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May 30, 1972

ERRATUM

The SAC~1 Polynomial GCD and Resultant System

Page 61. In the listing for CPDIV insert just preceding the

END statement, the statement "110 GO TO (2,71),RR".

George E. Collins




ERRATA

The SAC-1 Polynomial GCD and Resultant System

Page 2, lines 5-7.
Zero System is also required.

Page

26.

(10)

(12)

Page

Page
Page
Page
Page
" Page
Page

Page

Page

67,

31,
39,
61,
78,
78,
90,
9k,

32,

The subprogram PPOWER from the Polynomial Real

Change steps (10) and (12) of CPQDB to the following:

If A#0, (if G<0, go to (12); return); if FIRST(A)#0,
go to (11); DECAP(W,R); go to (10).

If C#0, (T<«TYPE(C); DECAP(G,C); if T=1, erase G; go to (12))

C«+-~1; return.

lines 3-13.
100

101

110

120

121
130

Change to the following:

IF (ABAR.NE.O) GO TO 101
IF (G.LT.0) GO TO 120

GO TO 130

IF (FIRST(ABAR).NE.0) GO TO 110
CALL DECAP(W,ABAR)

GO TO 100

CALL DECAP(W,ABAR)

CALL CPERAS (W)

IF (ABAR.NE.O) GO TO 110
IF (C.EQ.0) GO TO 121
T=TYPE(C)

CALL DECAP(G,C)

IF (T.EQ.1) CALL CPERAS(G)
GO TO 120

C==-1

GO TO (2,61),RR

END

line 9. After "B«PFA(D,B)" insert "; go to (4)".

line -3. Change "CRECIP(p,B)" to "CRECIP(p,b)".

line -18.
line -23.
line -18.

Preceding "END" insert "110 GO TO (2,71),RR".
Change "GO TO 150" to "GO TO 50".

Following "CALL ERLA(L)" insert "L=LST".

line -2. Change "¥5X¥¥]1" o "-gX%#%1",

line 8. Change "CPDIV....24" to CPTDIV...24".

line 5. Add "The input polynomial C, when r>1l, is erased.".

I am grateful to M. Rothstein and O. Leringe for the above
corrections.

July 8, 1974

George E. Collins



ERRATUM

The SAC-1 Polynomial GCD and Resultant System (C.S. Tech. Report No. 145,
MACC Report No. 27)

Page 34, line 7. Change "B « TAIL (FIRST (B))." to "B « FIRST (TAIL(B)).".

George E. Collins
September 21, 1972




June 14, 1972

ERRATA

The SAC-1 Polynomial GCD and Resultant System

(1) CPUCNT

Page 13. In the first line of the specifications, delete the word
"non-zero". In the last line of the specifications, add
the sentence "If A =0, then B=0.".

Page 14. In step (2) of the algorithm, insert "if C=0, goto
(4);" preceding "L = TAIL(C)".

Page 70. In the program listing, replace "20 L = TAIL(C)" by:

20 IF (C.EQ.0) GO TO 40
L = TAIL(C)

(2) CPUDLV

Page 28. In the first line of the specificatioﬁs, delete the word
"non-zero". In step (1) of the algorithm, insert "Iif
A =0, (C < 0; return);" preceding "If TYPE(TAIL(3)) = 0,".

Page 71. In the program listing, replace

10 IF (TYPE(TAIL(A)).NE.0) GO TO 11
C = CPQ(P,A,B)
GO TO 40

11 N = FIRST(A)

by

10 IF (A.NE.0) GOTO 11
C=20
GO TO 40
11 IF (TYPE(TAIL(A)).NE.0) GO TO 12
C = CPQ(P,A,B)
GO TO 40
12 N = FIRST(A)



Errata Continued.

(3) CPUPR

Page 27. In the first line of the specifications, delete the word "non-
zero"., In step (1) of the algorithm insert "If A= 0,
(C = 0; return);" preceding "If TYPE(TAIL(A)) =0,".

Page 72. In the program listing, replace

10 IF (TYPE(TAIL(A)).NE.O) GO TO 11
C = CPPROD(P,A,B)
GO TO 40

11 N = FIRST(A)

by

10 IF (A.NE,0) GO TO 11
C=20
GO TO 40
11 IF (TYPE(TAIL(A)).NE.0) GO TO 12
C = CPPROD(P,A,B)
GO TO 40
12 N = FIRST(A)

(4) INDEX OF ALGORITHMS

Page 94. Change "CPUNCT" to "CPUCNT".
Change "CPURP" to "CPUPR".

George E. Collins




THE SAC-1 POLYNOMIAL GCD AND RESULTANT SYSTEM

by

George E, Collins

ABSTRACT

This is the eighth in the series of SAC-1 subsystems for Sym-
bolic and Algebraic Calculation. The present subsystem provides
programs for computing the greatest common divisors and resultants
of multivariate polynomials, which are based on the new and much
faster modular algorithms of W. S. Brown and G, E., Collins, The
system also contains modular-algorithm programs for polynomial
multiplication and trial division, and improved programs for the
Chinese remainder theorem and interpolation. This report contains,
for each program in the system, a user's functional specification,
a formal algorithm description, a theoretical computing time, and a
Fortran program listing. Illustrative empirical computing times are
given for many of the programs, and a test program is included for

assistance in implementation and use of the system.,
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1, Introduction

The SAC-1 Polynomial GCD and Resultant System is the eighth
subsystem of the SAC-1 System for Symbolic and Algebraic Calcula~-
tion. Previous subsystems are the List Processing System [5], the
Integer Arithmetic System [6], the Polynomial System [7], the Rational
Function System [8], the Modular Arithmetic System [9], the Rational
Function Integration System [10], and the Polynomial Real Zero Sys-
tem [11].

The List Processing and Integer Arithmetic subsystems provide
fundamental capabilities required as a foundation for all subsequent
subsystems, each of which provides some additional capability for
performing various operations on polynomials or rational functions
with exact numerical coefficients,

The primary new capabilities supplied by the present subsystem
are for the calculation of the greatest common divisor (g.c.d.) and
resultant of multivariate polynomials with (exact) infinite~precision
integer coefficients., A polynomial g.c.d. capability was previously
provided by the Polynomial System, but the present system contains
a new modular algorithm for polynomial g.c.d. calculation which
is much faster, The algorithm used for resultant calculation in the
present system is also a modular algorithm, which is much faster

than any previously considered algorithms. For a thorough discussion



of the theory supporting these algorithms and for theoretical analyses
of their computing times, see [2], [3] and [4].

Implementation of the Polynomial GCD and Resultant System
requires prior implementation of the List Processing, Integer Arithme-
tic, Polynomial, and Modular Arithmetic systems; in addition two
subprograms, ELPOF2 and PNORMF, are required from the Poly-

nomial Real Zero system., When the Polynomial GCD and Resultant

System is implemented, the two subprograms PGCD and PCONT

must be deleted from the Polynomial System; the Polynomial GCD

and Resultant System contains new programs with the same names
and functions (computing polynomial g.c.d.'s and contents, respec-
tively) but using improved algorithms, The subprograms PCGCD
and PCGCDA may then also be deleted from the Polynomial system
since they will be superfluous for most purposes, but no harm will
result from retaining them. The subprograms PPP (polynomial
primitive part) and PCPP (polynomial content and primitive part)
in the Polynomial System should be retained; they will automatically
use the new modular g.,c.d. algorithm,

The Polynomial GCD and Resultant System also contains
new modular algorithms for polynomial multiplication and division,
While these new algorithms generally have theoretical computing

times which are superior to those of the classical algorithms of the




Polynomial System, their empirically observed computing times tend

to be greater than those of the classical algorithms when the input

and output polynomials are relatively small in coefficient size or de-
gree, For larger polynomials, the modular multiplication and division
algorithms are indeed observed to be faster., Therefore these new algo-
rithms have been given distinct names so that the classical algorithms
can be retained, and the user can exercise judgement as to which
algorithm to apply in a given case, Unfortunately, it appears very
difficult to devise a satisfactory algorithm to decide automatically
whether the classical or modular algorithm would be most efficient

for given inputs. Thus, for example, the present system provides the
modular algorithm PMPY for polynomial multiplication as an alter-
native to the classical algorithm PPROD of the polynomial System;
and PTDIV is provided as an alternative to PQ for polynomial trial
division., The use of PDIV is appropriate when the quotient is known
to exist and the inputs are large,

The Polynomial GCD and Resultant System also provides new
algorithms for the Chinese remainder theorem and interpolation. The
new algorithms are based on the same mathematical formulas as the
corresponding algorithms of the Modular Arithmetic System, but care
has been taken to eliminate certain extraneous or redundant calcula-
tions, with a resulting significant improvement in performance. In

this case, again, new names have been used for the new algorithms,



but for a different reason, namely that the new algorithms have differ-
ent inputs or outputs,

The present system contains other new programs, too numerous
and varied to detail, and some are primarily auxilliary to the main
programs. In this respect, the present system may be regarded as
supplemental to the Polynomial and Modular Arithmetic Systems,

This SAC-1 report continues our previously established prac-
tice of appending to each algorithm description a statement of its
theoretical computing time. The present report, however, now uses
the notions and notations of dominance and codominance in place of
O-notation. For an introduction to these concepts and their applica-
tion, see [4]or [12]. Thus, Section 2 contains for each program of

the system (a) a user's functional specification, (b) an algorithm

description, and (c) a theoretical computing time, in this order.

For purposes of convenient reference, the algorithms are arranged
by category and an algorithm index is provided.,

The theoretical computing times of Section 2 have the impor—-
tant advantage of being computer-independent. TFor this very rcason
they can not, by themselves, be used to predict the computing time
of a given program for specified inputs on a particular computer.
Therefore, in Section 3 empirically observed computing times are

presented for a particular computer, the UNIVAC 1108, for a variety




of inputs to the major programs of the system (i.e. those most likely
to be applied directly by the user, and those of most interest), Com=
bination of the theoretical and empirical computing times will usually
vield a reasonably accurate estimate of the running time of a problem,
or permit an assessment of the feasibility of a proposed application.

Section 4 contains a listing of each program of the system,
These are in alphabetical order by name and are provided so that the
programs can be keypunched for compilation.,

Section 5 contains a main program which can be used to test
implementation of the system. This is; by no means an exhaustive
test program, but it will often assist in detecting many errors. This
program also serves to illustrate some features of any main program
written to apply the system,

The programs of this system are all written in Fortran IV, in
strict conformity to the USASI specifications, [1]. The system has
been thoroughly tested, but errors may still persist, and the author
would appreciate notification of any which are discovered. This
manual is intended to be relatively self-contained, but a degree of
familiarity with previous SAC-1 systems, especially [5], [6], [7]

and [9], is assumed.



2. Algorithm Descriptions

The algorithms of this system are classified below into eight
Categ’ories. Within each category, those algorithms most likely to
be applied directly by a user are presented first, For each algorithm
there is given first the functional specifications, then an algorithm
description, and finally a statement about the theoretical computing
time of the algorithm,

In the functional specifications and computing time statements,
the following conventions and notations are used, When a poly-

nomial A is denoted by A(X. ,ee- ’Xr) , xr is always the main or

1

outer variable and x1 is always the inner variable, A is then
represented as a polynomial in xr whose coefficients are polyno-
mials in Xyreoo P Xo_qe The degree of A in X, is denoted by
ai(A). When an operation is to be performed on two or more poly~-
nomials, these polynomials are assumed, except as otherwise
indicated, to be compatible in the sense that they contain the
same variables and these variables appear in the same order in
each. For polynomials in any number of variables with integer
coefficients, two norms are defined, lAll is the sum of the
absolute values of the integer coefficients of A and }A]m is the

maximum of the absolute values of the integer coefficients of A,

These norms have the following important properties:




|Aa] < |B])
|A +B|_<|A|_+|B]_ .
| A +-B[lg |Al, + |B}1 .
28| < (A [B, .

iAB]1—<— lAll !Bll °

For any integer a, we define LR(a) =1 if a =0 and LR(a) =
rlogﬁ(la] +1)] for a #o0. LB(a) is the number of digits in t}he
base B radix representation of a, if a Z 0. In most contexts
the base B is fixed. Furthermore we have LB(a) ~ Lv(a) for any
two bases B and -y. Hence we generally omit the subscript B
and write simply L(a), referring to L(a) as the length of a. This

notation, which is used in many of the following computing time

statements, is due to D. R. Musser [12].

Polynomial Greatest Common Divisors

The following modular algorithms for polynomial greatest common
divisor calculation are virtually identical to those described by Brown
in [2], who developed and analyzed these algorithms simultaneously
with myself, However, the versions given here employ the method
of cofactor calculation as opposed to trial division, and the credit

for this important innovation belongs entirely to Brown,



1 opl @t B g
PGCDCF(Al,AZ,B 'Cl'CZ)

The inputs A‘l and A?z are non-zero integral polynomials in r variables,

r> 0., B?, G'1 and C'Z are outputs, B' is the greatest common divisor of A'J

and A;?.' a polynomial whose leading numerical coefficient is positive. C“l =

[} 1 T 3 [
Al/B and CZ—AZ/B.

Algorithm

(1)

If TYPE(A'l)z-/O, go to (2); B'*—-IGCD(A'],A?Z): C"l*—IQ(A'l,B'); C'Z‘—-

IQ(A?&,B'); refurn.,

LE— By, P B By ] [ -— D ) 1 14y,
a]v PICONT(AI), Al PID(Al'al)' az*‘PICONT(A&), AZ. PII (A&,a&),

1 L] 1
b' IGCD(al,aZ).

a *—PLNCF(Al); az*—PLNCF(A ) b+ IGCD(a

) 5 1,a&); erase a,, a._.

1 2
El‘—PNORMF(Al); ,ZZ*— PNORMF(AZ); S*—ICOMP(El,ﬁ,Z); if S>0,

(ﬂ*—ﬁl; erase ﬂz); if S<0o0, (E*—-EZ; erase A@l); t«-BORROW(B);

IMFI(t,2); he— IPROD(f,t); erase £,t; P+ PRIME; L« 0; Ve INV(PVLIST(Al)).

If P =0, stop; ADV(p,P); b «— CMOD(p,b); if b =0, go to (5).

AT~ CPMOD(p, A ); AZ«-—-CPMOD(p,AZ).
1[
Erase AIA& if CPONE(B¥) # 1, go to (10).

CGCDCF( plA*tA;le*: 6

If 1L.Z0, erase L,E,C’il,é&,Q; erase B’",é’i‘,c;,ﬁ,h; Ve INV(V);
t«— PFA(1,0); B+ PORDER(t,V); erase t, V; Cl+—A1; C,Z(-—Az; go to (17).

S e S

B «— CSPROD(p,B",b ,0); erase B™.
1" — CPDEGS(E ); if L=0, (L—L% goto(12)); S« ICOMP(L,LY);
if S=0, (erase L™ goto (13)); if S< 0, (erase B ,C

(5)); if S> 0, (erase ﬁ,él,éz,Q,L; L‘-—L*).




(12) B+ 0; élwo; C,=0; Qe PrA(1,0).

(13) g+ CRECIP(p, CMOD(p,Q)); T+~ CPCRA(Q,B,p,B ,q,V); crasc B,B ;

B« T; T«-—CPCRA(Q,CEl,p,C_J“;,q,V); erase 61,51;@1«—'1‘; T+ CPCRA

- K

(Q,Cz,p,cz,q,\/); erase CZ,CZ; Cz*—T; IMFI(Q,Dp).

(14) S« ICOMP(Q,h); if S< 0, goto (5): m*—PNORMF(é): IMFI{m,2);

n, < PNORME(C,); n,« PNORMF(C,); m,« IPROD(m,n ); m,« IPROD(m,n,);

1 1

,n_,m_,m_; if

tl*—ICOMP(Q,mI); tz*—ICOMP(Q,mZ); erase m,n1 5 1 5

tlgo or tZSO, go to (5).

(15) Erase AI,AZ,B,Q,L,V,h.

(16) d«— PICONT(B); B+ PID(B,d); erase B,d; b« PLNCF(B); cl«——PID(Eﬁl,b);

erase (31;CZ«~PID(C_,b); erase C

2 Z'b°

(17) B'« PIP(B,b'); erase B; d*—-IQ(a'l,b'); erase a'l; C“l&—-—PIP(CI,d); erase

Cl'd; dt—-IQ(a'Z,b'); erase a'z,b‘; C;')“-—PIP(C ,d); erase Ga,d; return,

2
b
Computing Time: It is conjectured that the average computing time is < o ' +
r+l o . . . \
= = vl L A .
ax”~, where ) maxlf_igr(max(ai('l\l)’ ai(AZ))] +1 and n max(l(]Alll), L(| le))

> = PGCD(A,B)

A and B are integral polynomials in r variables, r> 0, C is the greatest

common divisor of A and B, a positive or zero polynomial,

Algorithm

(1) If A=0, (C« PABS(B); return); if B = 0, (C+« PABS(A); return).
(2) If TYPE(A) = 0, (C< IGCD(A,B); return).

—

(3) PGCDCF(A,B,C,A,B); erase A, B; return.



10

Computing Time: It is conjectured that the average computing time is < a‘&)\r +

a‘)\rH whe A= ‘
, re A = max I<isr (max (ai(A), 8i(B))) +1 and o = max (L{ lA,l),

L(|B| ).

B = PCONT(A)

A is a polynomial with integer coefficients in r variables, r>1. B is the
content of A, a polynomialin r -1 variables. If A =0, then B =0. Other-

wise if A(X,,eee X ) = A (X, 000X

- i ,
1 r Z'i:O At r-l) Xr' then B is the g.c.d. of

the coefficients Ai' f BZO0, then B is a positive polynomial.

Algorithm
(1) B+ 0; if A =0, return; T+ TAIL(A).
(2) ADV(C,T): D+« PGCD(B,C); erase B; B+« D; if PONE(B) = 1, return;

T« TAIL(T); if T #0, go to (2); return.

Computing Time: It is conjectured that the average computing time is

2 s
<L }\r + (Y.)\.r+ , where X\ = max, . 9. (A) +1 and a = L( \I\ll).
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I = PICONT(A)

A is a non-zero polynomial with integer coefficients in r variables,
r> 1, 1 is the greatest common divisor of the integer coefficients of A, a

positive infinite-precision integer.

Algorithm

(D) B—A; I—0; 5~—0.

(2) B« TAIL(B); C+ FIRST(B); if TYPE(C) = 0, go to (3); S+ PFA(TAIL(TAIL(B)),
S); B+« C; go to (2).

(3) T+ IGCD(I,C); ERLA(I); I« T; if FIRST(I) = 1 and TAIL(I) = 0, (ERLA(S);
return); B« TAIL(TAIL(B)); if B = 0, go to (4); C+FIRST(B): go to (3).

(4) If S=0, return; DECAP(B,S); if B =0, go to (4); T+ FIRST(B);

S« PFA(TAIL(TAIL(B)),S); B+ T; go to (2).

Computing Time: < L(a)Z H.r ~U‘i' where a = ‘Aloo, m, = ‘c)i(A) and u.i = mi + 1.

1
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llcl)

CGCDCF(p,Al,AZ,B 'Cl 5

P, Al

and A'Z are inputs. A'l and A'Z are non-zero polynomials over

GF(p) in r variables, r>1. B', C} and sz are outputs. B' is the

greatest common divisor of A} and Afg, a polynomial whose leading numerical

1
coefficient is l. C, = Ai/B' and C! = A'Z/B'.
Algorithm

(1) r*—-—CPNV(A'l); if r>1, go to (3).

(2) B'*——CPGCZD](p,A'l,A'&); C'I«-CPQ(p,A'l,B'); C'Z'r-CPQ(p,A'&,B'); return.,

('3 t t ; ol ~ 1 1 ; ' - N ; , I' ' .
(3) CPUC Pp(p'Al’al'Al) bPUbPP(p,AZ,aZ,AZ) b'+— CPGCDI1(p a] a&)

(4) al’f“CPLUCP(Al); az*—CPLUCF(AZ); BhCPGCDl(p,al,aa

(5) h+ CPDEG(b); £1<—- CPDEGI(Al) + h. EZ‘—CPDEGI(AZ) + h; f+max

}; erase a a .

1" 2

(E1,£2)7 ke 0: e+ —-1; L0,
(6) e+—e + 1; if e = p, stop; b e CPEVAL(p,k—),e); if k—)* = 0, go to (6).
(7) A’f*—-CPUEV(p,Al,e); A;’:«— CPUEV(p, A, €).
(8) (,(JCDC,E(p,Al',Aé,B‘,(Jl,cz).

(9) Erase AT,A;; if CPONE(B*) Z1, (B* «~ CSPROD(p,B*, b, 0); erase B

~8

go to (10)); erase b, 5?, 5:, L: if k £ 0, erase B, 51, 52, D;

B« PFA(0,PFL(B™, 0)); C,—A;i C,=A,; goto (16).

e
-

(10) L*— CPDEGS(B ); if L =0, (L— L% go to (11)); S« ICOMP(L,L™); if

S =0, (erase L*% if k = 0, goto (11); go to (12)); if S< 0, (erase

Wt

51 53L go to (6)); if §> 0, (erase B, 61,52,D,L; L L%,

(11) B=0; C.+« 0; 62+—0; D« PFA(0,PFA(1,0)); k 0; m+0; n, < 0;
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(12) E«< BORROW(D); CPINTI(p,B,e,B ,E,r,t); if t=1, m«k; erase E;

E «— BORROW(D); CPINTI(p,C ,e,é'l",E,r,t); if t=1,n —k;erase E;

1
CPINTI(p,éZ,e,éz,D,r,t); i t=1, 0,k kek+ 1.

(13) If m+n1> ﬁ,l or m+nz>l&2, (erase B,Cl,CZ,D; k+ 0; go to (6)); if

k <%, goto (6).

(14) Erase A], AZ' b, D, L.

(15) CPUCPP(p,B,d,B); erase B,d; b« CPLUCT(B); c:l+~<_1:PU1>1v<p,<':El,h);

erase 61; CZ«-CPUDIV(p,C—jZ,b); erase 5Z'b'

(16) B®« CPUPR(p,B,b'); erase B; d‘——CPQ(p,a'l,b'); erase a'l; C'l*—-

CPUPR(p,C,,d); erase C,, d; d+ CPQ(p,a),,b"); erase at, b';'c‘z<—-

1 2

CPUPR(p,CZ,d); erase CZ' d; return.

Computing Time: It is conjectured that the average computing time is

< >\,r+l, where X\ = max max (3, (A]), 9 (AL) + 1.

I<i<r 1 it 2

B = CPUCNT(p, A)

A is a non-zero polynomial over GF(p) in r variables, r> 2.
B is the univariate content of A , that is, if A(xl,. o "Xr) is re~-
garded as a polynomial in xz, oo ’Xr with coefficients from GF(p)
[Xl]' then B = B(Xl) is the greatest common divisor of these coeffi-

cients, a monic polynomial.

Algorithm
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(2) L« TAIL(C); if TYPE(L) = 0, go to (3); S+« PFA(TAIL(L),S);
C+FIRST(L); go to (2).

(3) If B=0, (B~ BORROW(C); go to (4)); D~ CPGCDI1(p,B,C); erase B;
B+« D; if CPONE(B) = 1, (erase 3; return).

(4) If S =0, return; DECAP(L,S); if L = 0, go to (4); ADV(C,L);
S« PFA(L,S); go to (2).

2 .r

1

Computing Time: < wv, I, . vy where n, = ai(A) and viE + 1,

i=2

CPUCPP(p,A,c,A)

A is a non-zero polynomial over GF(p) in r variables,
r> 2, where p and A are inputs. The output ¢ is the univariate
content of A , and the output A is the univariate primitive part of

A, defined by A=c - A.

Algorithm

(1) c+ CPUCNT(p,A); t+ CPONE(c); if t=1, A~ BORROW (A);

if t=0, A CPUDIV(p,A,c); return.

) .
Computing Time: < vlz Hi—z vy o where ni = Bi(A) and v, = n:.L + 1,
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Polyvnomial Resultants

The following modular resultant algorithms are as described in [4], ex-
cept that evaluation and interpolation are done with respect to X rather

than x This change results in some increase in speed for r> 3.

r-1°
C = PRES(A, B)

A and B are compatible polynomials with infinite-precision integer
coefficients in r variables, r> 1, with deg(A) > deg(B) > 0. C is the re-
sultant of A and B, with respect to the main variable of A and B, a poly-

nomial with integer coefficients in r - 1 variables (an integer if r = 1).

Algorithm

(1) de PMNORM(A); e+ PMNORM(B); m<« PDEG(A); n~— PDEG(B); f+ 2d e (m+n);
erase d and e.

(2) I+ PRIME; Q<+ PFA(1,0); C+« 0; L+« INV(PVLIST(FIRST(TAIL(A)))).

(3) If I=0, stop; ADV(p,I).

(4) A*— CPMOD(p,A); if CPDEG(A¥)< m, erase A" and go to (3).

(5) B¥e— CPMOD(p,B); if CPDEG(B¥) < n, erase A* and B" and go to (3).

(6) C¥+ CPRUS(p,A*,B¥); erase A™ and B¥ .

(7) g+« CRECIP(p, CMOD(p,Q)); T« GPCGRA(R,C,p,C*,q,1); erase C; CeT; if
L#A0, erase C¥,

(8) Q«Q - p; S—ICOMP(Q,f); if S<0, goto (3).

(9) Frase f, L. and Q; return.
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) -1, r=1 . =1 r
e ti Time: £ e S - C, I, O, = .
Computing Time < K 'y { HJ:l },I'} + Kr“;:l J,r] ( -1 J,r}
xr=1 2r

2 o 2 F r ‘ r ‘ v . . N
) {nj:l bj,r} S {“;':1 ‘/\j} L(ex ) (z.j:l xj + L(cxr)} < AT Lex) (v + L{en) ],

g
i}
[

~
=

+ K
where m, = 8,(A), n,=8,(B), i, =m, +1, v,=n,+1, X, =u,+v, C =
i i i i i i i i
U Vo VUL Si,r:ul oo MU 4w ter vov, A= [All, b = ]B]l, K = er(a)

+ LLrL(b) + er(kr), ¢ = max (a,b) and X = maxlgis_r >\i.

C = CPRES(p,A,B)

A and B are polynomials over GF(p) in r variables, r > 1, with
ar(A) > ar(B) > 0, C is the resultant of A and B, a polynomial over GF(p)

in r -1 variables (or, if r =1, an element of GF(p)).

Algorithm
(1) If TYPE(TAIL(A)) £ 0, goto (2); C « CPRES1(p,A,B); return,
(2) M+ CPDEGS(A); DECAP(m,M); M+« INV(M); DEGAP(ml,M); erase M.,

(3) N+ CPDEGS(B); DECAP(n,N); N+ INV(N); DECAP(n,,N); erase N.

1
(40 kemn +nm; reCPNV(A) - 1; C«0; D« PFA(0,PFA(L,0)); ie—-1,
(5) i+i+1; if i = p, stop.

(6) A*«— CPUEV(p,A,i); if CPDEG(A™) < m, (erase A™; go to (5)).

(7) B¥ e CPUEV(p,B,i); if CPDEG(B¥) < n, (erase A*, B¥; go to (5)).
(8) C¥e CPRES(p,A™,B¥); erase A*,B*,

(9) CPINTI(p,C,i,C*,D,r,t); if CPDEG(D) < k, go to (5).

(10) TI'rase D; return.
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. , r~1 i r r r i
t : X = Y g
Computing Time: <X =, {szl (Nj,r]{nj”l w, + Hj:l vj] 50 {Hj:1 Cj,r}
r-1 r r i r i r-1 i =1 . r
o, . A, . L3S, . .

r 2r
{S‘j:l Kj} <k, where mi = 8i(A), ni = Bi(B), Ei = Bi(C), LLi = mi+1, v, = ni +1,

A,o=4.+1, C,
i i j

4

=i, v+ viL Kk, = max (u,,v,) and k = max, K. .
r jr it i ( 1’V1) I

C = CPRESl(pIA:BI)

A and B are univariate polynomials over GF(p) with deg(A) > deg(B) > 0.

¢ is the resultant of A and B, an element of GF(p).

Algorithm

Let AI’AZ’ ...,A Dbe the complete p.r.s. over GF(p) defined by

k

= = = f 1<i< - i
Al A, Az B and Ai QiAi,+1+Ai+Z or 1<i<k -2 where Qi is a

polynomial over GF(p) and deg (Ai+z) < deg (Ai+1)' Let c,l = ldcf (Ai) and

ni = deg (Ai). By the fundamental theorem of polynomial remainder sequences,

S TS B |
resultant (A ,A.) = (-1) I c, c, ,
1772 RS | k
i=2
k-2
where V = 2 nini+ o The following algorithm employs this formula.
i=1

(1) Al*—BORROW(A); AZ*-BORROW(B); ve—0; c+— 1.

(2) A3+—CPREM(p,A ,AZ); if A_ =0, (c+0; go to (9)).

1 3

(3) nl<—deg(A1); nzﬁ--deg(AZ); n3-f-—deg(A3).

(4) m1+—mod(n1,2); mZ«-mod(nz,Z); V- mod(v+m1m2,2).

5 i - ; « ldcft .
(5) n n1 n3 CZ dc (AZ)
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(6) Dofor i = |,e..,n(ce CPROD(p,c,cZ)),

(7) Erase Al; A1<—A2;A v—-A?); if n. >0, goto (2).

2 3

(8) czhldcf(AZ); dofor i =1,...,n,(c+ CPROD(p,c,c.)); if v£0, c+—p-~-c.

2 2

(9) Erase Al and AZ; return,

Computing Time: <mn, where m = deg(A) and n = deg (B).

Polynomial Multiplication and Division

C = PMPY(A,B)

A and B are polynomials with integer coefficients in r variables,

r>1, C=A" B,

Algorithm

(1) C«0; if A=0 or B=0, return.

(2) d+« PNORMF(A); e+« PNORMF(B); f+ IPROD(d,e); crasc d,c; IMI'I(f,2).
(3) I+ PRIME; L+ INV(PVLIST(A)); Q<+ PT'A(1,0).

(4) 1 1=0, stop; ADV(p,I); A%+« CPMOD(p,A); B*+— CPMOD(p,B).

(5) C*« CPMPY(p,A",B¥); erase A™, B,

(6) g+ CRECIP(p, CMOD(p,Q)); Cl*‘CPCRA (Q,C,p,C*,q,L); erase C* and

C; C« Cl'

(7) IMFI(Q,p); if ICOMP(Q,f) < 0, go to (4).

(8) Erase I, f and Q; return.
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Computing Time: < (a + 8)(La + MP + Ny + Nv) < N(a + B)(a + B + v), where ﬁi =

8. (A), m,=8.(B), n,=8,(C), . =L, +1,u, =m +1, v.=n, +1, L=T" .2,
, i i i i i i i i i i=l 1

r )
M= u, N:nizlvi, a=[al;, b=[B|],, c=[C|,, a=L@),
B = L), ¥ =1Lc) and V:maxl_<_i_<_r Ve

C = PDIV(A,B)

A and B are polynomials with integer coefficients in r variables, r>1,

such that BZ0 and A is divisible by B. C = A/B.

Algqrithm

(1) C«—0; if A =0, return,

(2) Q+ PNORMF(A); ELPOF2(Q,T,h); erase Q; Q<+ PNORMTI (B); ELPOF2(Q,T, k);
erase Q; f+« PEXP; m+ 0; n+ 0; Q+ PFA(l,0); I+ PRIME; L+ INV(PVLIST(A)).

(3) If 1=0, stop; ADV(p,I); B™« CPMOD(p,B); if B* = 0, go to (3).

(4) A"~ CPMOD(p,A); C*e CPDIV(p,A™,B¥); erase A™, B¥,

(5) g+ CRECIP(p, CMOD(p,Q)); C,+ CPCRA(Q,C,p,C*¥,q,1); S+ PCOMP(C,C,);

1 l

erase C, C% C‘—-(fil; IMII(Q,p); me=mil; if SAO0, (n=m; goto (3));
ge—m-{f; if g<h or g<k +n{f+1), go to (3).

(6) Erase L1, Q; return.



Computing Time: < (Lo + MB + Ny +1Ix) 6 < I)6 + 18%, where a = [A]l, b =

B, c=[C|_, @=1L@), B=Lb), y=L), 4 =8(8), m =23(B), n =2d(C),

A,=4,+1, u,=m, +1, v, =n, +1, L:H,.
1 1 1 1 1 1

i=1"14 i=l i i=1 i

A = max A,,and 8= a+ B+,

Ii<r i

C = PTDIV(A, B)

A and B are polynomials with integer coefficients in r variables, r> 1.

If BZ0 and A is divisible by B, then C = A/B. Otherwise, =-1, a

Fortran integer.

Algorithm

(1)

(2)

C+-1; if B=0, return; C«0; if A =0, return.
Q«— PNORMF(A); ELPOF2(Q,T,h); erase Q; Q<+ PNORMI'(B); ELPOI2(Q,T,k);
erase Q; f« PEXP; m« 0; n+ 0; Q+ PFA(l,0); I+ PRIML; L+ INV(PVLIST(A)).
If 1=0, stop; ADV(p,I); B¥*+ CPMOD(p,B); if B* = 0, go to (3).

A*+ CPMOD(p,7); C*+ CPTDIV(p,A™,B¥); erase A™,B™; if ¢*==1, go to (6).
g+ CRECIP(p,CMOD(p,Q)); C «—CPCRA(Q,C,p,C*,q,L); S+« PCOMP(C,C

1

erase C, C* C*—Cl; IMFI(Q,p); mem + 1; if SZ0, (n—m; go to (3));

1);
g—m- f; if g<h or g<k +n(f +1), goto (3); go to (7).
Erase C; C+« -1,

Erase L, Q; return.
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Computing Time: < (La + MB + Ny +IA)6 <I)0 + LGZ, where a = lAll’ b = lBI'l'

c=|[C| ,a=1L@), B=Lb), vy=L), L = d,(A), m =3(B),n =3I(C), x =£ +1,

r r
W, =m, +1, v, =n, +1, L= I, . = , = =
; i vl n1 lel >\1 M Hi:l ui' N 1I, v, A maxls, r .

and 6 =qa + A + .

B = PID(A,TI)

A is a polynomial with integer coefficients in r variables, r> 0. I is an

infinite-precision integer which is a divisor of A. B is the quotient A/1.

Algorithm

(1) B+ 0; if A = 0, return; if FIRST(I) = 1 and TAIL(I) = 0, (B~ BORROW(A);
return); B+ PFL(PVBL(A),0); L+« TAIL(A).

(2) ADV(C,L); T+« TYPE(C); if T =0, D+« IQ(C,I); if T -1, D+ PID(C,kI);
ADV(E,L); B+ PFA(E,PFL(D,B)); if L £ 0, go to (2).

(3) B+ INV(B); return.

Computing Time: The maximum computing time is ~ L(b) L(I) Hl{—l Ve where

b=|B|] , n = 8/(B and v, = n, +1.
00 i i i i
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C = CPMPY(p,A,B)

A and B are polynomials over GF(p) in r variables, r>1. C =A-B,

the product of A and B. A modular algorithm is used.

Algorithm

(1) Ce«0; if A=0 or B =0, return.

(2) r— CPNV(A); if r> 1, go to (3); C+« CPPROD(p,A,B); return.

(3) M+ INV(CPDEGS(A)); DECAP(m,M); erase M; N+« INV(CPDEGS(B));
DECAP(n,N); erase N; k<« m +n; D+ PFA(0,PFA(1,0)); i+« 0.

(4)  A*« CPUEV(p,A,i); B*« CPUEV(p,B,i).

(5) C*e CPMPY(p,A*,B¥); erase A*, B¥,

(6) CPINTI(p,C,i,C*,D,r,t).

(7) If i£k, (i<1i+1; go to (4)).

(8) Frase D; return,

: . - r=1 ‘ r-1 r r r+l
Computing Time: < (IL_, Ki} v, +2 5) Xi} L LI 7\1} {>Ti___1 7\1} Lx 7,

where m, = 0(A), n, =8, (B), w, =m, +1, v,=n,+1, X =y, +v, and A =
i i i i i i i i i i i

max. . X,
Ii<r i
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C = CPDIV(p,A,B)

A and B are polynomials over GF(p) in r wvariables,

B#Z0 and A is divisible by B. C = A/B.

Algorithm

() C«0; if A =0, return,

r > 1, such that

(2) r— CPNV(A); L« INV(CPDEGS(A)); DECAP(£,L); erase L; M« INV(CPDEGS(B));

DECAP(m,M); erase M; n+ £ - m; if r>1, go to (4).
(3) T« CPQREM(p,A,B,); DECAP(C,T); DECAP(R,T); return.
(4) ie-1; D« PFA(0,PFA(1,0)).
(5) i—1i +1; B%« CPUEV(p,B,i); if B* = 0, go to (5).
(6) A™— CPUEV(p,A,i.
(7 C*« CPDIV(p,A*,B*); erase A™,6B¥,
(8)  CPINTI(p,C,i,C*,D,r,t).
(9) If n>0, (n«n~-1; go to (5)).

(10) Erase D; return.

. . r r r-1
Computing Time: < Xl{njzl uj} +LLF{HJ,:1 vj] v

(t
)=

r r r r+l
Ki[H. ) uj} < {'vizl A,i}{ﬂi:l 7\1} < A, where f’i = 9,(4), m,

I=1
9. (C)y, v, =4, +1,,=m +1, v,=n,+41 and X =max_, , A
i i i i i i i <
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C = CPTDIV(p,A,B)

A and B are polynomials over GF(p) in r variables, r>1. If BZO

and A is divisible by B, then C = A/B. Otherwise C = -1, a Fortran integer.

Algorithm

(1) Ce-1; if B=0, return; C+« 0; if A = 0, return.

(2) T+ CPDEGS(A); U<« CPDEGS(B).

(3) DECAP(/,T); DECAP(m,U); n+f - m; if n< 0, C«~-l; if T Z 0, go to (3).

(4) If C = -1, return; r+« CPNV(A); if r>1, go to (6).

(5) T« CPQREM(p,A,B); DECAP(C,T); DECAP(R,T); if R =0, return; erase
C,R; C+ -l; return,

(6) i«—-1; j< 0; D« PFA(0,PFA(l,0)).

(7)  ie=1i+1; if i=p, stop; A¥« CPUEV(p,A,i); B*« CPUEV(p,B,i); if A¥ =0
and B* = 0, go to (7).

(8) C*« CPTDIV(p,A*,B™); erase A*,B* if C*=-1, go to (ll).

(9)  CPINTI(p,C,i,C*,D,r,t); j+«j + L.

(10) If CPDEG(C)>n, goto (11); if j< £, goto (7); go to (12).

() Erase C; C+« -l.

(12) Erase D; return.

For r>1,

Computing Time: For r=1, ~1 if !@l < m, and ~ by vy if 'Zl > m, .
< T A +1 i, if 4, < m, for some i, < {Hr A ]{S‘r Ao +u )<L {Hr )
i=2 " i=2 i i i ! i=1 7i’ =l r’ = ti=l i
ot _ r+l . ~ ~ ~ B N
(g Xi] <A otherwise, where Ili = ai(A), m, = ai(B), )\.i = f’i +1, g =m, 1

and vl:ﬂl—mlJrl.
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C = CPQ(p,A,B)

p is a prime number. A and B are polynomials over GF(p) in r
variables, r >1. If BZ0 and B|A, then C =A/B. Otherwise, C is

the Fortran integer -1. The "classical" polynomial division algorithm is used.

Algorithm

(1) C«-1; if B =0, return; C« 0; if A = 0, return.

(2) M« CPDEGS(A); N+« CPDEGS(B); L« 0; h« 0.

(3) DECAP(m,M); DECAP(n,N); f«m = n; L+« PFA(f,L); if £< 0, h=j; if
M £ 0, go to (3).

(4) L+ INV(L); if h< 0, (C«~-l; erase L; return).

(5) C+« CPQDB(p,A,B,L); erase L; return.

. L, r . \ r oo
Computing Time: < Hi:l Xivi if mizni for all i, < Hi:z by 4 Hi:Z vy

otherwise, where m, = 8,(A), n, =9,(B), £, =m,-n_,u, =m, +1, v, =
i i i i i i i’ 7 i i

n,+1 and X, =4, +1.
i i i
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C = CPQDB(p,A,B,L)

p is a prime number. A and B are polynomials over GF(p) in r
variables, r > 1., L is a list (ﬂr,. «.,4,) of non-negative integers, If B £0,
B{A and ai(A/B) < ﬂi for 1<i<r, then C=A/B. Otherwise, C is the

Fortran integer -1. The "classical'polynomial division algorithm is used.

Algorithm

(1) C+-1; if B =0, return; C« 0; if A =0, return.

(2) m+« CPDEG(A); n+« CPDEG(B); h«~m=n; if h< 0 or h> FIRST(L),
(C+ ~1; return).

(3) L¥« TAIL(L); if L* £0, go to (5).

(4) T« CPQREM(p,A,B); DECAP(C,T); DECAP(R,T); if R = 0, return; erase
C,R; C+ -=1; return.

(5) A « TAIL(A): B+ TAIL(B); A« INV(CINV(A)); ADV(F,B); C<« PFA(h,0).

(6) DECAP(E,BA); G« CPQDB(p,E,F,L*); erase E; if G< 0, go to (10);
C« PFL(G,C); if G =0, go to (8); S«—A; T+B.

(7) If T =0, goto (8); ADV(W,T); Z<« CPPROD(p,W,G); V+ CPDIF(p,FIRST(S),Z);
erase FIRST(S); ALTER(V,S); erase Z; S+ TAIL(S); go to (7).

(8 he=h=-1; if h> 0, go to (6).

(9) C+ INV(C).

(10) If A = 0, return; if FIRST(A) £ 0, go to (11); DECAP(W,A); go to (10).

(11) DECAP(W,A); erase W; if A £0, go to (11).

(12) Erase C; C+ -1; return.

r i-1 T
i ime: A , where L
Computing Time: < %51 [szl O\j + Y] + U“j)}mj:i jvj} r

+ 1.

il
jos

_ _ _ - d
(ﬂr,...,ﬂl), n, = 9,B), m, Ei(A),ki £i+1,uf mi+1 and v,
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C = CPMPYI(p,A,B,r)

A is a polynomial over GF(p) in r -1 variables, r>1, and B is a
univariate polynomial over GF(p). C is the polynomial over GF(p) in r

variables defined by C(X.,,ee. ’Xr) = B(x

1 )'A(X X).

1 277y

Algorithm

(1) C«0; if A=0 or B=20, return.

(2) If r=1, (C« CSPROD(p,B,A,0); return).

(3 T+ A; ADV(n,T); C« PFA(n,C).

(4) ADV(d,T); E« CPMPYI(p,d,B,r-1); C« PFL(E,C); if T £0, go to (4).

(5) C« INV(C); return.

r
Computing Time: The maximum computing time is ~ ni—l

v,, where n, = 98,(A)
1 1

and v, =n, +1.
i i

C = CPUPR(p,A,B)
A is a non~zero polynomial A(xl,...,xr) over GF(p) in r wvariables,

r>1., B=B(x,) is a non—-zero univariate polynomial over GF(p). C = A(xl,.. . ,xr) o

1
B(xl), the product of A and B.
Algorithm

(1) If TYPE(TAIL(A)) = 0, (C« CPPROD(p,A,B); return); ne FIRST(A);
C+ PFA(n,0); L+« TAIL(A).
(2) ADV(D,L); E«~ CPUPR(p,D,B); C«PFL(E,C); if L A0, go to (2).

(3) C+<— INV(C); return,
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r -
Computing Time: The maximum computing time is ~Vy Hi—l LLi, where

:81(B),ui:mi+1 and vl‘:nl + 1.

C = CPUDIV(p,A,B)

A is a non-zero polynomial over GF(p) in r variables, r>1,
A= A(Xl Jeoe ’Xr)' where xr is the main variable. B is a univariate
polynomial over GF(p), B(Xl)’ which is a divisorof A . C is the

quotient C(Xl" .o 'Xr) = A(Xl" .o ’Xr)/B(Xl)'

Algorithm

(1) If TYPE(TAIL(A)) = 0, (C+ CPQ(p,A,B); return); n<+ FIRST(A);
C+ PFA(n,0); L+ TAIL(A).

(2) ADV(D,L); E+« CPUDIV(p,D,B); C+ PFL(E,C); if L £ 0,
go to (2).

(3) C+ INV(C); return,

Computing Time: The maximum computing time is ~ Yy {”14 Vi} '

T = = = = -
where m1 al(B), ni ai(C), Iy m1 +1 and vy ni+1
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Chinese Remainder Algorithm

C = CPCRA(QIBIplAquIJ)

p is an odd prime number and A is a polynomial over GF(p) in r variables,

r> 0. Q is an odd positive infinite-precision integer relatively prime to p

and B is a polynomial B(Xl’ s ’Xr) whose integer coefficients are all less than
Q/2 1in absolute value. g is an element of GF(p), 0< g< p, such that qQ =1

(modulo p). L is the list of variables (Xr' ees,X.). C is the unique polynomial,

1
with infinite-precision integer coefficients less than pQ/2 in absolute value,
such that C = B (modulo Q) and C = A (modulo p). Note that if Q == 1, and

hence B = 0, then C = A (modulo p) and the coefficients of C arec less than p/ 2

in absolute value,

Algorithm

(1) If L=0, (C« CCRA(Q,B,p,A,q); return).

(2) Ce—0; me—=-1; AeA; if AZ0, ADV(m,A); ne—-1; B<B; if BZO,
(B« TAIL(B); n+ FIRST(TAIL(B))); M« TAIL(L).

(3) If A= 0 and }§:O, goto (6); E«~0; F«~0; S+m-n; if S> 0, (ke=m;
mem - 1; ADV(E,A)); if S< 0, (ken; ne-1; ADV(F',B); B+« TAIL(B);
if BZO, n—FIRST(TAIL(B))); if E=0 and F =0, go to (3).

(4) G+« CPCRA(Q,F,p,E,q,M).

(5)  C+ PFA(k,PFL(G,C)); go to (3).

(6) If C#0, C+ PFL(BORROW(FIRST(L)), INV(C)); return,
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. r r . _
Computing Time: < {Hizl ui} +2 < L(C){Hi:l ui}, where m, = di(C), w, =
m. +1, X is the sum of the lengths of the non-zero integer coefficients of C,
i

and c:[C[ .
[o 0]

C = CCRA(Q,B,p,a,q)

p is an odd prime number and a is an element of GF(p). Q 1is an odd posi-
tive infinite-precision integer which is relatively prime to p, and B is an
infinite-precision integer such that ]B[ < Q/2. q 1is an element of GI(p),
0< g< p, suchthat qQ = 1 (modulo p). C is the unique infinite-precision
integer such that C = B (modulo Q), C -~ a (modulo p), and |('.7‘ < pQ/2.

Note that if Q = 1, and hence B = 0, then C :a (modulo p) and |C| < p/2.

Algorithm

(1) b « CMOD(p,B); ¢+« CDIF(p,a,b); if ¢ =0, (C« BORROW(B); return).
(2) d« CPROD(p,c,q); if d+d>p, de=d - p.

(3) D« PFA(d,0); T+« IPROD(D,Q); erase D; C+ ISUM(T,B); erase T; return,

Computing Time: —~ L(C).




[US]
o

FEvaluation and Interpolation

B = CPUEV(p,A,e)

A is a polynomial over GF(p) in r variables, r>1, and e is an element

of GF(p)' B:B(XZI"’IXr) :A<elle"'lxr)'

Algorithm

(1) B« 0; if A = 0, return; r+ CPNV(A); if r =1, (B~ CPLVAL(p,A,e); return);
n+ CPDEG(A); A<« TAIL(A).

(2) ADV(C,A); if r> 2, goto (3); D« CPEVAL(p,C,e); if B=0 and D=0,
go to (4); if B = 0, B+ PFA(n,B); B« PFA(D,B).

(3) D+« CPUEV(p,C,e); if B=0 and D=0, goto (4); If B =0, B« PFA(n,B);

B+ PFL(D, B).

(4) nen-1: if AZ0, goto (2); B+ INV(B); return.

r
Computing Time: The maximum computing time is ~ Hi—l Vi where ni = 'Oi(I\)

and v, = n, + 1.
i i

CPINTI(p,A,b,C,D,r,t)

A is a polynomial over GF(p) in r variables, r >1, C 1is a polynomial

over GF(p) in r -1 variables, D is a univariate polynomial over GF(p), and

b is an element of GF(p). D is a product D(xl) = H];—l(’xl_bi) where b and the
bi are distinct elements of GF(p), orelse k = 0 and D(x,) = 1. Either A =0

1

or 81(A) < 61(D) = k,
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Let G be the unique polynomial over GF(p) such that G(bi,x reee 'Xr) =

2

A(b,,x (G) < k.

2""'Xr) for 1<i<k, G(b,xz,...,xr):C(x ,eee X ), and 9

2 r 1

A is erased and G is returned as the new value of A, Let ]S(Xl) = D{x (x.~b).

U

D is erased and D is returned as the new value of D, If G = A, then t= 0;

otherwise t =1, a Fortran integer,

Algorithm

(1) A¥— CPUEV(p,A,b).

(2) If r=1, (U«—CDIF(p,C,A%); go to (3)); U+« CPDIF(p,C,A™); erase C, A*.

(3) te1; if U =0, (t« 0; go to (5)).

(4) v+ CPEVAL(p,D,b); v+ CRECIP(p,V); E+ CSPROD(p,D,v,0); W« CPMPYI(p,U,E,r);
erase E; if r> 1, erase U; G+ CPSUM(p,W,A); erasc N, W; AN+ G.

(5) U« PFA(1,PFA(l, PFA(CDIF(p,0,b),0))); W+ CPPROD(p,D,U); crase D, U;

D+« W; return.

Computing Time: < {',H;:*l vi] + k +1, where ni = ai(G), Vi = ni + 1 and

k = 81(D). Note that n, = 81(A) if G = A, n, = al(D) if GZA, and n, =

max (ai(A), 81(0)) for 2<i<r.
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Degrees and Leading Coefficients

L = PDEGS(A)

A is a polynomial with integer coefficients in r variables, r> 1. If
A =0, then L is the null list, Otherwise, L = (nr, e ,nl) where ni is the
degree of A(Xl' oo ,xr) in xi and xr is the main variable, Each ni is a

Fortran integer.

Algorithm

(1) L« 0; if A =0, return; N« PDEG(A); T+ TAIL(A); M « FIRST(T).
(2) If TYPE(M) £ 0, go to (4).

(3) L+ PFA(N, 0); return.

(4) L« PFA(0,L); M+« FIRST(TAIL(M)); if TYPE(M) £ 0, go to (4).

(5) C+ FIRST(T); K+ PDEGS(C); V+ L.

(6) DECAP(S,K); if S> FIRST(V), ALTER(S,V); Ve« TAIL(V); if V # 0, go to (6).

(7) T« TAIL(TAIL(T)); if T #0, go to (5).

(8) L+« PFA(N,L); return.

r
Computing Time: The maximum computing time is ~ Hi—z vy where n, = 81(A)

and v, = n, +1.
1 1
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I = PLNCF(A)

A is a polynomial with integer coefficients in r variables, r> 0.
If A=0, orif r=0, then I=A. Otherwise, 1 is the leading numerical

coefficient of A .

Algorithm

(1) If A=0, (I« 0; return); B+« A; go to (3).
(2) B+ TAIL(FIRST(B)).

(3) If TYPE(B) # 0, go to (2); I+ BORROW(B); return.

Computing Time: ~r + 1.

L = CPDEGS(A)

A is a non-zero polynomial over a field GF(p) in r variables, r> 1.
Let A= A(Xl’ o ’Xr)’ where X is the main variable. Let ni be the degree

of A in Xi . Then L = (nr,. - ,nl), a list of Fortran integers,

Algorithm

(1) N« FIRST(A); T+« TAIL(A); if TYPE(T) £ 0, go to (2); L+ PFA(N,O0); return.
(2) ADV(B,T); L+ CPDEGS(B).
(3) If T =0, goto (5); ADV(B,T); if B = 0, go to (3); M+~ CPDEGS(B);

U+ 1; Ve M.
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(4) h = FIRST(U); DECAP(k,V); if h < k, ALTER(k,U); U<« TAIL(U); if U £ 0,
go to (4); go to (3).

(5) L« PFA(N,L); return.

, , , . r
Computing Time: The maximum computing time is ~ Hi—

v,, where v, =n, +1,
2 i i i

M = CPDEG(A)

A is a polynomial over a field GF(p) in r variables, r> 1, M is

the degree of A in its main variable, a Fortran integer (if A = 0, then M = 0).

Algorithm

(1) M « 0,
(2) If AZ0, M+« FIRST(A).

(3) Return.

Computing Time: ~ 1,
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nl = CPDEGI(A)

A is a non-zero polynomial A(Xl"" 'Xr) in r variables, r> 1,

over a field GF(p). n1 is the degree of A in xl.

Algorithm

{1) L+« INV(CPDEGS(A)); nlﬁ-—FIRST(L);erase I; return.

B = CPLNCF(A)

A is a non-zero polynomial over a field GF(p) in r variables, r> 1,

B is the leading numerical coefficient of A , a non-zero element of GF(p).

Algorithm

(1) BeaA,

(2) B+ TAIL(B); T+« TYPE(B); B+ FIRST(B); if T # 0, go to (2); return.

Computing Time: ~ I

B = CPLUCF (A)

A is a non-zero polynomial over a field GF(p) in r variables,
r> 2. B is the leading univariate coefficient of A , defined as
follows. If r = 2, then B is the leading coefficient of A; if r> 2,
then B is the leading univariate coefficient of the leading coefficient

of A .
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Algorithm
(1) B+~ A,
(2) C <« FIRST(TAIL(B)); if TYPE(TAIL(C)) = 0, (B+ BORROW(C);

return); B+ C; go to (2).

Computing Time: ~r.

Polynomial Comparison

T = PCOMP(A,B)

A and B are compatible polynomials with integer coefficients in r
variables, r> 0. T is a Fortran integer, T =0 if A=B and T=1 if

A £ B.

Algorithm

(1) If AZ0, goto (2); if B £ 0, go to (10); go to (9).

(2) If B=0, goto (10); if TYPE(A) £ 0, go to (5).

(3) ADV(E,A); ADV(F,B); if EZF, goto (10); if A =0, goto (4); if B0,
go to (3); go to (10).

(4) If B=20, goto (9); go to (10).

(5) A< TAIL(A); B« TAIL(B).

(6)  ADV(E,A); ADV(F,B); T+ PCOMP(E,F).

(7) If T =1, return; ADV(E,A); ADV(F,B); if EZF, goto (10); if A =0,

go to (8); if B #Z 0, go to (6); go to (10).
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(8) If BZO0, goto (10).

i

(9) T = 0; return,

i

(10) T = 1; return,

Computing Time: < min (L(a), L(b)) - I . min (ui,vi), where a = |A{°o, b =

i=1
|B| , m,=28.(A), n =98,(B),u, =m +1 and v, =n +1.
i i i i

T = CPCOMP(A,B)

A and B are polynomials over a field GF(p) in r variables, r> I.

T=0if A=B and T=1 if AZB. T is a Fortran integer,

Algorithm

(1) T «—1; if AZ0, goto2; if BZ 0, return; T+ 0; return.
(2) If B=0, return; ADV(m,A); ADV(n,B); if m #Z n, return;
U « TYPE(A).
(3) ADV(C,A); ADV(D,B); if U #0, goto (4); if C Z D, return; go to (5).
(4) T+ CPCOMP(C,D); if T # 0, return.

(5) If AZO0, goto (3); T« 0; return.

Computing Time: < T, ) min (u,,v), where m = 9,(A), n =9,(B), u; =m, +1

and v, =n, + 1L,
i i
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Miscellaneous

N = PMNORM(A)

A is a non-zero polynomial with integer coefficients in r variables,

n

rzle I ARG eenx) = T Ayl r-1

i , ,
) - Xr' where x is the main
T

variable, then N = max , nor
0<i<n

Algorithm

(1) N+« 0; T+ TAIL(A).

(2) ADV(C,T); M«PNORMF(C) S+« ICOMP(M,N); if 5> 0, go to (3); crasc
M; go to (4).

(3) Frase N; N+ M.

(4) T« TAIL(T); if T #Z0, go to (2); return.

r
Computing Time: < L(N) - T,

v., where n, = 8,(A) and v, =n, +1.
i i i i i

B = CPMON({p, A)

p is a prime number and A is a non-zero polynomial over GF(p) in
r variables, r> 1. B = A/Incf (A), the associate of A whose heading

numerical coefficient is 1 .

Algorithm

(1) bw—-C/IfLNCF(/\); ¢+~ CRECIP(p,B); B+ CSPROD(p,A,c,0); return.

Computing Time: The maximum computing time is ~ [, Y

., where n, =
i i

9.(AY and v, =n, +1,
1 i
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N = CPNV(A)

A is a non-zero polynomial over some field GF(p) in r wvariables,

r> 1., N is the number of variables, r, a Fortran integer.

Algorithm

(2) L+ TAIL(B); if TYPE(L) = 0, return.

(3) B+~ FIRST(L); N« N + 1; go to (2).

Computing Time: ~ T,

b = CPONE(A)

A is an arbitrary polynomial over some field GF(p), in r variables,
r>1, If A(xl,... 'Xr) = 1 for all Xl"" ’Xr’ then b = 1; otherwise b = 0.

b is a Fortran integer.
Algorithm

(1) If A=0, goto (4).

(2) If FIRST(A) Z 0, go to (4); A+ TAIL(A); if TYPE(A) = 0, go to (3);
A+~ FIRST(A); go to (2).

(3) If FIRST(A) # 1, go to (4); b+ 1; return.

(4) B+ 0; return.

Computing Time: The maximum compuling time is ~r.
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L = IFACT(N)

N is a non-negative Fortran integer, L = NI, the factorial of N, an

infinite~precision integer,

Algorithm
(1) L+ PFA(1,0); if N < 2, return; I+ 2,

(2) IMFI(L,I); I« 1+ 1; if I< N, go to (2); return,

Computing Time: < (N+l)2 L(N).

IMFI(A,Db)

A is an infinite-precision integer and b is a Fortran integer. The infinite-

precision integer C = A * b is computed, A is erased, and A is setto C.

Algorithm
(1) If bZ0, goto (3).
(2) LRLA(A); A« 0; return.

(3) B+ PFA(b,0); C+ IPROD(A,B); ERLA(A); LRILA(B); A+ C; roturn.

Computing Time: - LA,
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3, Empirical Computing Times

In the following, empirically observed computing times are given
for various algorithms applied to representative sets of inputs., All
times given are in seconds and are for the University of Wisconsin
SAC-1 implementation on the UNIVAC 1108 computer, This computer
has a 36=-bit word length and most instructions execute in approximately
0. 75 microseconds,

A random polynomial generator was used to obtain inputs to the
algorithms for generation of the empirical computing time tables below.
Inputs to the random polynomial generator are a degree vector (nl, oo ,nr)

eee,€8 ) with 0< e, < n,

and a coefficient size k. For every r-tuple (el r i ;

the random polynomial generator generates a random integer less than
k © er
2 in absolute value, which is the coefficient of xl 0o Xr in the
random polynomial. For some tables, random polynomials over GF(p)
. , .31
are used, In these cases, where p is approximately 27, a random

polynomial with, say, 33-bit coefficients is generated and then reduced

modulo p using CPMOD of the SAC~-1 Modular Arithmetic System.

Polynomial Greatest Common Divisors

In this category only PGCDCF was timed; times for PGCD would
be nearly identical. Table 1 gives times for relatively prime inputs,

Table 2 gives times for non-trivial greatest common divisors.
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Table 1

The inputs to PGCDCF are random polynomials A and B of degrec

n in each of one, two or three variables, with 25-bit coefficients. gcd
(A,B) =1 in each case.
No, of No. of No. of
Vari- |Degree | Time Vari~ | Degree | Time Vari- | Degree | Time
ables n ' ables n ables n
1 20 .15 2 5 . 21 3 2 .22
1 40 .41 2 10 .58 3 4 .75
1 60 .63 2 15 1.14 3 6 1.70
1 80 .97 2 20 1.92 3 ] 3.51
1 100 1.52 2 25 2.92 3 10 4,54




Table 2

The inputs to PGCDCF are A- C and B- C, where A, B and C are

random polynomials of degree n in each of one, two or three variables,

with 25-bit coefficients,

gcd (A C, B C) = C 1in each case.

No,. of No. of No. of
Vari- | Degree | Time Vari- Degree| Time Vari- | Degree | Timc
ables n ables n ables n
1 10 .55 2 2 1,11 3 1 2,36
1 20 1,35 2 4 3,83 3 2 8,93
1 30 2623 2 6 7.56 3 3 23,7
1 40 3,60 2 8 13,6 3 4 49,5




Polynomial Resultants

Times are given for PRES, for bivariate inputs in Table 3 and for tri—

variate inputs in Table 4,

Table 3

The inputs to PRES are random bivariate polynomials A and B with
4-hit coefficients and with ai(A) = ai(B) = ni for i = 1,2. The variable

eliminated is xz.

nzzl nz:Z n2:3 112:4 na:5
nl =2 .05 .10 035 .56 1.29
n = 4 .09 .23 .83 1.50 3,07
n, =6 .15 .39 1,48 2.72 5.54
n = 8 .21 .59 2,28 6.02 5, 86
n1:10 « 29 1.50 3.61 9,05 13,08
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Table 4

The inputs to PRES are random trivariate polynomials A and B
with 4-bit coefficients, with ai(A) = Bi(B) =n for i=1,2, and with

9 (A) = 9_(B) =n_., The variable eliminated is Koo

n=1 n=2 n=3 n=4 n=>5
n3 =2 .35 1.15 5,01 9.55 15.3
n3 =3 1.53 5.92 14,10 25,8 45,2

Polynomial Multiplication and Division

Computing times are given in Table 5 for multiplication, division
and trial division of integral polynomials in one, two and three vari-
ables, For purposes of comparison, the computing times of the
classical algorithms PPROD and PQ of the SAC-1 Polynomial System
are listed alongside those of the modular algorithms PMPY, PDIV and
PTDIV of the present system, Table 6 gives corresponding computing

times for multiplication and division of polynomials over GF(p).
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Table 5

The inputs to PPROD and PMPY are random polynomials A and

B in one, two and three variables with ai(A)

and with single~precision

efficients,

The inputs to PQ,

‘resulting in B as output,

(33=-bit) and triple-precision

n for i=1,2,3

(99~-bit) co~

PDIV and PTDIV are A - B and A,

NS/E.H(;E Degree | Coeff, | PPROD PMPY PQ PDIV PTDIV
ables n Length

1 10 ! 12 .19 .25 .26 . 25
1 20 1 .53 .41 .87 .50 .51
1 30 1 1.11 . 69 1.81 .81 .83
1 40 1 1,81 1.06 4,27 1.16 1.16
1 50 1 2056 1.36 5,22 1.57 1.60
2 3 1 .29 .83 .47 .62 74
2 6 1 2,79 2,78 3.30 | 2.09 2,63
2 9 1 10.5 6. 65 12.9 4,49 5,95
2 12 1 30,3 12.9 34,8 8,30 11.4
2 15 1 68,3 22.4 78.5 14,1 19.6
3 1 ; 1 .11 .84 .12 66 .87
3 2 1 1.06 2,77 1.08 | 1,88 2.53
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6,44
18,3
.25

.96

5.27
20,7
59.4

135.0

.15
1.59
8.99

39.8

3.79

2.12

Te43
18.9
33.9
55,7

1.62

46,5

5.54
20.4

.40

5.11
8,67
.74
6,61
23,8
76.5

138,0

4,12

9.90

.67

20.9

34,1

9.32

20,8

5,98
15.1

.67

3,96
1,78

6. 68
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Table 6

The inputs to CPPROD and CPMPY are random polynomials A and
B in one, two and three variables with 8i(A) = rc)i(B) =n for i=1,2,3,

The inputs to CPQ, CPDIV and CPTDIV are A+ B and A, resulting in

B as output.

Ngééf Degree | CPPROD CPMPY SPQ CPDIV CPTDIV

ables n
1 10 .011 012 . 011 012 013
1 20 . 033 . 035 .033 .034 . 039
1 30 . 066 . 080 . 066 072 .073
1 40 113 . 135 113 121 125
1 50 173 .216 194 .185 .213
2 3 .04 .13 .04 .06 11
2 6 .26 .58 .26 22 .43
2 9 .96 1.59 .96 .54 1.15
2 12 2,60 3. 66 2.59 1,09 2,33
2 15 5.98 6,17 6. 22 1.97 3.94
2 18 11,6 10,1 11.6 3,08 6. 44
2 21 20,6 13.8 19,9 4.72 9.48
2 24 33,4 21,6 32.5 6.59 13. 8
3 2 .15 .59 .18 .21 .43
3 4 2.15 3,77 2,22 1,03 2.22
3 6 13,9 12,9 14, 4 3.43 7. 44
3 5 55,2 34,8 56,4 8.34 19.0
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Chinese Remainder Algorithm

Consider the following complete algorithm for conversion of an

integer from modular to radix representation.
B = CHRA(P,A)

P is a list (p1 Jooe ,pn) of distinct odd primes and A is a list
(a1 seeo ,an) such that 0 < a.i < pi for 1 <i<n, B is the unique

integer such that B = a, (mod pi) for 1<i<n and |B| < (H?_l pi)/&.

Algorithm

(1) Q< PFA(1,0); B—0; P'«P; ADV(p,P"); A'<A; ADV(a,A'); g+« 1.
(2) C+ CCRA(Q,B,p,a,q); ERLA(B); B« C; if P' =0, go to (4).
(3) IMFI(Q,p); ADV(p,P'); ADV(a,A"); g+ CRECIP(p,CMOD(p,Q));

go to (2).

(4) ERLA(Q); return,

if all the pi are about the same size, then the computing time of
CHRA is a function of n. Table 7, following, gives the computing
time of CHRA forn =10, 20, 30, 40 and 50, when each p], is approxi-
mately 231, The second column of the table shows how much of the
CHRA time is attributable to the n applications of CCRA within CHRA.
It can be deduced from this table that the computing time of CCRA(Q,B,p,a,qd)

is about .0004n seconds when Q is the product of n primes of this size.




Table 7
No. of Primes CHRA CCRA
r Applications
10 . 047 . 021
20 .162 .070
30 . 368 .153
40 . 671 . 256
50 1.098 . 384

Evaluation and Interpolation

Let A be a polynomial over GI(p) in one, two or three variables,

of degree n 1in each variable, and let a a be n + 1 distinct

O 100 4
elements of GF(p). Table 8, following, shows, under the column
labelled CPUEV, the time required to evaluate A at Xl = ai using
CPUEV, for 0 <i<n, Under the column labelled CPINTI is given

the time required to reconstruct the polynomial A from its values at

ao, cos ,an through the use of n + 1 applications of CPINTI.
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Table 8
No., of Variables Degree CPUEV CPINTI
n Applications Applications
1 20 .02 .13
1 40 .08 .45
1 60 17 .93
1 80 .30 1.55
1 100 . 47 20377
2 10 .07 28
2 20 .42 1.37
2 30 1,38 3.77
2 40 3.05 8.18
3 3 .02 .12
3 6 .14 .67
2 9 52 2,14
3 12 1,40 5,18
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Table 9

The time to compute n ! using IFACT.

n 50 100 150 200

250

Time . 30 1.16 3,09 5,24

7o 45




FPortran Program lListings

20

30

40

50

60

INTEGER
INTEGER
INTEGER

FUNCTION CCRA(QCAP,BCAP,P,A:Q)
AgBBCAP ,C,DsDCAP,P,G,QCAP,T

BeCMOD (P ,BCAP)

C=COIF(P,AyB)

IF (CoNEo.O) GO TO 2
CCRA=BORROW(BCAP) .

RETURN

D=CPROD(P,C,Q)

1F (D+DoGTaP) D=DeP
DCAP=sPFA(D,O)
T=IPROD(DCAPQCAP)
CALL ERLA(DCAP)
CCRA2ISUM(T,BCAP)
CALL ERLA(T)

RETURN
END

SUBROUTINE CGCDCF(PSAIP,A2P ,BP,CiIP,C2P)

INTEGER
INTEGER
INTEGER
INTEGER
INTEGER
RR=)

GO 70 lo

RETURN

ASLQASlPIASZBASZPQAlIAIPOAISOAZOAZPIAZSlBIBBOSBSQBP!BSDBSB
BSBS,)BSM,BSP,Cl +CIB,CIBS,CIP,c2:C2B,C2BS,C2P D s1DSsEsES)HS
PSyRR,RS,5S,TS
BORROWaCPDEGnCPDE659CPDEGTaCPEVALoCPGCDl.CPLUCF.CPNVonONE
CPQ,CPUDIV,CPUEV,CPUPR,CSPROD ,PFA,PFL

L]

RS=CPNV(ALP)

IF (RSeGTol) GO TO 30
BP=CPGCDI(PS,ALlP,A2P)
CIP=CRA(PS,ALP4BP)
C2P=CPQ(PSyA2P,BP)

GO 7O 170

CALL CPUCPP(PSyALP,ASIP,A])
CALL CPUCPPIPS,A2P,AS2P  A2)
BSP=CPGCDLI(PS,ASIP,A52P)
AS1=CPLUCF(AL)
AS2=CPLUCF(A2)
BSB=CPGCDI{PS,AS1,AS2)

CALL CPERAS(ASI)

CALL CPERAS(AS2)
HS=CPDEG(BSB)

LS1=CPDEGI (Al)*+HS
LS2=CPDEGI (AZ)*HS

LS&LSH

IF (LS2,GTeLS1) LS= 52

KS=0
ESze|
L=0
ES=ESe+|

IF (ESeNE.PS) GO TO 62 ’

PRINT 61}




61

62

70

80

81

90

91

92
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FORMAT(22+ ALGORITHM CGCDCF FaAILS)
sTop
BSBS=CPFVYALI{PSsBSB,ES)
IF {(BSBS.EQ.0) GO TO 60
AlS=CPUEVIPS,al ES)
A2S=CPUEVIPS,AZ,ES)

CALL STACK3I(ASIP,AS2ZP A1)
CALL STACK3I(AZ2:ALP,a2P)
CALL STACK3{(A}1S,A25,B8)
CALL STACK3I{(BP,BSBS,BSP)
CALL $TACKI(CIB,C28,CIP)
CALL STACK3I{C2P,D,ES)
CALL STACK3(KS  L,LS)
CALL STACK3I(LSI LS2,MS)
CALL STACKI(NSI,NS2,BSB)
CALL STACKZ{(RRsRS)

RR=2

ALP=ALS

A2P=A2S

GO0 TO 10

BS=R8P

ClBsS=ClIP

C2BS=(C2P

CALL UNSTK2(RRyRS)

CALL UNSTK3I(NS},yNS2,BSB)
CALL UNSTK3(LSILS2,MS5)
CALL UNSTK3I(KS L ,LS)
CALL UNSTK3I(C2P,D,ES]
CALL UNSTK3(C1B,C2B,C1P)
CALL UNSTK3I(BP,BSBS,BSP)
CALL UNSTK3(A15,A25,B8)
CALL UNSTK3I(A2,ALP,a2P)
CALL UNSTKI(ASIP,AS2P AL
CALL CPERAS(AL}S)

CALL CPERAS(A2S)

IF (CPONE(BS)«ERel) GO TO 9!
BBS=CSPRODIPS,BS,B8585,0)
CALL CPERAS(BS)

G0 70 100

CALL CPERAS(BSB)

CALL CPERAS(C1BS)

CALL CPERAS(C2BS)

CALL ERLA(L)

IF {KS.EQo0) GO TO 92
CALL CPERAS(BB)

CALL CPERAS(C1B)

CALL CPERAS(C2B)

CALL CPERAS(D)
B=PFA{O,PFLIBS.0))

Cl=Al

C2=A2

GO TO 140
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100 LSB=CPDEGS(BBS)
IF (LoNEo.O) GO TO 1ol
L=LSB
GO TO 110
{01 S=I1COMP(L,LSB)
IF (SeNE-O) GO TO 102
CALL ERLA(LSB)
IF (KSoEQeO) GO TO 110
GO TO 120
102 IF (S¢GT,0) GO YO 103
CALL CPERAS(BBS)
CALL CPERAS(C)IBS)
CALL CPERAS((C2BS)
CALL ERLA(LSB)
G0 70 60
103 CALL CPERAS(BB)
CALL CPERAS(C1B)
CALL CPERAS(C2B)
CALL CPERAS(D)
CALL ERLA(L)
LeLSB
110 8B=0
c18=0
c28=0
D=PFA(QO,PFALL,0))
KS=0
MS=Q
NS =0
NS2=0
120 E=BORROW(D)
CALL CPINTI(PS:BB,ES:BBS,E,RS,78)
IF (TSeEQel) MS=KS
CALL CPERASI(E)
E=BORROW{D)
IF (TSeEQol) NSI=KS
CALL CPERAS(E)
CALL CPINYI(PSoC2B,ES,C2BS:DsRS,TS)
IF (TSeEQel) N52=KS
KSeKSe+}
130 IF (MSoNS1oLEoLS1oANDsMS+NS2eLE<LS2) GO TO 131
CALL CPERAS(BB)
CALL CPERAS(C1B)
CALL CPERAS(C2B)
CALL CPERAS(D)
KS=0
GO 10 60
131 IF (KSeLE«LS) GO TO 60
140 CALL CPERAS(AL)
CALL CPERAS(A2)
CALL CPERAS(BSB)
CALL CPERAS(D)
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CalLL ERLAC(L)

CRLL CPUCPPIPS,BB,DS:sB)
CALL (PERAS(BB)

CALL CPERASI(DS)
BSMaCPILUCF (B}
Ci=CPUDIVIPS,C1B,R3M)
CALL CPERASICIB)
C2eCPUDIVIPS:C2B,BSM)
CALL CPERAS(C2B)

CALL CPERAS(BSM)
BP=CPUPR{PS:B8,BSP)
CALL CPERAS{B)
DS=CPQRI{PS.,ASIP,BSP)
CALL CPERASIASEP)
CIP=CPUPRIPS,:Cl DS
CALL CPERAS{C])

CALL CPERAS(DS)
DS=CPRI{PS,AS2P¢BSP)
CALL CPERAS{ASZP)
CALL CPERAS(BSP)
C2Pe(PUPR(PS,C2,DS)
CAlLL CPERASI(C2)

CALL CPERAS(DS)

GO 7O (7,81),RR

END

INTEGER FUNCTION CPCOMP{X,Y)
INTEGER A¢BsCoDsRyT UyX,Y
INTEGER TYPE

AsX

B=aY

Ral

GO 70 0

CPCOMP=T

RETURN

RECURSIVE PROCEDURE T=CPCOMP(A.B)
T=1}

IF (AsNE.D) GO TO 20

IF (BoNE.O) GO TO (31:41),R
Te0

GO TO (14:41)R

IF (BeEQoD) GO TO (1041),R
CALL ADV(MoA)

CALL ADV(N,B)

IF (MoNESN) GO TO (1s41),R
UsTYPE(A)

CALL ADV(CsA)

CALL ADV(D,B)

IF {(UoNE,O) GO YO 4p

IF (CeNEoD) GO TO (Jo41),R
GO 70 5D
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BEGIN RECURSIVE PROCEDURE CALL Ta2CPCOMP(C,D)
CALL STACK2(A,B)

CALL STACK2(R,U)

A=C

B=aD

Re2

GO 10 10

CALL UNSTK2(R,U)

CALL UNSTK2(A,B)

END RECURSIVE PROCEDURE CALL T=CPCOMP(C.D)
IF (ToeNEoO) GO TO (1,41),R

IF (AJNE.0O) GO TO 3p

T=0

GO YO (1,41)4R

END RECURSIVE PROCEDURE T=CPCOMP(A,B)

END

INTEGER FUNCTION CPCRA(QCAP Bl PoAlsQ,L1)

INTEGER A ABAR Al ,ByBBAR Bl osCHEF ,GsP,QsQCAP,R,S

INTEGER BORROW,CCRAFIRST,PFA,PFL,TAIL
B=8)

AzA}

L=L1

R= )

GO 70 10

CPCRA=C

RETURN

IF (LeNE.O) GO TO 20
CaCCRA(QCAP :ByPsA,Q)

G0 70 70

C=0

Mze]

ABAR=A

IF (ABAR.NE.O) CALL ADV(M,ABAR)
Nse]}

BBAR=g

IF (BBAR.EQ.0) GO To 21
BBAR=TAIL(BBAR)
NasfFIRST(TAIL(BBAR))
MCAPBTATL (L)

IF (ABARCEQeUAND.BBAREQeO) GO Ta 40
E=0

F=0

SeMeN

IF (SelLTe0) GO TO 31

KuM

MaMa |

CALL ADV(E,ABAR)

IF (S,GT.0) GO TO 32

K=N

Ngw]

CALL ADV(F,BBAR)
BBAR=TAIL(BBAR])

IF {BBARJNEoU) N=FIRST(TAIL(BRAR))




32
40

41

50

60
70

10

20

59

IF (EcEQeDcANDeFaEQ,0) GO0 TO 30
CALL STACK3I(A,ABAR,B)
CALL STACK3I{(BBAR,C,E)
CALL STACKIU(F KoL)
CALL STACK2(M MCAP)
CALL STACK2(N,R)

Baf

AsE

L=MCAP

Re2

GO 70 10

GaC

CALL UNSTKZ2(N,R)

CALL UNSTK2(M MCaAP)
CALL UNSTK3({F Kygl)
CALL UNSTK3(BBAR,C,E)
CALL UNSTK3(A,ABAR,R)
CePFA(K,PFL(IG,C))

GO 70 30

IF (CoNEo0O) C=PFLIBORROW(FIRST(L))»INV(C))
GO YO0 (2,41),R

END

INTEGER FUNCTION CPDEG(A)
INTEGER A,FIRST

CPDEG=D

IF (AoNE.0O) CPDEG=FIRST(A)
RETURN

END

INTEGER FUNCTION CPDEGS(X)

INTEGER AoB’H.K.L'M'NaR.T.U.Vgx
INTEGER FIRST,PFA,TAILsTYPE

A=)

R= |

GO TO0 1D

CPDEGS=L

RETURN

BEGIN RECURSIVE PROCEDURE LsCPDEGS{A)
N=F [RST(A)

TaTAIL{A)

IF (TYPE(T)eNEeO) GO YO 20

LePFA(N,Q)

GO TO (1,21:31),R

CALL ADV(B,T)

BEGIN RECURSIVE PROCEDURE CALL L=¢PDEGS(B)
CALL STACK3(N,T,R)

A=zB

R=2

GO0 10 10O
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CALL UNSTK3(N,T,R)

END RECURSIVE PROCEDURE CALL L=CPDEGS(B)
IF (T.EQ.Q0) GO TO 50

CALL ADV(B,T)

IF (B.EQ.0) GO TO 30

BEGIN RECURSIVE PROCEDURE CALL M=CPDEGS(B)
CALL STACK2(N,T)

CALL STACK2(L,R)

A=B

R=3

GO TO 10

M=

CALL UNSTK2(L,R)

CALL UNSTK2(N,T)

END RECURSIVE PROCEDURE CALL M=CPDEGS(B)
ustb

VaM

HafF [RST(U)

CALL DECAP(K, V)

IF (HoLTokK) CALL ALTER(K,U)

UsTalL(uy)

IF (UoeNELDO) GO TO 40

GO 70 30

LaPFA{NLL)

GO TO (1,21531),R

END RECURSIVE PROCEDURE L=CPDEGS(A)

END

INTEGER FUNCTION CPDEGI(A)
INTEGER A,CPDEGS,FIRST
L=INV(CPDEGS(A))
CPDEGI=FIRST(L)

CALL ERLAC(L)

RETURN

END

INTEGER FUNCTION CPDIVIP X,Y)
INTEGER A,ASTAR ;B ,BSTAR,CoCSTAR,D,SLeSMsPsR\RRsT XY
INTEGER CPDEGS CPNV,CPQREM,CPUEY ,pFA
AsX

B=Y

RR=|

G0 70 10

CPD1IV=C

RETURN

C=0

IF (AsEQe0Q) GO TO 110

R=CPNV(A)

L=INV(CPDEGS(A))

CALL DECAPI(SL,L)

CALL ERLAC(L)

M= INV(CPDEGS(B))
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CALL DECAP(SM M)

CaLL ERLA(M)

NeSL=5M

IF (RgGT,1) GO TO 40
T=CPQREM(P A B

CALL DECAPI(C,T)

CALL DECAP(R,T)

GO Y0 110

jz=e]

D=PFA(D,PFA(],0))
f=lel
BSTARSCPUEVIP,,B,y1)

IF (BSTAR.EQeD) GO TO 50
ASTAR=CPUEVIP A1)
CALL STACK3(A,ASTAR,B)
CALL STACK3{(BSTAR,C,D)
CALL STACK2(1,N)

CALL STACK2(R,RR)
A=ASTAR

B=BSTAR

RR=2

GO 10 10

CSTAR=C

CALL UNSTK2(R,RR)

CALL UNSTK2(I1,N)

CALL UNSTK3{(BSTAR.C,D)
CALL UNSTK3(A,ASTAR,B)
CALL CPERAS(ASTAR)
CALL CPERAS(BSTAR)
CALL CPINTYI(P,Cs3]sCSTAR;D,,R,T)
IF (NoLE.D) GO TO 100
N=N=]

GO Y0 50

CALL CPERASI(D)

END

SUBROUTINE CPINTI(P,AsByCsDR,T)
INTEGER A,ASTARGB,CyD,EsGoPsR,ToU TV, W
INTEGER CDIF,CPDIF,CPEVAL CPMPY ] ,CPPRODyCPSUM
INTEGER CPUEV,CRECIP,CSPROD,PFA
ASTAR=CPUEVI(P,A,B)

IF (ReNEo.l) GO TO 21
UsCDIF(P,CoASTAR)

GO TO 30

UsCPDIF(P,CyASTAR)

CALL CPERAS(C)

CALL CPERAS(ASTAR)

T=1]

IF (UeNEosD) GO TO 40

Ta0

GO TO 50

V=CPEVAL(P4D+B)

VaCRECIP(P,V)
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EaCSPROD(P+D4V0)
Wa(CPMPY I (PoUoEoR)

CALL CPERASU({E)

IF (ReGTel) CALL CPERAS({U)
G=CPSUM(P W A)

CALL CPERAS(A)

CALL CPERAS(W)

AsQ

UsPFALL ,PFALLl PFA(CDIFI(P,048),0)))

WeCPPROD(P,D,U)
CALL CPERAS(D)
CALL CPERAS(U)
D=W

RETURN

END

INTEGER FUNCTION CPLNCF(A)
INTEGER A,B,7

INTEGER FIRST,TAIL,TYPE
B=A

BaTAIL(B)

T=TYPE(B)

B=2FJRST(B)

IF (ToNE.O) GO TO 2
CPLNCF=8

RETURN

END

INTEGER FUNCTION CPLUCF(A)
INTEGER A,B,C

INTEGER BORROW,FIRST,TAIL,TYPE
B=A

C=FIRST(TAIL(B))

IF (TYPE(TAIL(C))oNEO) GO TO 21
CPLUCF=BORROW(C)

RETURN

B=(C

GO 7O 20

END

INTEGER FUNCTION CPMON(P,A)
INTEGER A ,B,C,P

INTEGER CPLNCFsCRECIP,CSPROD
B=CPLNCF(A)

C=CRECIP(P,.B)
CPMONasCSPROD(P)A.C,0)

RETURN

END
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INTEGER FUNCTION CPMPY(P,X,Y)
INTEGER AoASTAROBuBSTAR.C.CSTAR.D,CM.CN.PQRDSOTDXIY
INTEGER CPDEGSsCPUEV,CPNV,CPPROD,INV,PFA
As X

BeY

S=)

60 70 10O

CPMPYa(

RETURN

C=0

IF (AGER.DecORB2EQeD) GO TO 90
R=CPNV({A)

IF (ReGTol) GO TO 30
C=CPPROD(P,A:8)

G0 Y0 90

CMa2INV(CPDEGS(A))

CALL DECAP(M,CM)

CALL ERLA(CM)
CN=INV(CPDEGS(B))

CALL DECAPI(N,CN)

CALL ERLA(CN)

KzMeN

D=PFA(O,PFA(]1,0))

=0

ASTAR=CPUEVIP A1)
BSTARsCPUEVI(PB,y1)

CALL STACKI(ASTAR,BSTAR,C)
CALL STACK2(A,B)

CALL STACK2(1 K]}

CALL STACK3(R,S5,D)

S=2

A=zASTAR

BsBSTAR

G0 70 10

CSTAR=C

CALL UNSTK3(R,5S,D)

CALL UNSTK2(],K)

CALL UNSTK2(A,B)

CALL UNSTK3(ASTAR,BSTAR,C)
CALL CPERAS({ASTAR)

CALL CPERAS(BSTAR)

CALL CPINTI(P,Cyl1,CSTAR DR, T)
IF (1.EQeK) GO YO 8@

I=]e]

GO TO 40

CALL CPERASI(D)

GO TO (2,51),S

END
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INTEGER FUNCTION CPMPYI(P,Al,BsR)
INTEGER AoAl sBoCoD3EsPaR,RR,T
INTEGER CSPRODPFA,PFL
A=A

RR=}

GO 70 10

CPMPY=C

RETURN

C=0

IF (AEQeDoORsBoEQsD) GO TO 60
IF (ReNEol) GO TO 30
C=CSPROD(PsBrA0)

GO 70 640

TeA

CALL ADV{N,T)
C=PFA{N,C)

CALL ADV(D,T)

CALL STACK3I(A,C,D)
CALL STACKIIR,RR, T
A=D

Ra2R=]

RR=2

GO Y0 10

E=C

CALL UNSTK3(R,RR,T)
CALL UNSTK3(A,C,D)
C=PFL(E,C)

IF (TeNEoO) GO TD 40
C=INVIC)

GO TO (2,41),4RR

END

INTEGER FUNCTION CPNV(A)
INTEGER A,B

INTEGER FIRST,TAIL,TYPE
N= |

BaA

L=TAalIL(B)

IF (TYPE{(L)EQeOD) GO TO 4
BaFIRST(L)

NaNe¢ )

GO 70 2

CPNV=2N

RETURN

END

INTEGER FUNCTION CPONE(X)
INTEGER A X FIRSY, TAIL,TYPE
A=X

IF (AJEQo0) GO TO 4

IF (FIRST{A)eNEWQ) GO To ¥4
A=TAIL(A)
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IF (TYPE(A)oEQeO) GO TO 3
A=F [RST(A)

GO 70 2

IF (FIRST(AYeNEal) GO YO 4
CPONE=]

RETURN

CPONE=0O

RETURN

END

INTEGER FUNCTYION CPQ(P,A,+8)
INTEGER AoBsC,HyP
INTEGER CPDEGS,CPQDBsPFA

10 Ce=|
IF (BoNEoD) GO TO 11
CPQ=C
RETURN

11 C=0
IF (AeNE.O) GO YO 20
CPQ=C
RETURN

20 MCAP=CPDEGS(A)
NCAP=CPDEGS(B)
LCAP=Q
H=0

an CALL DECAP(M,MCAP)
CALL DECAP{N,NCAP)
lLeM=N
LCAP=PFA(L,LCAP)
IF (LolLToD) H=L
1F (MCAP.NE-O) GO TO 230

40 LCAP=INV(LCAP)
IF (HaGEoL0O) GO TO SO
CPQ==)
CALL ERLA(LCAP)
RETURN

50 CPQ=CPQDB(PA,B,LCAP)
CALL ERLA(LCAP)
RETURN
END

INTEGER FUNCTION CPQDBI(PsAB.L)
INTEGER AoABAR)BBBARCHEWF 4G, H P R.RR S ToVWsZ
INTEGER CINV,CPDEG,CPDIF CPPROD,CPQREM,FIRST PFA,PFL TAIL
} RR=|
GO Y0 10
2 CPRDB=C
RETURN
10 Cza]
IF (Bo,EQ.D) GO TO 130
C=0
IF (A:EQ.0) GO TO 1230
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MeCPDEG(A)

NaCPDEG(B)

HaeM=N

IF (HoGEoQOoANDoMoLE FIRST(L))
Cz==|

G0 70 130

LSTAR=TAILIL)

{F (LSTAReNEQ) GO 70 50
Ta2CPAREM(P A, B)

CALL DECAP(C.T!

CALL DECAP(R,T)

IF (RoeEQ.Q) GO YO }30
CALL CPERAS(C)

CALL CPERAS(R)

Cez=|

GO0 70 130

ABAR=TAIL(A)
BBAR=TAIL(B)
ABAR=INV(CINV{ABAR))
CALL ADV(F,BBAR)
C=PFA(H,0)

CALL DECAP(E,ABAR)

CALL STACK3(A,B,C)

CALL STACK3I{ABAR,RBAR,H)
CALL STACKZ2(E,F)

CALL STACK3I({L,LSTAR,RR}
AsE

B=F

L=LSTAR

RR=2

G0 YO 10

G=C

CALL UNSTK3(L,LSTAR,RR)
CALL UNSTK2(E,F)

CALL UNSTK3{ABAR,BBAR,H)
CALL UNSTK3I(A,B,C)

CALL CPERAS(E)}

IF (GeLTo0) GO TO 100
CaPFL{G,C)

IF (Go,EQo0) GO TO 80
SaABAR

T=BBAR

IF {(T.EQ.0) GO TO 80
CALL ADV(W,T)
I=CPPROD{(P WyG)
VaCPDIF(P,FIRST(S),2)
CALL CPERAS(FIRST(S}))
CALL ALTYER({V,S)

CALL CPERAS(Z)
SeTAIL(S)

GO0 70 70

HeHe=|

GO TO 30
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IF (HeGE-Q) GO TO &0
90 C=INV{C)
100 IF (ABAR.EQ.0) GO 70O 130
IF (FIRST(ABAR):NE.Q) GO TO 110
CALL DECAP(W,ABAR)
GO 70 100
110 CALL DECAP(W,ABAR)
CALL CPERAS(W)
IF (ABAR,NE.O) 60 To 11lD
120 CALL CPERASI(C)
C==]
130 GO 70 (2,61),RR
END

INTEGER FUNCTION CPRES{P,X,Y)
INTEGER A,ASTAR,BBSTAR,CyCSTAR,D P R,RRyT,X,Y
INTEGER CPDEG,CPDEGS:CPNV,CPRES]  cPUEV,PFA,TAIL,TYPE
1 AmX
B=Y
RR=}
GO TO |{D
2 CPRES=C
RETURN
10 IF (TYPE(TAIL(A))oNEGQ) GO TO 20
CaCPRES|(PsA,B)
GO Y0 110
20 MCAP=CPDEGS (A)
CALL DECAP(MMCAP)
MCAP=INV (MCAP)
CALL DECAPIM]l  ,MCAP)
CALL ERLA(MCAP)
0 NCAP=CPDEGS(B)
CALL DECAPINyNCAP)
NCAP=INY(NCAP)
CALL DECAPI(N] NCAP)
CALL ERLA(NCAP)
40 KaMaNj+NeM]
R=CPNV(A)=1
C=0
D=PFA(DQ,PFA(L,0))
==}

50 Is]le]
IF (1.NE.P) GO YO 6p
PRINT 51

51 FORMAT(22H ALGOR!THM CPRES FAILS)
sToP

40 ASTAR=CPUEV(P,A,1)
IF (CPDEG(ASTAR)GEgM) GO YO 70
CALL CPERAS(ASTAR)
GO T0 SO
70 BSTARaCPUEVIP B, 1)
IF (CPDEG(BSTAR) GE.N) GO TO 80
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CALL CPERAS{ASTAR)
CALL CPERAS(BSTAR)
G0 10 &0

80 CALL STACK3I(A,ASTAR,B)
CALL STACK3{BSTAR,C,D)
CALL STACK3I(I KoM)
CALL STACK3(N,R,RR)}
AaASTAR
B=BSTAR
RR=?2
GQe 70 10

81 CSTAR=C
CALL UNSTK3{(N,RyRR)
CALL UNSTK3I(I ,KyM)
CALL UNSTK3{BSTAR,C,D}
CALL UNSTK3(A,ASTAR,B)
CALL CPERAS({ASTAR)
CALL CPERAS({BSTAR)

90 CALL CPINTI(P,Cpl,CSTAR,D,R,T)
IF (CPDEGI(D)oLEsK) GO To 50

100 CALL CPERAS{D)

110 GO TO (2,81),RR
END

INTEGER FUNCTION CPRESI(P,A,B)
INTEGER AqALloA20A3)BsCoaC201 N NI N2 NI NU,P
INTEGER BORROWFIRST,TAIL,CPREM,CPROD
10 Al=BORROW(A)
A2=zBORROWI(R)
NU=s0
Ca}j
20 AJ=CPREM(P AL AZ)
IF {A3.NE.D}) GO T0O 30
C=0
GO 70 %0
30 Ni=FIRST(AL)
N2=FIRSY{A2)
N3=FIRST(A3)
40 Mi=MODIN],2)
M2=2MODIN2,2)
NUsMOD{NU®MioM2,2)
50 NaNl=N3
C2eFIRST(TAIL(A2))
60 DO 61 i=z| N
b1 C=CPROD(P,C,C2)
70 CALL CPERAS(AL)
Al=A2
AZ=A3
IF {(N3,G7.0) GO T0 20
80 C2=aF IRST(TAIL(AZ))
DO 81 I=g,N2
B1 CeCPROD(P,C,C2)
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IF (NUeNE+O) C=Pw(
90 CALL CPERAS(Al)

CALL CPERAS(A2)

CPRES1=C

RETURN

END

INTEGER FUNCTION CPTDIV{P,A.B)
INTEGER A, ASTAR;ByBSTAR,C,CSTAR,D ,P,R,RCAP,RR,T,U
INTEGER CPDEG,CPDEGSsCPNVCPQREM,cPUEV,PFA
1 RR=)
G0 70 10
2 CPTDIv=C
RETURN
I0 Czw]
IF (B.EQes0) GO TO 1230
C=0D
IF (AcEQR.D) GO TO 130
20 T=CPDEGS(A)
U=CPDEGS(8)
3a CALL DECAP{L,T)
CALL DECAP(M,yU)
Nal =M
IF (NoLT.0) C==]}
IF (TeNEoO) GO TO 3p
40 IF (CeEQoe=1) GO TO 130
RaCPNV(A)
IF (ReGTe1) GO TO 60
50 T=CPQREM(PsAB)
CALL DECAP(C,T)
CALL DECAP(RCAP,T)
IF (RCAP.EQe0) GO TO 130
CALL CPERAS(C)
CALL CPERAS(RCAP)
Ca=]
G0 YO0 130
60 J==]
J=0
DaPFA(D,PFA(1,0))
70 Ia]lel
IF (1.EQ.P) STOP
ASTAR=CPUEVI(P,A, 1)
BSTARsCPUEV(P B,y 1])
I1F (ASTAREQeQeAND,RSTAREQ«:0) GO TO 70
80 CALL STACK3I(A,ASTAR,B)
CALL STACK3I(BSTAR,C,D)
CALL STACK3(I,Jd,l)
CALL STACK3I(N,RyRR)
A=ASTAR
B=RSTAR
RR=2
GO 70 10
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81 CSTARe(C
CALL UNSTKI{N,R,RR)
CALL UNSTK3(I,Jdak)
CALL UNSTK3I(BSTAR,C,D)
CALL UNSTKI(A,ASTAR,B)
CALL CPERAS({ASTAR)
CALL CPERAS(BSTAR)
IF (CSTARGEQoe=}) GO VO 110
90 CALL CPINTI(P,CsloCETARDsR,TY
JaJel
100 IF (CPDEGICYI-GToN) 60 TO 110
IF (JeLEoL) GO TO 70

GO 7O 120
110 CALL CPERAS(C)
Cee}

120 CALL CPERAS(D)
130 GO 70 (2,81),RR
END

INTEGER FUNCTION CPUCNT(P,A)
INTEGER BORROWOCPGCD!aCPONEoFIRST’PFA.TAILoTYPE
INTEGER AsBoCyDoP,S
{10 8=0
C=4A
S=ag
20 LeTalL{C)
IF (TYPE(LIEQeD) GO TO 30
SzPFA{TAILILY,S)
CaFIRSTIL}
GO 70 20
30 IF (BeNE-O}) GO TO 3%
B=BORROW{C)
GO 70 40
31 DesCPGCDI (P B,yC)
CALL CPERAS(B)
B=D
IF (CPONE(B)NEs]) GO TO 40
CALL ERLAL{S)
GO0 70 S0
40 IF (5:EQ.0) GO 7O &0
CALL DECAP(LS)
IF (LoEQo0) GO TO 40
CALL ADV{C,L}
SEPFA(L,S)
GO 70 20
50 CPUCNT=R
RETURN
END




71

SUBROUTINE CPUCPP(P,A,C,ABAR)
INTEGER A, ABARsC,P,T
INTEGER BORROW,CPONE,CPUDIVCPUCNT
10 CmCPUCNTY(P,A)
T=CPONE(C)
IF (T.EQel) GO TO }}
ABAR=CPUDIV(P,A,C)
RETURN
11 ABAR=BORROW(A)
RETURN
END

INTEGER FUNCTION CPUDIV(P,AlsR1])
INTEGER A Al sBsBl1 CoD4yE4P,R
INTEGER CPQ.FIRST PFAPFL,TAIL,TYPE
A=A
B=B1
R=1]
G0 70 10

i CPUDIV=C
RETURN

10 IF (TYPE(TAIL(A))eNED) GO TO 11}
C=CPA(P,A,B)
GO TO 4p

il N=FIRST(A)
CaPFA({N,0)
LeTAIL(A)

20 CALL ADV(D.,L)}

C ese RECURSIVE CALL E=CPUDIV(P,D,B)

CALL STACKZ2(C,A)
CALL STACK2(R,L)

A=D

Re2

GO 70 10
C eo® RETURN FROM RECURS]VE CALL
21 E=xC

CALL UNSTK2(R,L)
CALL UNSTK2(C,A)
C=PFL(E,C)

IF (LeNE.O) GO TO 20

30 CEINVI(C)

40 GO TO (1,21),R
END

INTYEGER FUNCTION CPUEVIP:Al LE)
INTEGER A.Al'ABARpBQC .D|E.P|R.RR
INTEGER CPDEG.CPEVALOCPNVQPFA.PFL,YAlL
AzAl
RRe}
GO Y0 10
1} CPUEV=8
RETURN
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10 B=D
IF (A.EQ.0) GO YO 50
RaCPNV(A)
IF (RoeGTel) GO TO 11}
B=CPEVAL(P,AE)
GO 70 50
1y N2CPDEG(A)
ABARBTAIL(A)
20 CALL ADV(C,ABAR)
IF (ReGT.,2) GO To 30
D=CPEVAL(P,CHE)
IF (BoFEQoOsANDoDoEQ.D) GO TO 40
IF (BoEQoeO) B=PFA(N,B)
B=PFA(D,B)
GO TO 40
C soe RECURSIVE CALL D=CPUEVI{P,C,E)
30 CALL STACK3(ABAR,B,N)
CALL STACK2(R,RR)

AaC
RRe2
GO 7O 10
C #wse RETURN FROM RECURSIVE CALL
31 D=8

CALL UNSTK2(R,RR)
CALL UNSTK3{ABAR,B,N)
IF (BoEQoOcANDeDeEQsD) GO TO 40
IF (ByEQo0) BaPFA(N,B)
B=PFL(D,B)

40  NzNel
IF (ABAR.NE.O) GO TO 20
B=INV(B)

B0 GO TO (1,31),RR
END

INTEGER FUNCTION CPUPRI{P,Al B1)
INTEGER AsAl ¢BoBI,CeDE, PR
INTEGER CPPRODFIRSTPFA,PFL,TAIL, TYPE
A=Al
B=B1
R=1}
GO 70 1n

1 CPUPR=C
RETURN

10 IF (TYPE(TAIL(A))eNEQO) GO TO 11
C=CPPROD{P,A,B)}
GO T0 40

11 NsFIRST(A)
CaPFA(N,Q)
L=TAIL(A)

20 CALL ADV(D,L)

C s2e® RECURSIVE CALL E=CPUPR{P,D,48)

CALL STackK2(A,L)
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CALL STACK2(C,4R)

A=D

R=2

GO TO 10

RETURN FROM RECURSIVE CALL
E=C

CALL UNSTK2(C,R)
CALL UNSTKZ(A,L)
CaPFL(E,C)

IF (LeNEo.O) GO TO 20
C=INV(C)

GO YO (1,21) R

END

INTEGER FUNCTION [FACT(N)
INTEGER PFA
L=PFA(},0)

IF (NoeLT+2) GO TO 3
I=2

CALL IMFI(L,I)
I=]e]

IF (IsLEoN) GO TO 2
IFACTaL

RETURN

END

SUBROUTINE IMFI(A,B)
IF (BeNE.O) GO TO 3
CALL ERLAL(A)

A=0

RETURN
BCAP=PFA(B,0)
C=IPROD(A,BCAP)
CALL ERLAC(A)

CALL ERLA(BCAP)

A=(C

RETURN

END

INTEGER FUNCTION PCOMPI(X,Y)
INTEGER A BoEFeR, T, X,Y
INTEGER TAIL,YYPE

AmX

8sY

Rs}

G0 70 |

PCOMP=Y

RETURN

BEGIN RECURSIVE PROCEDURE T=PCOMP (A,8)
IF (AeNE.O) GO TO 2

IF {(Be¢NE-Q) GO YO 10
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G0 70 9

IF (B.EQ.0) GO TO 1D

IF (TYPE(A)oNE«O) GO YO 5
CALL ADV(EA)

CALL ADV(F,4B)

IF (EoNEoF) GO TO 10

IF (AEQ.0) GO YO

IF (BoeNEoD) GO YO 3

G0 Y0 10

IF (BoEQ.D) GO YO 9

60 70 10

AsTAIL{A)

B=TAIL(B)

CALL ADVI(E,A)

CALL ADV(F.B)

BEGIN RECURSIVE PROCEDURE CALL T=PCOMP(E,.F)
CALL STACK3(A,B,R)

AsE

BefF

Re=2

GO 70 1

CALL UNSTK3(AB,R)

END RECURSIVE PROCEPURE CALL T=PCOMPI(E.F)
IF (TeEQel) GO TO 1}

CALL ADV(E A}

CALL ADV(F,B)

IF (EoNE.F) GO TO 10

IF (AdEQR.D) GO TO 8

IF (BosNE.D) GO TO 6

GO0 70 10

IF (BeNE,D) GO TO 10

T=0

GO TO 11}

T=1

GO TO (20,61),R

END RECURSIVE PROCEDURE T=PCOMP(A B)
END

INTEGER FUNCTION PCONTI(A)
INTEGER AB,C,D,T

INTEGER PGCD,PONE,TAIL
8=0

IF (AeNELQO) GO YO 1|1
PCONT =0

RETURN

T=TAIL(A)

CALL ADV(C,T)

DsPGCD(B,C)

CALL PERASE(B)

B=D

IF (PONE(B)eNEeol) GO TO 21
PCONT =8B
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RETURN
21 TeTAIL(T)
IF (T.NEsO) GO TO 20
PCONT=8
RETURN
END

INTEGER FUNCTION PDEGS(X)
INTEGER A,CoRSpT,V, X
INTEGER FIRST,PDEGsPFA,TAIL,TYPE
A=X
R=|
GO YO 10
C =2¢® RETURN T0 CALLING PROGRAM
1 PDEGS=L
RETURN
C e«® RECURSIVE PROCEDURE
10 L=
IF (AJEQ.0) GO TO 9p
N=PDEG(A)
T=YAIL(A)
MaFIRST(T)
20 IF (TYPE(M)oNEoD) GO TO 40
30 L=PFA(N,O0)
GO 70 90
40 LaPFA(D,L)
MeFIRST(TAILIM))
IF (TYPE(M)oNED) GO TO 40
50 CaFIRST(T)
C ve® RECURSIVE CALL K=PDEGS(C)
CALL STACK2(R,L)
CALL STACKZ2({N,T)
A=C
R=2
GO TO 1D
C sae RETURN FROM RECURSIVE CaLl
5| K=l
CALL UNSTKZ2(N,T)
CALL UNSTK2(R,L)
Vel
60 CALL DECAP(SeK)
IF (SeGTFIRSTIV)) CcALL ALTER(S,V,
VsTAIL (V)
IF (VoNE.D) GO TO 40
70 T=TAIL(TAIL(T))
IF (TeNEoO) GO TO 5D
80 LePFA(N,L)
90 GO TO (1,51),R
END
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INTEGER FUNCTION PDIV(A,B)
COMMON /TRY4/PRIME ,PEXP
INYEGER A)ASTAR B BSTAR,C,CSTAR,C4sFsGsH P PEXP,PRIME ,Q,QCAP,5,T
INTEGER CMOD.CPCRA,CcPDIV,CPMODyCRECIP,PCOMP,PFA,PNORMFPVLIST
C=0

IF (A.NE.D) GO TO 20
PDIV=C

RETURN

QCAP=PNORMF (A)

CALL ELPOF2(QCAP, T H)

CALL ERLA(QCAP)
QCAP=PNORMF (B)

CALL ELPOF2(QCAP,T,K)

CALL ERLA(QCAP)

FaPEXP

Ma(

N=Q

QCAPBPFA(],0)

I=PRIME

LeINV(PVLIST(A))

JF (1.EQo0) STOP

CALL ADV(P,1)
BSTAR=CPMOD(P,8B)

IF (BSTARCEQeO) GO 7O 30
ASTAR=CPMOD(P,A)
CSTAR=CPDIV(P,ASTAR,BSTAR)
CALL CPERAS{ASTAR)

CALL CPERAS(BSTAR)
Q=CRECIP(P,CMOD(P,QCAP))
Cl=CPCRA(QCAP ,CoP,CSTAR QL)
S=PCOMP(C,C1)

CALL PERASE(C)

CALL CPERAS(CSTAR)

C=C1}

CALL IMFI(QCAPP)

MzMe ]

IF (SeEQ.0) GO TO 51

N=M

GO 70 3p

GeMeF

IF (GoLEoHeOReGoLToK*N®(F¢l)) GO TO 3D
CALL ERASE(L)

CALL ERLA(QCAP)

PDIvV=(C

RETURN

END

SUBROUTINE PGCDCF(AIP,A2PBP,CIP,C2P)

INTEGER AS1ASIPAS2,AS2P A1, AlP,A1S,A2,A2P,A25,B,B88,BBS5,8P,BS
INTEGER BSB,BSBS,BSMiBSP,C1,C1B,C1BS,CIP,C2+C2B,C2BS,C2P,DS,HS
INTEGER P,PEXPPRIME PS4Q3)QS5¢SsT,,TSeTS1,TS52,V

INTEGER BORROW,CMOD,CPCRACPDEGS,CPMOD,CPONE,CRECIP»CSPROD,PFA
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INTEGER PICONTPID,PIP,PLNCF PNORMF PORDER,PVLIST,TYPE

COMMON /TR4/PRIME PEXP
IF (TYPE(ALIP)oNESD)
BP=]GCD(ALIP,A2P)
ClP=lQ(alPBP)
C2P=1Q(A2P,BP)
RETURN
ASIP=PICONT(ALP)
Al=PID(ALIP,ASIP)
AS2P=PICONT (A2P)
A2=PID(A2P,AS2P)
BSP=IGCD(ASIP,AS2P)
AS1=PLNCF(ALl)
AS2aPLNCF{A2)
BSB=1GCD(AS1,AS2)

CALL
CALL

ERLA{AS])
ERLA{ASZ)

LS1=PNORMF (AL}
LS2=PNORMF (AZ)
Sz=]COMP(LS],LS2)

IF (SeLEoO) GO TO 4]
LS=LS]

CALL

ERLA(LSZ)

GO YO 42
LS=sLS2

CALL

ERLA(LS])

TS=BORROW(BSB)

CALL

ITMFI(TS,2)

HS={PROD(LS,TS)

CALL
CALL

ERLA(LS)
ERLA(TS)

P=PRIME

L=0

VsINVIPVLIST(AL))
IF (PoNEo,D) GO TO 52

FORMAT(23H ALGORITHM PGCDCF FAILS)

PRINT 5}
STOP
CALL ADV(PS,.P)

BSBS=CMOD(PS,B58B)
IF (BSBS.EQ.0} GO To
AlS=CPMOD(PS,Al)
A2S=CPMOD(PS,A2)

CALL CGCDCF(PSsA1S,A254BS,C1BS,C2BS)

CALL
CAaLL

CPERAS(ALS)
CPERAS(A2S)

IF (CPONE(BS)eNEo1)
IF (LeEQoDN) GO TO 9

CALL
CALL
CALL
CALL

ERLA(L)
PERASE(BB)
PERASE(C1B)
PERASE(C28B)

GO 7O

50

GO0 7O

77

20

100
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CALL ERLA(Q?

91 CALL CPERAS(BS)
CALL CPERAS(C18BS5)
CALL CPERAS(C2BS)
CALL ERLA(BSB)
CALL ERLA(HS)
VEINV V)
TS=PFA(],0)
B=PORDER({TS V)
CALL ERLA(TS)
caLL ERASE(V)
Cl=al
C2=A2
GO Y0 170

100 BBS=CSPROD(PS ,BS,B8SRS5,0)
CALL CPERAS{BS)

110 LST=CPDEGS(BBS)
IF (LeNE.O) GO TO |11
L=LST
G0 TO 120

111 Sz COMP (L ,LST)
IF (SoNE.D) GO TO 112
CALL ERLA(LST)
GO TO 13gQ

112 IF (SeGT.0) GO TO 113
CALL CPERAS(BBS)
CALL CPERAS(CIBS)
CALL CPERAS({C28BS)
CALL ERLA{(LST)
GO 70 150

113 CALL PERASE(BB)
CALL PERASE(C1B)
CALL PERASE(C2B)
CALL ERLAL(Q)
CALL ERLA(L)

120 B8B=0
cl18=0
€28=0
QsPFA(1,0)

130 QS=CRECIP(PS,CMOD(PS5,Q))
TeCPCRA(Q.BB,,P5:BBS,QS,V)
CALL PERASE{(BB)
CALL CPERAS(BBS)
BB=T
T=CPCRA(Q:C1B,PS5,C1BS,QS,4V)
CALL PERASE(C18B)
CALL CPERAS(CLIBS)
cla=T
T=CPCRA(Q1C2B,P5,C2B5,QS,V)
CALL PERASE(CZ2B)
CALL CPERAS(C285)
C28aT
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CALL IMFI(Q,.PS)
140 S=1COMP(Q,HS)
IF (SeLE.O) GO TO Sn
MS2PNORMF (BB)
CALL IMF]1(MS,2)
NS1=PNORMF (CIB)
NS2=PNORMF (C28)
MS1alPROD(MSsNS1)
MS2=IPRODI(MS,NS2)
TS1=alCOMP(Q,MS1)
7522 1COMP(Q,MS2)
CALL ERLA(MS)
CALL ERLA(NSI)
CALL ERLA{NS2)
CALL ERLAIMSH)
CALL ERLA(MS2)
IF (TS1olLEeDeORaTS2,LE.0) GO TO 50
150 CALL PERASE(AL1)
CALL PERASE(A2)
CALL ERLA(BSB)
CALL ERLA(Q)
CALL ERLA(L)
CALL ERASE(V)
CALL ERLA(HS)
160 DSePICONT{BB)
8B=PID(BB,DS)
CALL PERASE(BB)
CALL ERLA(DS)
BSM=PLNCF(B)
Cl=PID(C1B,BSM)
CALL PERASE(C1B)
C2=PID(C2ByBSM)
CALL PERASE(C28B)
CALL ERLA(BSM)
170 BP=PlP(B,BSP)
CALL PERASE(B)
DS=1Q(ASIP,BSP)
CALL ERLA(ASIP)
CIP=PIP(C1,DS)
CALL PERASE(C])
CALL ERLA(DS)
DSe]Q(AS2P BSP)
CALL ERLA(AS2P)
CALL ERLA(BSP)
C2P=P|P(C2,DS)
CALL PERASE(C2)
CALL ERLA(DS)
RETURN
END
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INTEGER FUNCYTION PGCcD(A,:B)
INTEGER Ao ABAR;B,BBAR,C,PABS,TYPE
IF {AeNED) GO Y0 114
PGCD=SPABS(B)

RETURN

IF (BeNEo.O) GO TO 20
PGCD=PABS(A)

RETURN

IF (YYPE(A)sNEO) GO TO 30
PGCD=1GCD(A.8)

RETURN

CALL PGCDCF(A,B,C,ABAR,BBAR)
PGCD=C

CALL PERASE(ABAR)

CALL PERASE(BBAR)

RETURN

END

INTEGER FUNCTION PICONT(A)
INTEGER A3B3C ST

INTEGER FIRSTPFA,TAIL,TYPE
B=A

[=0

S=0

B=TAIL(B)

C=F jRST(B)

IF (TYPE(C)<EQeD) GO TO 30
SzPFA{TAILITAIL(B))S)

B=C

GO TO 20

T=1GCD(I,C)

CALL ERLAC(I])

[=7

IF (FIRST(I)eNES]l) GO TO 231
IF (TAIL(1)eNEeD) 60O TO 31
CALL ERLAC(S)

PICONT=]

RETURN

BeTAIL(TAIL(B))

IF (BeEQeD) GO TO 40
C=F[RST(8B)

G0 70 30

IF (S«NE.0) GO TO 4}
PICONT=]

RETURN

CALL DECAPI(B,S)

IF (BosEQoO) GO TO 40
T=FIRST(B)
SaPFA(TAILITALIL(B)) S

B=T

GO 7O 20

END
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INTEGER FUNCTION PID(AY,14)
INTEGER A,Al oBosCyDyEsR,T
INTEGER BORROWsFIRST PFA,PFL,PVBL, TAIL,TYPE
A=Al

I=11

R=1

GO TO 10

PID=8

RETURN

8=0

IF (AsEQ.0) GO TO 40

IF (FIRST(I)eNEol) GO YO 11
IF (TAIL(1)eNEeD) GO TO 1]
B=BORROW(A)

GO TO 40

B=PFL(PVBL(A),O)

L=TAIL(A)

CALL ADV(C,L)

T=TYPE(C)

IF (TEQe0) D=I1Q(C,1)

IF (TeNEol) GO TO 22

CALL STACK3(L,B,sR)

Ama(C

R=2

GO 70 10O

D=8

CALL UNSTK3I(L,ByR)

CALL ADV(EL)
B=PFA(E,PFL(D,B))

IF (LeNEeO) GO TO 20
B=INV(B)

G0 7O (1,21)R

END

INTEGER FUNCTION PLNCF(A)
INTEGER A,B:BORROW,FIRSY,TYPE,TAIL
IF (AoNELO) GO 70 1}
PLNCF=0

RETURN

BmA

GO 70 30

BaF IRST(TAIL(B))

IF (TYPE(B)eNE«D) GO TO 20
PLNCF=BORROW(B)

RETURN

END

INTEGER FUNCTION PMNORM(A)
INTEGER AsCoSsToTAILICOMP ,PNORMF
N=0

T=TAIL(A)

CALL ADV(C,T)
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MaPNORMF (C)
S=]COMP(M,N)

IF (S5¢GT0,0) GO TO 3
CALL ERLA(M)

GO T0O 4

CALL ERLA{N)

N=zM ‘

T=TAIL(T)

IF (TeNE.OQO) GO TO 2
PMNORM=N

RETURN

END

INTEGER FUNCTION PMPY(A,B)
INTEGER A.ASTAR’B’BSTAR'COCSTAR.ciODQFlF|P’PEXP|PRxMEIQ'QCAP
INTEGER CMOD,CPCRA,CPMOD,CPMPY CRECIP,PFA,PNORMF,PVLIST
COMMON /TRY4/ PRIME.PEXP

C=0Q

PMPYa(

1F (AqEQo.0«ORB.EReD) RETURN
DaPNORMF (A)

E=PNORMF (B)

FeI1PROD(D,E)

CALL ERLAL(D)

CALL ERLA(E)

CALL IMFI(Fqo2)

[=2PRIME

LsPVLIST(A)

QCAP=PFA(],0)

L=aINV (L)

IF (l1oEQ.0) STOP

CALL ADV(P,;1)
ASTAR=CPMODI(P,A)
BSTAR=CPMOD(P,B)
CSTARsCPMPY(P,ASTAR,BSTAR)
CALL CPERAS(ASTAR)

CALL CPERAS(BSTAR)
RQ=CRECIP(P,CMOD(PQCAP))
Cl=CPCRA(QCAP ,CoP,CSTAR,; QL)
CALL CPERAS(CSTAR)

CALL PERASE(C)

C=C]

CALL IMFI(QCAPP)

IF (1COMP(QCAPaF)elLT20) GO TO 4
CALL ERASEI(L)

CALL ERLA(F)

CALL ERLA(QCAP)

PMPY=C

RETURN

END
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INTEGER FUNCTION PRES(A,B)
INTEGER ABASTARBBDBSTAR'C.cSTAR.D’E.F.P’PRIME.Q'QS’S’T’U|V
INTEGER PFA FIRST TAILICOMP,IFACT,IPRQD,ISUM
INTEGER (MOD,CPCRA,CPDEG,CPMOD,CPRES,CRECIP
INTEGER PDEG,PMNORM,PPOWER ,PVLIST
COMMON /TR4/PRIME ,PEXP
D=PMNORM(A)

E=PMNORM(B)

MsPDEG(A)

NzPDEG(B)

T2PPOWER(DN)

UsPPOWER(E M)

Va]PROD(T,U)

CALL ERLA(T)

CALL ERLA(U)

Tas]sSUM{V,V)

CALL ERLA(V)

UsIFACT(MeN)

FeslPROD(T,U)

CALL ERLA(T)

CALL ERLAC(U)

CALL ERLA(D)

CALL ERLAL(E)

1=PRIME

Q=PFA{l,0)

C=0

LePVLIST(FIRST(TAIL(A)))

L=INV (L)

IF (loNE,O) GO TO 32

PRINT 31

FORMAT (21H ALGORITHM PRES FAILS)
STOP

CALL ADV(P,I1)

ASTAR=CPMOD(P ,A)

IF (CPDEG(ASTAR)EQ,M) GO TO 50
CALL CPERAS(ASTAR)

GO 70 30

BSTAR=CPMOD(P,B)

IF (CPDEGI(BSTAR)EQ,N) GO TO 40
CALL CPERAS(ASYAR)

CALL CPERAS(BSTAR)

GO 70 30
CSTAR=CPRES{P,ASTAR,BSTAR)

CALL CPERAS({ASTAR)

CALL CPERAS(BSYAR)

QS=CMOD(P,Q)

RAS=CRECIP(P,QS)
TaCPCRA(Q,CoP,CSTAR,QS L)

CALL PERASE(C)

C=7

IF (LeNEoO) CALL CPERAS(CSTAR)
T=PFA(P,0)
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UsIPROD(Q,T)
CALL ERLAC(T)
CALL ERLAC(Q)
sy
SsICOMP(Q,.F)
IF (SelLTo0) GO TO 30
CALL ERLA(F)
CALL ERASE(L)
CALL ERLAC(Q)
PRES=(

RETURN

END

INTEGER FUNCTION PTDIV(A,B)

INTEGER A,ASTAR,B;BSTAR,CypCSTAR,C1sFsGsH,P,PEXP PRIME,@,QCAP S, T
INTEGER CMOD,;CPCRAyCPMODCPTDIV,CRECIP,PCOMP

INTEGER PFA,PNORMF,PVLIST

COMMON /TRH4/PRIME ,PEXP
Ca=]

IF (Be.EQ,0) GO TO 80D

C=0

IF (A.EQ.0}) GO TO 8p
QCAP=PNQORMF{A)

CALL ELPOF2(QCAP,T,H)
CALL ERLA(QCAP)
QCAP=PNORMF (B)

CALL ELPOFR2{(QCAP,T,K)
CALL ERLA(QCAP)

F=PEXP

M=0

N=Q

QCAP=PFA(1,0)

I=2PRIME

L=INV(PVLIST(A))

IF (1.EQeD) STOP

CALL ADV(P,1)
BSTAR=CPMOD(P ,B)

IF (BSTAREQeD) GO 71O 30
ASTAR=CPMOD(P,A)
CSTARaCPTDIV(PRASTAR,BSTAR)
IF (CSTAR.EQe=l) GO TO 40
CALL CPERAS(ASTAR)

CALL CPERAS(BSTAR)
A=CRECIP(P,CMOD(P,,QCAP))
ClaCPCRA(QCAP ,CyP,CSTAR QL)
SaPCOMP(C,Cl)

CALL PERASE(C)

CALL CPERAS(CSTAR)

C=Cl

CALL IMFI(QCAP,P)
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IF (SeEQ.Q0) GO TO 61
N =M

GO0 70 30

G=MoF

IF (GolLEsHeOReGoLTokeNe(F+1))
GO TO0 70

CALL PERASEI(C)

Cz=]

CALL ERASE(L)

CALL ERLA(QCAP)
PTDIV=C

RETURN

END

€60 TO0 30
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5, A Test Program

Following is a test program which may be used to help ensure
the proper implementation of this system. The program also illustrates
some features common to any main program written for the application
of the system. This test program results in the use of each subprogram
of the system at least once.

The program begins by declaring all variables, arrays and func-
tion names to be of integer type. The UNIVAC 1108 Fortran V language
provides an "implicit integer" statement which obviates the tedious
manual compilation of these declarations, but they are provided here
for the benefit of SAC-1 user's whose local Fortran compilers do not
have this feature., Following the integer declarations are the declara-
tions of all SAC-1 labelled common variables and a dimension state-
ment for the array SPACE from which the available space list is con-
structed, and ARRAY, which is used for the generation of the list PRIME
of prime numbers.

The first seven executable statements initialize those common
variables requiring it, construct the available space list, and generate
the list of primes, Only seven primes are generated here but many
applications will require more (the regular use of about 50 is recom-
mended); these primes are printed as the first output of the program.

These statements also assign to IN and OUT the standard logical unit
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numbers for card input and printed output at the local installation.

The user should note that these may have to be changed.

Next the program reads in three bivariate integral polynomials,
A, Band C, and prints them as output. These three polynomials,
which are the only input required, are listed following the test program
and preceding the listing of the output which the test program should
produce,

The program next computes Al =A . C, B1 =B . C and Cl =

gcd (A1 ,Bl), printing the results. A and B are relatively prime and

C 1is a positive polynomial, so C1 = C, Next, A, and B1 are

1
divided by C, producing AZ = A and BZ = B, The resultant, D, of
A and B, is computed and printed, then E, the content of C, which
turns out to be 1,

Next, PDEGS is applied to C, producing m = Bl(G) = 3 and

n = E)Z(C) = 2. Al , A and C are all reduced modulo 13, producing
polynomials Azi , A" and C*. F = A*I/C* is computed using CPQ
and printed. That F = A" is verified using CPCOMP, which returns a
value S = 0, which is printed. TFinally, the monic associate of T, G,
is computed and printed, Thereupon, all remaining lists are erased,
the length, L, of the available space list is computed and printed, and

the value of L should of course be 10000 (if each cell consists of two

words),
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On the UNIVAC 1108, the compilation and execution of this program,

including the loading of all subprograms, requires about 10 seconds.

Test Program

INTEGER AVAIL »STAK/RECORDeSYMLSTIBETASPRIME oPEXF
INTEGER SPACE-ARRAYe INeOUTY
INTECGER CENPRoFREADsPMPY ePIGCD oPDIVeFTDIVPVLIST
INTEGER PCONTePDEGSsPRESsPFAeLENGTH
INTZIGER CPMOCDsCPMONSCFQoCPCOMP
INTEGER AoBoCoA1sBloA29B2eCleNelefFel
INTZGER ASTAReALISTARSCSTARsL oMsMNeP 30 9SeT
COMMON /TR17 AVAILSTAK.RECOIDI(T72)
COMMCN /TR2/ SYMLST
COMMON /TR3/ BETA
COMMON /TR4/ FRIME «PEXP
DIMENSION SPACE(20000)«ARRAY(1ICD)
1 CALL BEGIN(SPACE200GC)
SYMLST=D
BETAZ22233
PEXPz=31
INZS
JUT =6
2 PRIMEZGENFRUARPAY +1COsZ2#*231+1)
PRINT 80O
T-ZPRIME
3 CALL ADVIPT)
Qz=PF A(P 0
CALL IWRITE{2,0UT)
CALL ERLAC(G}
IF (T.NE.J) G0 T0 3
y AZPREEADCIN)
PRINT 51
CALL PWRITE(QUTeA)
BZPREADUIN)
PRINT 52
CALL PWRITE(GQUT B}
C=PREADI{IN}
PRINT 53
CALL PWRITE(QUTC)
5 A1=PMPY(A,C)
FRINT 54
CALL PWRITE(QUTAL)
B1-FMPY(B+C)
PRINT 85
CALL PWRITE(QUT.B1}
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C1=PGCD{AL1+B1)
PRINT 56

CALL PWRITE(QUTeC1}
CALL PERASE(CL)
A2=PBIVIAL1.C]

PRINT 57

CALL PUWRITE(CUYeAZ)
CALL PERASE(A2)
BZzzPTDIV(B1,C)

PRINT 58

CALL FPWRITE(QUT B2}
CALL PERASEL(B2)
D=ZPRES(A:E)

PRINT %9

CALL PWRITE(QUTeD)
CALL PERASE(D)
E-FPCONTI(C)

PRINT &0

CALL PWRITE(CUTE)
CALL PERASEC(LE)
L-PDEGSHC)

CALL DECAP{NesL)
CALL DECAP(MoL)
PRIMNT G51eMeN
A1STARZCFMCD(13sA1)
AST ARZCPMOD(130A)
CSTARZCPMOD(13-C1}
FzCPA(13+A1STAR,CSTAR)
CALL CPERAS{ALISTAR)
CALL CPERASICSTAR)
LzPVLIST(A)

PRINT 62

CALLL CPURITU12:0UTF,l)
STCPCOMP{ASTARSF)
CALL CPERAS(ASTAR)
PRINT 67%95
GzCPMCN(13,F)

CALL CPFRASIF)
PRINT &4

CALL CPWRIT{13¢0UTeGol)
CALL ERASECL)

CALL CPERAS({G)

CALL PERASECALl}
CAL L PERASE(BL)
CALL PEFASEC(A)

CALL PEPASEILR)

CALL PEPRASE(C)

CALL ERASEISYM_ST)
CALL ERASE(PRIME])
LoLANGTHOAVATIL)
PRINT €Sl

sTor



90

E0 FORMAT (11H PRIME LIST)
g1 FORMAY (2H A)
52 FOPMAT (ZH E)
53 FORMAT (2ZH C)
su FCRMAT (2ZH Al}
55 FORMAT (3H B1)
£E FORMAT (3H C1}
57 FORMAT (3H A2}
58 FORMAT (3H 82)
£9 FORMAT (2ZH D)
5 FORMAY (2H E)
61 FORMAT (2H MzsIZ+EH NZvI2)
62 FORMAY (2H F)
€3 FCPMAT (2H S=.12)
4 FCRMAT (2H G)
&5 FORMAT (3H LzeTE}
END

Test Program Input

((=10XFH 3o 7XF*243XFF L4 3XF%0) Y 24 (= 22XFH 342 IXFF2 420X * L+12X**0) Y*¥* 14-(+26
XHTZ LY YFRFD ] QYRR ] 4ONFFRQ ) vERQ )

((+28XFF3425X* ¥ 4AXFH 118X FF0)YHF2+(+7XFF 346X **2- 20X FF L+L3X*¥0) v¥¥ 14 (+1X
WRZLOTYIEFRDLIQYFF 422X FF(0 )Y:'::':O )

( ( +11x=':=‘: 3 _1_]_3)(-.'::': 2418 X** l+15x~.':-a':0 ) Yw‘n‘:g +( - lX’a‘::‘:S - BOX** o% st':v‘:: 1- SX:‘::':O ) Y*""l-i‘( -16
XEXZLTOXFFRO 4D IYFR]_FINFFQ ) y¥EQ )
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Test Program QOutput

PRIMT LIST

+23147433659

+2147483692

+231474337172

+Z2147T4E3TTH2

+2147423777

+21474837872

+21474833313

A

((=10X*x e 3~TH#s 243X ex]+3Xee ]y Y224 (=22Xen34+23Xee2¢20Xe 2] +12Xsx0) Y%l ¢{¢206
)EERERSDEFE MENE)HETREMIETIINEAE RIS

(428X * ¢34 28X 240Y e x1-18X*20) Y2+ (+T7X2234EX 20 2~20X221+12Xex0)YssI2(+1X
e 347 TN ex 241 3X T 472X exJ)YRe[)

C

({411 X2 3413 Xea2+]18XusT1+15Xe%])Yea24+(~1Xee3-33Xse2-5Xex1-5XsxJ)Yex]+{-16
Yes3 410X 222+ 23X %131 Xex(Q}Y*s()

Al

({-110X#36~207X#25-738Xe sU-204Xs93-]2X%22+00X#81+445X» s ) Yaal+(-237Xswb+2
TUX#eS+ 730X# x4 +UG8Xe* 3¢ TIIX2 424485 X#x1+165X* Q) Yoo 3+ (+453X 22541328 xe5¢]
I2X 2244721 X 2w 345 TX 25741 37 X4%x1-123Xss0 )Y %2+ (+4320X0eb-1799X*»+¢0-1675EXsel+
352X+ T -4 B3 xe 2403 2] 382X *x0)Ye2l+(-41l6Xe206-236XesS5250UXeeli+55Xxx3-5(]
LXxs7~0U3X+ 2l -62X220)Y%x*x01}

81

{{+20BX2+6+R29X %2 E+ 873X 2+ 720X %34 213X 22 -2C04X201-2T70Xs* D) YerYy+{+L4GX» 35
~7GBX s 5-910X* %4 —271Xxx 3¢ 23 Xe«2+4Xe 14285 X e J) Y. 3+ (444X e -25X*x54120
XA 041030 Y243-1CPY 24241632 x]+B823 2o} Ys224(~112X330-83X3%5-2CX»uli~1168
GX ¢TI ~1401X 222+ 71X e %] -313Xx ) Yaex 14 {~15X%25~-422 X s545X x4 +418Xxx3-203 =
#2-50X**x1-E82X%+«0)Y+=+[)

cl

(411X %23+ 13X+ 2418Xe 31+ 10 Xv %)Y ¥4 {~1X#3-20X#22-EX2xx]-5X22e()Ye2]1+(~-16
Xee34+1NYe sl +23Xex]-3]1Xex0)Yex3)

AZ

((~12X%e3-TX*s 243X x% 143X xTIYea2¢(-22X e w3423 0w a2 +20Xex] +12XxeN)Yea]l+(+256
AR AE RN MESE-PELNEMPERIVE R LR IS

2

(428X 2 #3422 X524 UX 221 -18Xes )Y #2224 (+TX¥sZ406Xex2-70Xsx]+]23X%+0) Y2l (+1X
a0 42T X w2+ 1B e 1477 XeaT)Y %)

L

(+555023X%x1 24312234 22Xex11+%23265 721045705344 Xew« 342321861 X*%3+5183339X=
=7~ 106X» ¥ E~2ERNN1IXs ¢S5 ~S033X s 4+ 132024 X 2 »3-111254X»2-91177X¥»21~-C0266X
®wl])

E

{+1X%x])

Mz Z NT 2
F

((+2Y %273 EX 2224 33X+ 143Xk *0) Y22+ (+0Xxx3+10X 227+ TXex 22X )Y 2]+ {(+EXx87
+5X#% 147X« +0) Y *x%0)

Sz 0

2

((+1Y e T4 7 X x24I X o el IXx 20 Ya o2+ {4+ 10X 222+ 12Xes7+1 X321 4UXs5x0)Yxx1+{+EX %%
2¢2¥e ]l +SNeeJ)Yx ()

L= 10000

o)
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