¢ satisfies the

root condition, s has either k or k-1 =zeros in
the closed left z-plane and the imaginary zeros of s

are simple. (These observations also hold for r .)



Denote the zeros of s by Zy s s 2y and let

Z z be imaginary. Expanding r(z)/s(z) in

l,.'.’
partial fractions (Ahlfors [1, p. 32]) we find that

r(z) . ., 4+ I§ 23 4 R(2) (3)
s(z) 0 j=1 z—zj S(z) °
n
where the a, are constants, S(z) = n (z-z.,), R(z)
J J=m+1 J
is a polynomial of degree n-m , zl,...,zm are distinct,
and 0 a.
z _.él_. = ()
LLooa-z,
J=1 J

Condition (b) of the theorem implies that:

0 and s(z) = 0 . ()

Re[r(z)/s(z)] > 0 if Re(z)
Using (3), remembering that R(z)/S(z) is bounded on the
imaginary axis, and considering what happens as z ap-
proaches Zj > we see that (1) implies that the coefficients

0 2 *ee> am are real and that
Re[R(z)/S(z)] > 0 if Re(z) = 0 . (5)

The zeros of S(z) 1lie in the open left half plane
so that R(z)/S(z) 1s regular in the closed right half
plane. The limit R(«)/S(x) exists and it follows f'rom
(5) that Re[R(«)/S(»)] > 0 . Thus, appealing to the maximum
principle for harmonic functions, we see that Re[R(z)/S(z)]
>0 1if Re(z) > 0 . Furthermore, since ay , ..., a,

are real, we have that




m a,
Re |a.z + ) J >0 if Re(z) > 0
Jj=1 z—zj

Using (3) we see that if Re(z) > 0 then r(z)/s(z)

is regular and Re[r(z)/s(z)] > 0 . Returning to the
r-plane, we see that if |z| > 1 then p(z)/o(g) 1is
regular and Re[p(g)/o(z)] > 0 . This is precisely
criterion (c) of Theorem 1, so that we have established
that (1) is A-stable and the proof of the theorem is

complete,
We conclude with some remarks:

1. Dahlquist [4, p. 30] noted that ¢ may have simple
zeros on the unit circle but did not pursue this

further.

2. Liniger [8] nas expressed condition (b) of Theorem

2 in a form which is very suitable for computation.

3. It was not assumed that p and o have real coef-
ficients, but it seems unlikely that integration
formulae with complex coefficients will be of any

use.

4, In any family of A-stable methods, those methods for
which p and ¢ have simple zeros on the unit
circle are "extreme points'" and thus likely solutions

to optimization problems. For example, the trapezoidal



rule (p(z) = z-1 3 o(z) = (z+1)/2) has the smallest

error constant of all A-stable methods (Dahlquist [4,

p. 311).

5. If a and b are any two positive constants then the
multi-step method (p,0) 1s A-stable iff the multi-step
method (ap,bo) 1is A-stable. If p and o have
rational coefficients we can choose a and b so
that ap and bo have integer coefficients. Thus,
when considering the A-stability of multi-step methods
with rational coefficients 1t may be assumed that p

and ¢ have integer coefficients.

6. If p and ¢ have integer coefficients then the
conditions of Theorem 2 can be checked using only
integer arithmetic. Collins [2] and his co-workers
have developed a system, SAC-1 (system for Symbolic
and Algebraic Calculations, version 1), which uses
list-processing techniques to manipulate polynomials
with integer coefficients. Polynomials are represented
as lists of appropriate size: for example, a poly-
nomial of degree 200 with coefficients each of which
is a one hundred-decimal-digit integer, would be
represented as a list occupying approximately 4000
storage locations. In SAC-1 all polynomial manipula-
tions are performed exactly unless the limits of

storage or time are exceeded in which case an error




message 1s generated. SAC-1 is based on FORTRAN

and is essentlally machine independent; 1t has been
implemented on several different computers. Using
SAC-1 the author has developed a subroutine which
given two polynomials p and ¢ with integer
coefficients, checks the criteria of Theorem 2 and
determines whether or not the corresponding method (1)
is A-stable. A description and 1listing of the sub-

routine is given in the Appendix.



APPENDIX

Determining whether a linear multi-step method with

integer coefficients is A-stable.

In this appendix we describe a program, STABLE,
which reads in pairs of polynomials p(z) and o(z) with
real integer coefficients and uses Theorem 2 to determine
whether or not the corresponding linear multi-step method
(1) is A-stable. The program STABLE uses several subprograms,
namely ASTABL, ICWSGN, ROOTCN, ROUTH, PCWSUB, and RCWSUB,
which are also described in this appendix. All the programs
are written in FORTRAN within the framework of the SAC-1
system (system for Symbolic and Algebraic Computations,
version 1) of Collins [2]. Annotated listings of the
programs, and sample input and output, are given at the

end of this appendix.

A.1 The program STABLE

This program reads in pairs of polynomials p(z) and
o(g) with integer coefficients. After each pair of poly-
nomials has been read in the polynomials are printed and
subroutine ASTABL is called. ASTABL determines whether
the corresponding multi-step method is A-stable and prints

an appropriate message. Program STABLE stops when the

pair p=0=0 is‘read in.
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The data for each pair of polynomials consists of:
(1) a title card which is reproduced; (2) one or more
cards containing p(z) 1in external canonical SAC-1
form; (3) one or more cards containing o¢(g) in external
canonical SAC-1 form. The external caﬁonical SAC~1

form for a non-zero polynomial

k e,
p(z) = § +C.c J
j=1""
; % % % % % %
is (icleTA eliczzETA e2...iCkZETA ek) where Cl""’
Ck are strictly positive integers and e > e, > L. > e,

are non-negative integers.

A.2 The subroutine ASTABL

The input to this subroutine is two SAC-~1 polynomials
p(z) and o(z) . The subroutine determines whether the
corresponding multi-step method is A-stable by checking
the conditions of Theorem 2. An appropriate message is

printed.
The following steps are performed:

1. If p and ¢ have a common factor this factor
1s divided out and the modified polynomials o

and o are printed.

2. Condition (a) of Theorem 2 is checked. Since,
by definition, a non-zero SAC-1 polynomial has

a non-zero leading coefficient, condition (a)
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of Theorem 2 is satisfied iff p and ¢ have

the same degree.

3. Condition (¢) of Theorem 2 is checked with the

aid of the function subprogram ROOTCN.

4, Condition (b) of Theorem 2 is checked as follows.
. . 10 _
Let cos® = u and 1 sinG = v so that e = utv ,

-i0 2 _ .2 1

e = y-v. Since v~ = u - R

p(eiG)o(e—i@) = p(utv)o(u-v) = R(u) + vI(u)

where R(u) and I(u) are polynomials in u . As
Liniger [ 8] has observed, condition (b) of Theorem 2

is satisfied iff R(u) >0 for -1 <u <+ 1.

Let P be the bivariate polynomial p(u,v) =

p(utv)o(u-v) . In SAC-1, p is represented in the form

e,
p(u,v) = Jpy(w)v I,
j

where the pj(u) are polynomials in u and the ej

arenon-negative integers. Hence,

5 (ej/2)
R(u) = ] p.(u)(u®-1)
A
J
. even
€
The function subprogram ICWSGN is used to determine

whether R(u) >0 for -1 <u<+ 1.
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A.3 The function subprogram ICWSGN

The input to this function subprogram is a SAC-1
polynomial in one variable, p , and a closed nontrivial
interval r = [rz, rr] where r, and r_ are SAC-1
rational numbers. The output is +1 if p dis strictly
positive on r , 0 if p 1is non-negative on r

3

and -1 otherwise.

If p i1s identically zero the output is 0 . Other-

wise the sign of p on r 1is determined as follows:

(1) p 1is strictly positive on r iff p has
no zeros in [rz, rr] and p(rt) > 0 for

some r. e [r,, rr]

(2) p 1is non-negative on r iff p has no
zeros of odd multiplicity in (rz, rr) and

p(rt) >0 for some r_ e [rz, rr]

The location of the gzeros of p with respect to

r 1is determined as follows: Let

p(z)

[
©
o 1
—
N
i
N
Cda
~
(9]
[N
-

and

i
(o2
=

—
N

i
N

~

q,(2)
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Then
p(z) = a M[q (z)/0 1"
m

so that

) m{number of
m

{number of zeros of p in [rg, rr]}

zeros of q_ in [rz, rr]}

Furthermore, p has a zero of odd multiplicity in
(rz, rr) if q, has a zero in (rl, rr) for some odd

m -

The polynomials q, are constructed using the

following recursive procedure. Let

I ej—m+l
p (z) = a_ ; (z-25)
e,>m~1
J_
so that pl(z) = p(z) . Let vy be the greatest square-

free divisor of P, 8° that

= Il -
vl(z) ¢y ; (z zj) s

e.>m
J=

and let

e .-m
v,y(2) = p_(2)/vi(2) = c, ? (z—zj) J

e.>m
J—
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t v
Le 3

so that

v3(z) = 03 ? (z—zj
e.,>m

[

and let vy = vl/v3 so that

Vu(z) = ¢y g (z-—zj
e.=m
J

Then A, = VLl and P+l = v2

be the greatest common divisor of v and v

1

) s

)

The above computations are easily carried out using

SAC-1. The number of zeros of A, in (rz, Pr] is

computed using the SAC-1 subroutine IRTS. The number

of zeros of q_ in [r r_] and (
m L2 "r

easily found.

r r ) 1is then
r

QIS

If p has no zeros of odd multiplicity in (r, , rr)

then p is evaluated at a sequence of points r

Initially r. =r, . If p(rt) = 0

r (rz + rt)/2 and re-evaluate p(

t:

£
we set

rt) . Since p

has only a finite number of zeros, p(rt) # 0 for some

r. , and the sign of p on [rl, rr]

that of p(rt)

is the same as
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A.4 The function subprogram ROOTCN

The input to ROOTCN is a SAC-1 polynomial p in one
variable. The output is +1 if all the zeros of p 1lie
strictly inside the unit circle, 0 if ©p satisfies the
root condition, and -1 if the root condition is not

satisfied.

If p has exact degree k let

q(z) = (l--Z)k p(%}%

Then ¢ # -1 1is a zero of p(g) of multiplicity m iff
7 = %}% is a zero of q(z) of multiplicity m . Further-
more, ¢ = -1 1s a zero of p(z) of multiplicity n
where n = exact degree of p - exact degree of ¢

1+z 7 = z~1
l-z 2 r+1

in the g-plane onto the left half plane in the z-plane.

The mapping ¢ = maps the unit circle
Hence, a zero of p 1lies inside, on, or outside the unit
circle iff the corresponding zero of g 1lies to the left
of, on, or to the right of the imaginary axis. The loca-
tion of the zeros of q with respect to the imaginary axis

is determined with the aid of the subroutine ROUTH.

A.5 The subroutine ROUTH

The input to ROUTH is a SAC-1 polynomial ©p i1n one

variable. The output from ROUTH is a list SEQ. If p
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has degree less than one then SEQ is the empty list.

Otherwise
SEQ = (Sl,Sg,...,Sm+3)
where
81 = number of zeros of p with strictly negative
real part,
82 = number of imaglinary gzeros of p ,
S3 = number of zeros of p with strictly positive
real part,
Si+3 = number of imaginary zeros of p with multi-

plicity 1 ,

and m > 0 1s the maximum of the multiplicities of the

imaginary zeros of p

Subroutine ROUTH, which is based upon the Routh-
Hurwitz algorithm, is described in detall elsewhere
(Cryer [3]). The listing of ROUTH given at the end of
this appendix 1s the same as that in Cryer [3] except
that all print statements have been deleted and some

comments have been changed or deleted.

A.6 The function subprograms PCWSUB and RCWSUB

In the SAC-1 system, if one has polynomials p(x)

and q(y) and wishes to form the polynomial p(a(y)) ,
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one must first construct the polynomial in two variables
r{y,x) = p(x) and then use the function subprogram
PSUBST to form r(y,q(y)) = p(a(y)) . The function
subprogram PCWSUB allows the direct substitution of
q(y) dinto p(x) . The function subprogram RCWSUB does

the same for rational functions.
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PROGRAM STABLE

A M R A R A R LAY A SR VAR A LA LA A 3 Mo M e ELap
PRI R o LA I R TI E R %36 E

THIS PRCGRA!

AND CHZCKS

AN OGN ANANARANE

AL MM Mo (TR A VAN N T A T B %3
SRR I R R I - S I A SR

»uwMUN/TQ /HVhaL9DT\K)R::OR (72)

COMMON/TR2/5YMLET
CuMMOn/T?Q/ ETA
COMMON/TR4/PRIME $sFEXF
IMPLILIT INTEGER (A-2)
DIMENSION SPACE(2000C),P
DIMENSION TITLE(LIOD)
C*‘p(’*%(‘ 36 26 N 3 3T AL a0 S 3 3 34 35 3 N 38 6 U 3 MG B 3 3
C INITIALIZE
C%‘X‘%*%i("?x")(‘%*)(‘*%%-‘,é\"
IN=5
ouT =6
CALL BEGIN(SPACE$20000)
BETA=2%¥%33
CONS=4000000001
PRIME=GENPR(PA41000Cs70ON"T)
CONS=PFA(CONS,0)
CALL ELPOF2{CONSSPCEXPs2UM
CALL ERLA(ZONS)
SYMLST=0
R i I L S T RS
READ IN POLYNCMIALS RC AND I
o R U B R R R R A A U A X
PRINi lu
10 FORMAT('1t)
5C CONTINUE
READ 7OSTITLE
70 FORMAT( 1CA6)
PRO=PREAD(IN)
PSIGMA=PREAD(IN)
IF{ PRO#EQe0 oANDe FSIGMAeEQed
PRINT 716TITLE
FORMAT( 10 410A6)
ORINT 100
100 FORMAT( 10 Ro=")
CALL PWRITE(OUTsPRO)
PRINT 101
101 FORMAT( 10 SIGM ')
CALL rN?iTC(QU'vprGMH
CALL ASTABLI(PR)sPSIGM
CALL PERASE(PRO)
CALL PERASC(PSIGHA)
GO TO 50
C 3 A 3 3 3 56 560 S0 03060 208 K3 3 E S K N w6
TIDY UP
HR K KA K

# %
500 CONTINUE

G
=

~d
aer]

M.

e

. w e - .
SR R R R SRR A

1A

¥ %

Moo W
Rt

TITLE
WHETHER THE LINEAR MULTISTER
RO(E)Y = H¥SIGMA(E)IDY ARE A=5TA
AN APPROPRIATE MZSSAGE IS PRINT
THE PrOGRAM ;TOPS wHEN RO”SICMA=O

BLE
ED

e

3%

A

N o
3%t

Mo M Mo X2 ML
W I T £y WO W W

PRI A

YY)

RZIADS IN PKIRS OF PCLYNOMIALS
SIGMAs PRECEDED BY IDENTIFYING

>

CARD s

MO MaL s Mo M

L A VA A A A T
P EaRS) Eidirey

Y v [YRRVRY] E R TR R VR RNV VAR VI V) . . RYRRVRRTIRVENY
3636 3 M AL 30 20 3 I % SE 20 3% 38 26 34 A0 0 0 0 S gk 3

AL M
W av =t

RC

METHODS

RS
* %

£33 %

AND

E R R R R IR R

P
7%
Y
SRR
.
&3

3% 33

% % %

% %

3R % A R R IR H R



CALL ZRASE(PRIM

CALL ERASE(SYML
L=LENGTH(AVAIL)
IF(LeEQ-10000)5

PRINT 9999,L
9999 CFORMAT( 0 NOT ALL o
1' LENGTH OF AVAIL=t,
END

&)
sT)

T0P




Z DT T T A~ = v N -
SUBROUTINE ASTABL(PRyP
I I S S A O R

MLTHOD

AN &PFRCPRE
TP ICIT
IN=5
OUT=6
PRG=ZURATW (7'R)
PSIGIHAZBORRIW(DS)
ot B R IE T G T R e r e e B S G R e e e
< CHECK WHITHEZIR RC AND JIGMA HAVE
< IF 50s DIVILE 7TACTOR OUT
COERE R RE TN T e R T R R e Y S e
FR5=F9lO(FRE$PSIGHA)
IF(PONE(PRS, eEQel) GO TG 200
PTZMP=PQ(PRIYPRE)
CALL FIRASZ(PRC)
PRO=FTENP
PTEMP=PQ(PSIGMAIPRSG)
CALL FPERASZ(PSIGMA)
PSIGMA=PTEMP
PRINT 150
150 FURMAT( 'O RO ANO SIOMA HAVE
CALL ~WRITZ(SUTsPRS)
PRINT 155
125 FORMAT( 'O RG/PRS=1')
CALL TWRITE(OUT9PRO)
PRINT 1606
160 FORMAT( +3 JIGMA/PRG=1')
CALL PWRITE(SUTSPSICHMA)
200 CALL PIRASZ(PRS)
CESE A 0 RS 3 3 g0 8 3 0 N M e
C CHECK WHETHER RC AND
SRR R e % R
IF( PDEG(PRO) «EGePIEGIR
PRINT 250
250 FORMAT( 'O RO AND 3S1IGMA DC NOT
GO TS 8500
R R 0 20 30 3036 3620 S0 SE 90 90 50 30 a2 30 30 A SE A0 B B0 Sk e
< CHECK WHETHER RO AND SIGMA 35ATI
O 330 30 563000 36 30 360 S0 56 330 30 ¥ s b g6 MR Mt R e e g
1000 CONTINUE
SRO=RCCTIN(FRC)
IF{ SROeGZel ) GJ TC 11COC
PRINT 1050
1050 FORMAT( 'O RO DOES NOT SATISFY RCO
GO TO 8500
1100 CONTINUZ
SSIG=RO0OTUN(PSICMA)
IF(Saluou:-C) O TO 1200
PRINT 1150
1150 FORMAT( 12 SIGMA DCES NOT SATIS

GO TO 8500

RV

e,

COMMON FACT

w

AR A TR A

FACT

LR B R S
WOW

v,
ks

~ - L] 'S vl ey
- P
Mo LCa MM AL e MM
g o T T
Pkl e e e g
NN YT Ao
(T g Oy
GO I I S O

CTHnDITI

wow e

I

T

WL MMM M MM

P
o=

M0 M e e

Mo Nt

S=1')

~ T '
VT
Mo

SN

EARTARE

Mo

ne



oET UP BASIC FUNCTIONS

PUPLSV=U+Y WITH THE LWADIFG VAR ABLE
PUMINV=U-V wiTH v THE LEADING VARIABLE
PUUMLI=U**2~-1

SN Y Oy Y YOy

CONTINUE
ONE=PFA(1+0)
LU=PFA(3050)
J=PROSYMI(LUI

CALL ERASE(LU)
LV=FFA(31+0)
V=PROSYTM(LV)

CALL ERASE(LV)
PULI=PFA(150)
EONE=BORRCW (ONE)
PUL=PFL{BONEPUL)
PUL=PFLI{UsPUL)
PV1I=PFA(140)
EONE=BCRROW{ONE)
PV1=PFLI(BONZsPV1)
PV1I=PFLIVePV])
LU=PVLIST(PUL)
LV=PyLIST(PVL)
LUV=CONC (LU L V)
PULV=PORDER(PULsLUV)
PV1U=FORDER(PV1sLUV)
PUPLSV=PSUMI(PULVPVIU)
PUMINV=DEDIF(PULVPVIU}
CALL FERASE(PULV)
CALL PERASE(RV1IU)
CALL PERASE(PV1)
CALL ERASE(LuUV)
PUU=PFPROD(PULlPUL)
PUO=PUG(PULIPUL)
PUUMLI=PDIF(PIIUSPUD)
CALL FLRASE(PU
CALL PERASE(PUL)
CALL PERASE(PUU)
CALL ZRASE(CONE)

—
fo
O K
& o=

[PV VR MM 3 M 3R SEan 330 28 36 3 2 o MM SEML M UL NG L0 MM A M Sg 3s e an <
AR I I ol 3 SRR R A RN AR A P OIS I AR UIE SIS R I G SR - S AR AP P S AT VA T TR SRRV

SR R kB R R I R A A R o AU R

R R R O X kB R R I R O A A VR R T 2

< COMPUTE PREAL=REAL PART ZF P (UsV)

C WHERE P(UsV)=RCIURV)I*SIGMA (U=V )=S0 | JluyEyERZg )

C THE TERMS PJ(U)*VF EJ A?E EXAMINEDS 200 2y OME

C PREAL=SUM( PJ(U (b SLYRE(TS 20 £ TYEN )

% L“Ve&*«:w,-4(94~»+' ¢ R e - £ 3
P51GUVE ”SUS()]MLN 9P

IGHA)Y

PNONLV—PCWSLB( P s PRO)

P=pPRCDI IwUV,PwabV)

CALL Fuhﬁa_(PSICUV)

LALL PERASE (PRCWUV)

REAL=0

2100 IF(P.EQ.O)GO TO 2530

PJ=PLDCF (P}

EJ=PDEG(P)

IF{EJeNES2¥ (EJ/2))GC TC 2200




PTEMPL=PPOWER (PL UML
PTEMPZ=PPROD(PJIPTEM
PTEMP=PSUMI(F REAL
CALL PERASE(PREAL)
PREAL=PTEMP
CALL PERASE(
CALL PZRASE(P
2200 ;ONT;J,M
CALL PZRASE(
PTEMP=PRED(P
CALL PCRASE(T
P=PTEMP
GO TO 2100
CONTINUE
CALL PERASZ(PUPLSV)
CALL FPERASE(PUMINV)
CALL PERASE(PUUML)

P R R L R R R TR

C
c TEST WHETHER PREAL
Cxs O

R RV VvV
SRR R h

PTEMPL)
TEMP2)

—
—

nJy

)

2500

=
J m

=
MO~

-z
)

Cr () -

S
N
RA=PFL(RMO!
W

T)»- ﬂrnv —~ Cr (D~
-
,7’~50v2

Al
SPREAL I” SN A{PREAL
CALL PERAGZ(PREAL)
CALL ERASE(RA)
IF{ GPREAL.CELC) 4C

PRINT 27006
FV\MAT( LN¢;
GO TC 8500

R R R

270C PREAL IS

CONDI TIQNQ

Mo )/ M A
T ETE

xONIIHUh
PRINI 3100

SATI

-
TC 9500
H S 33 OE 3 % T L3030 % M3 R % %3

N
«
<
,
£
~

=

3

u

PRINT 8600
(10
3

860G FORMAT O METHOD I
GG TO %500

O %R R S K3 B

C TIDy uP

R AR H R N RN RN R

$500 CCNTINUE

CALL PL.I\ASt. ( PS5 ICH‘A)
CALL FERASE(FRRC)
RFETURN

END

iPTa“

A O R IR R X2

.H__THAL> I -
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yEJ/2
Pl)

A

IS5 NO

P T A A

>
—

T 3
NEGA

R R RS

SFIED

)

S

AR
GAII»

36 3 36 a3 3 33 3
. .

WAL LN N

Mok 3¢ o

[y s

w ot

: 3

VIV, AL

b Ho o



A-15

FUNCTION ICWSGN(PoR)
K3 R % R R R K I R R R R R B R H R 3 3090 3 K I 3 T O R R

P Is A PoLYNOMIAL I OhE VARIABLI

RIS A ’LOSED NONTRIVIAL RATIONAL INTERVAL
ICWSGK!:+1 IF PelTe0C Dll i~

ICWSGN=Q IF PeGEO ON R

IZN5SN==1 IF P TAKET TN NIGATIVE wiL2Ez CTH X

MMt T M M P R R NN R ERSRFERAERXLAALTRIAARIRERE AR AR RS
A =
1.

AN ANANANANAN

IMPLIZIT INTEGER (A-2)

IN=2

ouUT=6
C%%%%%*%%x%¥x%%%x%*%}%k%*%kk%%k****%*%***%***%*******%*%%%*%
C TEST WHETHER P=7
CRFRE R X H T30 36 gk A 3 3 3 5t H 3 30 HE FE 9 3036 630 3 36 56 30 36 3638 36 b I8 3 36 34 636 3 6 I 36 A IR

I CWSGN=
[F(PeEQa0)RETURN
ORI M SR MM MT I N NN LA AL RAEF LA RAATR TR AIRTARR TR AR TR A4 R/
SET UP RTWO
WS 36 M I FOH N I 33 30 M B IR N e S N N R N R R R R AR R AR KR RR R ER IR
ONE=PFA{(1,50)
RONE=RPOLY(CNE)
RTWO=RSUM(RONE sRONE)
CALL ERASE(ONE)
CALL RERASE(QONE)
3N 3E 3 A0 3R A MG R 3 3 R 3E R E R T R 3 30 36 3030 26 3 S 30 R 30 R R K 330 3 KR e R e
DETERMINE LOLATION OF ZEROS
P=PRODUCT( QnM¥#M ) WHAERE QM CONTAILNS THE ZEROS
OF P OF ORDER M
PHM=CURRTNT PCLYNCHMIAL
V1=SQUARE FREE DIVISGR GF rit
V2=PM/Vv1ls V3=GREATEST CIHMON DIVIZOR OF vl AND Y2
AND Vva=vi/v3

AN S XA

(\ AN e RANANANANA A AN ANA f\

”“V4 AND P(M+1)Y=Y2
NZ=NUMBER OF ZEROS OF P ON R
NM OIS NUMBER OF ZERCT CF CM CN R
NMH IS NUMBER 2F ZERCS OF &M O HALF-u/fEN R
NMI IS NUMBER CF ZERCT CF 2M IN 1L TIRIOR OF o
ERR kB E R me%%%vy¥¥ww%%%% MR AR E AR E SR AR R RS EARR

PL=FRPRST(R)
RR=FRRST(TAIL(R))
NZ=3
M=0
PM=BORROW(P)
200 IF(PDEG(PM)eEQeO)IGO TO 300

C%%%%%%*%%%*%%%*%%fkfﬁ’x“‘>.¥, * R WA AR ERK AR AT

e t g \ A

C COMPUTE GM

C* M 36 20 3E 36 3 2L 3 TE 30 30 0 aE ML 10 M BL I M MO N N wose 3N g GUM N ch 0 R 3L S s 3 Mt Y
M=M+1

V1=SQFREE (2M)
VZ2=PQ(PMseV1)
V3=PGCD(V1sV2)
V4=PQ(V1sv3)
CALL PERASE(V1)
CALL PERASE(PM)
PM=v2

CALL PERASE(V3)




QM=v &
B R R M O R R R N R A RV LN N M N VN vy vy v e vt
C LOCATE ZEROS OF QM
SRR R R AR Rl T TR X B R e R R
NMH = RRTS(QM9R)
NMT =NM
NM=NMH

[F(REVAL (QMsRL) e EQa ) iM=NY +]
IF (REVAL (QMsRR) «EQeO)NMI=NMI =1
CALL PERASE (aM)
NZ=NZ+M*NM
IF(MeEGe2% (M/2))G0 TS 220
[F(NMI+EQa0)GO 7O 200
N B A 2 3 3030 3 0 G S Y ““‘************%%****%**%%*%**%***
C INTERROR ZERO OF ODD MULTIPLICITY
C-‘,(-w‘('%l--7%-%%(-%?(‘7"(-,‘%"«‘%%%%%’.1-;(—:%;‘(»}(‘%\‘7‘("75-‘539?'ra‘?‘,(*)f7(%!’*’-‘*********%*%***‘**%*%**%*
ICWSGN=-1
GO TO 500
C%%%*%***%***%*%**%*****%****************%*%**%%***%*%***%**
P DOES NOT CHANGE 7I1GMN
DETERMINE SIGN OF P BY EVALUATING AT A SEQUENCE
OF POINT~ of
%%Jx%%rw%%*%%%%%*%***%*%*%*%*%**%*******%***%%%***%*%%*%***
300 RT=BCRROW(RR) :
350 S=REVAL(P,RT)
IF(SeNEe2)GO TO 427
RTEMPL1=RSUM(RL sRT)
RTEMP=RQ(RTEMP1,RT%O)
CALL RERASE (RT)
RT=RTEMD
CALL RERASE(RTEMP1)
GO TO 350
C%%%*““*”M“””WV*%%%%%%%**%*%****%%%%***%*%*%*%%%%*%**%%*****

AN ANGNA!

L
C

L

C

Cr'\ >
C P NOT 7 A f‘\T RT
(G E ELR R b I  CR  R T S P R TR A I S VS O A R R R KRS A 0 e 6 e R

400 [CWEGN=<
IFC (ICWSGNeEQel) oANDe (NZ2eGTe0)) [CWSGN=0
CALL RERASE(R

GO 70 500
CH IR N RN R R R T E NN NI R M N NI R E R X K25 R %H TN KK
C TIiDY UP

O R R L L T Lk L NV
500 CONTINUE

CALL PERASE(PM)

CALL RERASE(RTWO)

RETURN

END
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FUNCTION ROOTCN(P)
36 3 30 5 oF A 36 36T 3 3t e 3b 3k K R 36 363 3 K 36 3 5 3 36 36 30 F 3 30 6 36 36 3 I FE 2 6 I I I IE N R K
TESTS WHETHER ROOT CONDITION IS SATISFIED BY P
ROOT CONDITION IS THAT
(1) ZEROS OF » LIE INSIDE OR ON THE "NIT CITCLE
(2) ZEROS ON UNIT CIRCLE ARF SIMPLE
STRICT ROOT CONDITION SATISFIED IF ALL THE ZEROS OF P
LIE INSIDE THE UNIT CIRCLE
ROGTCN=-1 IF ROCT CINDITICN NOT SATISFIED
ROOTCN=0 IF ROOT CONDITION SATISFIED
ROOTCH=1 IF STRICT ROGT CONDITION SATISFIED ( IN
PARTICULARs IF P HAS DEGREE ZERO)

AN N AN ANANANANAN AN AN ARS

S % L 00 R S N E N Y MR R R I RN A RN R R RN R R NHR

IMPLICIT INTEGER (A-Z)
IN=5
QUT=6

C 3 3R 3 33O B R 3 R N 0 0 3 A3 R 20 330 gk 3 e MM s 3 R R R e Mwwoemae R

C TEST WwHETHER P IS TRIVIAL

COEHAE RN R RN R ALY MM B R AR AR LF AR ERR R R AR RNRA SRR A L SRS BB RER
ROOTCN=+1

IF (POEG(P)eEZeM)IRETURN
C*******%***************************************************
C USE YARIABLE 2 [IF NOT VARIABLE OF Pe OTHERWISE lISE 22
C***********************************************************

LZ=PFA(3540)

Z=PROSYM(LZ)

LP=pyLIcT (D)

IF( ZeNESFIRST(LP))IGO TO 15

La—‘p L\(JJ’L..‘-—-)

CALL ERASE(Z)

2=PPoSYM(L2)

15 CONTINUE

CALL ERASE(LZ)
CALL ERASE(LP)
UMM R 36 3h A N AL 2t R A A R A A A BTN TR R AR R BT A A R TR R LR 34NN sn doN 2 Mo xe MMM
Z + 3% 2t - ey ! ? t B b i
< SET UP RTRAD 3=(2+1)/(~2+1)
< AND RF=(-Z+1)x%(DEG(P})
O N R R R RO R R : R R R e S R

ONE=PFA(150)
PZ1=FFA(1s0)
PZ1=FFLIONEPZ1)
PZ1=PFLI{ZsPZ1)
PZ0=PQ(PZ1,P21)
pPzP1= deM(PLUQLZI)
PMZP1=PDIF(P27,271)
PF= PPOWER(PMZP19PDE
RTRANZ=RPCLY2(PPZP]
RF=RPOLY (PFF)
CALL PERASE(PZT)
CALL PERASE(RZL
CALL PERASE(POTDY)
CALL PERASE (PMZP1)
CALL PERASE(PF)
"3t 3 36 3R 3 S 3 3676 5 30 36 36 50 56 46 36 3 36 36 30 3 303 36 2 6 30 36 36 36 36 3 36 36 63 36 306 36 3 I 3 3H 36 I K

C COMPUTE Q(Z)=P{{Z+1)/(=2+1))*(=Z+1)#*(DEG(P))
C%%%*%*%*%%*%%%%%*ﬁ%*k%%&k*%#*#k%%%k*%%k%%*%%%%%%*%**%*%*%**

[
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RTEMPL=RPCLY(P)

RTEMPZ=RCWSUBI(RTRANTS4RTEMD])

RTEMP3=RPROD (RTEMP 2 4RF )

Q=S0RROW(FIRST (RPTCVP2y)

CALL RERASE(RTEMP1)

CALL RERASE(RTEMD:)

CALL RERASE(RTEMP3)

CALL REPASZI(RTRANS)

CALL RERASE(F)
%%4%%%%%%%%%%&%w#u%%%%%¥¥%¥%ﬂ*‘4%%%§%*%*%*%%%%**%%%%%&&xnxu

CALL ROUTH

%%%%%%%%%%%%%#%%%%%%%%*%%%%¥&%%%%w%%%%%%%“"**&%*****%**%**%

CALL ROUTH(QsSEQR)

Oy Cv Oy

C%%%%%%¥%%%*¥%¥%%#%%%%%%*“Y**#********%%**i**********%%*****
< DETERMINE [F ROOT CONDITION SATISFIED
C NN=NUMBER OF Z IROS5 OF Q WITH NEGATIVE REAL PAPT
C NI=NUMBER OF IMAGINARY ZEROS OF Q
C NP=NUMBER OF ZERCZ OF @ WITH POSITIVE REAL PART
< NIS=NUMBER OF SIMPLE IMAGINARY ZEROS OF Q
C NC=NUMBER CF Z2ERCT OF P ON UNIT CIPCLE
C NCS=NUMBER OF SIMPLE ZEROS OF P ON UNIT CIRCLE
C MCM=NUMBER OF MULTIPLE 2EROS OF © ON UNTI CIRCLE
C NCM1=NUMBER OF ZEROS OF P AT =1
C%%%%%%%%%%*%%%%ﬁ*%¥%¥¥”V"**‘*****%****%*********%*****%**%
NN=0
NI=C
NP=0
NIS=0

IF{SEQeEQeN)GO TO 300
TEMP1=2EQ

CALL ADVI(NNSsTFMP1)

CALL ADVINISTEMPL)

CALL ADVI(NPSTEMP1)
IF(TEMPl4EQeC)GO TO 300
CALL ADV(NISSTEMP1)

300 CONTINUE
NCM1=PDEG(P)-PDEG(Q)
NC=NI+NCML
NCS=NIS
IF(NCMleLEol)NCS=NCS+NCML
NCM=PDEG(P )= (NN+NCS+NP)
ROOTCN=2C
IF((NPeGTe0) eORe (NCMaGT ol ) )
IF{ROOTCNGEQeC oANDe NCeoF
CALL ERASE(SEQ)

CALL PERASE(Q)
RETURN
END

-~
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JUBROUTLQE RuUTH(b9vEu)
INPUT I” THZ HULY“VMIAL U
QUTPUT Is THE LIST SEC
SEQ=0 [F U HAS DEGREE ZERO
SEQ(1)=NUMBER GF ZEROS OF U WITH STRICTLY
NEGATIVE REAL PART
SEQ(2)=NUMBER OF IMAGINARY ZEROS OF U
SE@(3)=NUMBER OF ZEROS OF U WwITH 3TRICTLY
POSITIVE REAL PART
SEQUI+3)=NUMBER OF IMAGINARY ZEROS OF J WITH
MULTIPLICITY 7
S5 36 36 6 3 3 3 3 36 K36 6 3 M6 50 5 E D A 3 32 3 3 Je 36 90 K 9F 2 % 36 30 36 30 3 3 K 36 36 36 36 36 36 363 5 3 SE %
IMPLICIT INTEGER (A-Z)
DIMENSION WI(2)
IN=5
oUT=6
C***************************%%*****3&%%%%*%#%%**%%‘*********%*
C TEST WHETHER U HAS DEGREE ZERO
C‘*'****'***‘*******%*****7‘("***'**'*******************'*************
IF(PDEG({U)eGTa0) GO TO 20
SEQ=0
RETURN
20 CONTINUE
C********%****%*****%%%‘N'**%**%% S50 3 36 3 36 B 36 36 36 5E 3 36 36 36 36 3% 36 3 36 3¢ 5% ¢ 3 R K
C T=U IF U HAS POSITIVE LEADING COEFFICIENT
C =— OTHERWISE
C' 3 35 A K 3 36 30 K56 I 336 3 30 3 6 3 R R 3 5 6 3 38 S 36 36 Fe 3 3 S S8 I 0 3 6 50 ST 3 36 2 3 36 0 3 % s %
T=PABS(U)

Y ARANGNANATANSYANANANS!

3 3030 % 36 5% 36 50 50 30T S0 30 2630 3ot ar 33k 50 % 3R 0 B 3630 S0 5 AR 3 A 8 N0 e 0k K 30 R 3% 30 3E 3ok s K 3k e St
C SET UP W({l) AND W(d
kyr(‘nnié’n;(‘\l\';("}('“n‘-\'\,\')\‘r\ SR H TR g b e - S R % vt ¢33t %
wW(l)=0
wi2)=0
NT=PDEGI(T)
100 T1=PRED(T)
T2=PDIF(TsT1l)
NT2=PDEGI(T2)
GAMMA=NT-NTZ
EPS=GAMMA/Z
TAU=GAMMA=2%EPS
S=(—-1)%%¥EPS
J=TAU+1
[F(SeEQe+1 ) WT=PSUMIWI(J)sT2)
IF(S5e6EQa~1)WT=PTIF{ (J) T2)
CALL FERASE(W(J))
wildi=wT
CALL FIRASC(T)
CALL PERASE(TZ2)
T=T1
IF(TeNE2OQ)GO TO 100
O3 330 30 36 56 3050 3050 T 36 36 36 365 g 5 3040 3000 S M MR AR R 3 L SN M N St M B p g R R 3 L A
C COMPUTE VePlseP2
R R R R T R R TR R SR ok AR R I b SR R G A SRR S R I O O R Rk

V=PGID({W(l)swi2))
PLl=PQIW(1l)eV)




PZ=PQLW{Z) V)
CALL PERASE(W(1))
CALL PERASE(W(2))

336 26 2036 309 36 3696 30 36 3696 3 36 36 6 46 3E 3 30 0 36 % 30 20 90 3 3 30 2 3 e

C
C LOCATE ZEROS OF V
C

HOH 3 R 30T 6 3 3 3R 3 3 6 3636 3636 06 3 3 3 3 363 9 % % X

NV=PDEG(V)

NI=U

SEQ=0

NOLD=-1

Z=FIRST(V)

H=V

NH=PDEG(H)
IF(NHeEQeC)CO TO 300
HD=PDERIV(HZ )
HT=PGCD (HsHD)
G=PQ(HsHT)
N=NROCOTS(3)
ND=NOLD—N

IFINOLDeGE «0)SEQ=PFA{NDy5EQ)
NOLD=N

NI=NI+N

CALL PERASE(H)

H=HT

CALL PERASE(HD)

CALL PERASE(G)

GC TC 200

CALL PERASE(H)
IF{NOLDeGE 4T )SEQ=PFA(NOLD»SEQ)
SEQ=INVISEQ)
NP={NV-NI)/2

NN=NP

200

300

WU MM I N0 W WL N RN

LS M MM a3 MMM MM M VYNNI
SEM R 33 L 2 M M 3 33 K%t

COH T T T I 0 3 M0 630 3 0 36 3 0 30K I3 X0 R I BN K X % %
c LOCATE ZFROS & P
C 3 F % 3696 36 30 36 3536 0 36 36 3 3 260 336 96 3 20 30503 H I M 00 3 I 0 S iE G B0 S R T M s g B %
NP1=PDEG(P1)
IFINPLeCGQe0OIGO TO 500
DELV=0
Bl=PSIGN(P1)
Ml=PDEG(P1)
401 B2=PSIGN({P2)

M2=PDEG(P2)
N=M1-M2
C=Bl/82
E=C#{—1)%%N

IF(CelTa0) DELV=DELV+I
IF(EeLTeU)DELV=DELV-1
Bl=32
Ml=Mc

DUM=PSREM(Pl 4P2)
IF(DUMeEQe Q) GO TO 404
CALL PERASE(P1)

Pl=p2

DUM1=PCONT (DUM)
PZ=P35(DUMsDUML)

CALL PERASE(DUM)



CALL ERLA(DUNMT)

g (BCZ.EQ-“.I) e AMU e |
DUM=PZ
P2=PNEG(P

+C1

[

c*%NeEQell)) GU

G4 JONTINUE
NF=NP+{NPL+DELV)/Z
Niv=ENNT (NP L~LELVY /2
GG COUnNTINUZ
CALL PERASZ(PL)
CALL PEZRASZI(PR2Z)
LA N N IR M R R TR SR M R b p M3 0 M R M i 3b b 2% 303 R 3 3 3 MMMV ML an a o an 3 3RS0 N 3L 3 X MM
STORE ANSWERS
R A I S R S A S R M AL MM S MMM MMM N MM N M M H N R A R
Sca=FFA(NPs3SEQ)
35Q=PFAINT GG
5EQ=PFA(NNSSES)
RETURN
END
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FUNCT uN RIWSUZ(R3)

CHHERE R I g FO A S MK W R NN S KU RN N N T EE R v x e
< 3UB$TITUTE5 THE RATICNAL FUNCTION R

C INTO THE RATICONAL FUNCTION &

C

R OAND 5 ARE RATICNAL FUNCTIO Nq IN TME VARTAZLE
B A A L R T T R O R R

IMPLILIT INTEGER (A-2)

IN=

QUT = 6

LR —uVLIuT(?

LS= KVL'I T(5)

“S“CQNC( RelLS)

RTEZMPL=RO PDC”(>9L 5

RC W)U DC»UBST ReRTZMPLY

CALL RERASE(RTEMPL)

CALL ERASE(LRS)

RETURN

END

&)

FUNCTION P”WSU“ (PQ@)

R R R O E  E E S R T2
SUBSTITUTES THE POLYNOMIAL P INTO THE PCLYNOMIAL Q

P AND & ARE r"\LYHO’VI LS I ONE wHIAQLE

% B 3 % M AR I3 N 0 I3 3 K6 0 3 %A 3 N6 0 N 6 30 K IR 3

CIT INTZGER (A-2)

3

OO YD

'

3L L
AR

b
¥

IN“
oUT=6

LP=PVLIST (P}
LQ=PVLIST(Q)
LPQ=CONC(LPsLG)
PTEMPL=PORDER(QsLPQ)
PCWSUE=PSUBST(PsPTEMPL)
CALL PERASE(PTEMPL1)
CALL ERASE(LPQ)

RETURN

END

'J‘!'_

i



Samnle Input

LR R R R LR
(+1Z0Ta#% ] -17207
(+1ZETA*%0)
o336 % B 36 % 3 3 563 3 ¢
(+1ZETA*%1-12¢&
(r1ZcTA¥%1)

FH R R R H RN R

FULLY IMPLICIT METHOD

T

I
*
X

O

METHODO
(FLZETAR*1-1Z2ETA%%0
(+17ETA#®1+1LCTARR(
sk e 3 R % R T
(+12CTA#*x *
(+9ZETA*%2 +132F
3o 3 e R R TR SRR
+0

+0

W
{
o
N
m
-4
i
3

i
m
e
v
*
BN

0 3k N I 3 6 K S

~
Y

STGMA

BRI IR0 -SRI
e
SU
e T g
D4 itA
KPR F AR TR A NARFAR

o)

e

— O
[
=<
PR o8

(3]

3 SE I R SE Ot
RO
SIGMA

A R N R F R KRR RHAR

RC
SIGMA
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Sample Output

3
%
R
b3
o
3
)
e
S
3¢
T
C
[
1
25
-
n
=
i
-
Il
s
)

BRIk %Sk e

+ A
s
~N
m
__!
s
3
PR3
—
{
o
™~
m
-—.{
J>
3
b4
)

METHOZ 15 NCT A-5TABLE
L s 30 b S PIAES S L AT | S T Lol o Ty . ., R .
AHERR e e R R g AR FULLY IMPLICIT METHOD B O R SRR

+
fo-
~N
m
f
p
58
XX
-

1
[
[
I
—
by

b

¥
e
p3
e
E2S
s
i
o
b
e
3
kol
3
-4

B SAFCZOIDAL METHOD WL RSN e n R
Ri=
(+1ZETAREL~1ZETA®%())
510MA=
(+1ZETA®X]+1LETARR0)
ACTHOD 15 ~-57ABLF
MOML A ML ae Dnoan s g M ; YN o~ ~ - -
FRAR R AR THIRD GRDER ADAMS MOULTON R

(+1Z2ETA*®3~120Tan%2)

SIGMA=

(+FZETARSBHLG 2  TA#*% 2 =52 TA® R L+ 125TA#%0)
SIGMA DUES NOT SATISFY ROGT CORDITION

MZTHOD I5 NCT A-STASLE

i)
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