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ABSTRACT. An upper bound on the L,-approximation power (1 < p < o) provided by prin-
cipal shift-invariant spaces is derived with only very mild assumptions on the generator. It
applies to both stationary and non-stationary ladders, and is shown to apply to spaces gen-
erated by (exponential) box splines, polyharmonic splines, multiquadrics, and Gauss kernel.

1. INTRODUCTION

A space S of locally integrable functions defined on R? is said to be shift-invariant if
f(-—3j) €S whenever f € S and j € Z?. For example, if ¢ : R? — C is locally integrable,
then

So(¢) == span{¢(- —j):j € Z%

is shift-invariant, and since Sp(¢) is generated by the single function ¢, Sp(¢) is said to be
a principal shift-invariant space. When ¢ € L, := L,(R%), Sy(¢) can be enlarged to

Sp(¢) := closure(So(¢); L,), 1 <p<oo.

We define So(¢) in §2 in a way which ensures that S (¢) always contains closure(Sp(¢); Lo ),
while allowing it to be significantly larger in case ¢ has sufficient decay. When ¢ has com-
pact support there is no difficulty in summing arbitrary infinite linear combinations of the
shifts of ¢, and so we define, in that case only,

Su(¢) =1{> ajé(-—j):aeC”}.

jez

Shift-invariant (SI) spaces and principal shift-invariant (PSI) spaces are useful and per-
tinent to several areas of approximation theory: (a) SI spaces are pertinent to the study
of splines, particularly multivariate, box splines, and exponential box splines (cf. [BHR]).
(b) SI spaces are useful in the study of approximation to scattered data by translates of
radially symmetric functions, as insights acquired there have led to new approaches to this
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difficult problem (cf. [BuR]). (¢) SI spaces are used in sampling theory. (d-e) PSI spaces
are the building blocks in both Gabor and wavelet expansions (cf. [Dal). (f) PSI spaces
are pertinent to the study of subdivision schemes (cf. [D]).

For i > 0 and any shift-invariant space §, we denote the dilations of & by

Sh:={s(-/h):s e S}.

Let §(¢) be a PSI space generated by some function ¢. (When it is not important to specify
exactly how the PSI space is generated by ¢, as is the case here, we will simply write S(¢).)
The directed collection (S"(¢)) is said to be a stationary ladder of PSI spaces. The
term “stationary” indicates that the underlying PSI space S(¢) does not depend on h. A
natural generalization of this is to allow the underlying PSI space to depend on h. For this,
we assume that for all b > 0, S(¢,) is a PSI space generated by ¢y,. The directed collection
(8"(én))n is then said to be a non-stationary ladder of PSI spaces. The importance
of this generalization has gradually emerged in many of the above areas: exponential box
splines in splines, spectral approximation orders provided by non-stationary ladders in
radial basis functions, non-stationary wavelets which yield significantly more flexibility
in the construction of wavelets, and non-stationary subdivision schemes which similarly
increase flexibility.

A standard problem in Approximation Theory is the determination of the L,-approximation
power of the ladder of PSI spaces (S"(¢y))5. Specifically, one seeks to determine the rate
at which dist (f,Sh(th);Lp> decays as b — 0 for sufficiently smooth f € L,. If v > 0
and dist (f,Sh(th); Lp> = O(h?) for all sufficiently smooth f € L,, then (S"(¢5))s is said
to provide L,-approximation order ~. If v > 0 and dist (f,Sh(th); Lp) = o(h7) for all
sufficiently smooth f € L,, then (S"(¢p))s is said to provide L,-density order ~. Since
we are concerned with upper bounds on approximation power, and since statements about
upper bounds clearly become stronger as we restrict the class of “smooth functions”, we
will take the phrase “for all sufficiently smooth f € L,” in the definitions above to mean

“for all f satisfying J/C\E C>7, where ]/C\is the Fourier transform of f defined by

o~

flz) = f(t)e it dt, and
Rd

C>®:={f € C=(R?) : supp f is compact}.

(As one may expect, the space 600\0 = {J/C\ : f € C} is included in the definition of
“smooth functions” in all lower bound results presently in the literature.)

The first upper bound result on the approximation order of SI spaces is contained in the
work of Strang and Fix [SF]. There, it was shown that if ¢ has compact support, then, for
p = 2,00, the stationary ladder (S"(¢)); provides “controlled” L,-approximation order k

only if q/b\(O) # 0 and one of the following two equivalent conditions holds:

(1.1) Vf €M1 3g € Wiy such that f= > g(j)s(- - j);
JEZ?

(1.2) D®H(2xj) = 0 for all |a| < k,j € Z4\0.
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Condition (1.1) is known as polynomial reproduction, and (1.2) is known as the Strang-Fix
conditions of order k. The “controlled” notion puts restrictions on the way the smooth
function f could be approximated from S”(¢), hence upper bounds that use this “con-
trolled approximation” or any other restricted notion of approximation (e.g. “local” or
“controlled-local” as mentioned below) are weaker than those based on the unqualified
notion of approximation orders. For example, if q/b\(O) = 0, then the “controlled” approxi-
mation order (as well as the “local” or “controlled-local” approximation order) is 0, while
the approximation order as analysed in the present paper can still be arbitrarily high.

The Strang-Fix result was soon rediscovered in connection with box splines, introduced
in [BD], [BH]. [DM] was the first paper to demonstrate the usefulness of the Strang-Fix
conditions in box spline theory. There are several important results which like [SF] employ
restricted notions of approximation (cf. [BJ], [LC], [JL], and [HL]). These papers give
upper bounds on the “controlled”, “local”, or “controlled-local” L,-approximation order
of stationary ladders generated by one or finitely many basis functions having non-zero
mean. In [SF] and [BJ], the basis functions were assumed to be of compact support, while
in [LC], [JL], and [HL], the basis functions were assumed to decay like O(] - |_(d+k+e)) at
oo, where k is the approximation order. This assumption is important here, since it ensures
that the sum EjEZd f(7)o(-—7) converges on compact sets for all f € IIj, hence leaves the
notion of polynomial reproduction (1.1) viable. [BJ] and [JL] consider p in the full range
1 < p < oo, while [LC] and [HL] consider p = cc.

We mention also that upper bounds that are based on the specific structure of the spaces
(S™(4))s are derived in [BH] (stationary, piecewise-polynomials), and [LJ] (non-stationary,
piecewise-exponentials). It is worth mentioning [DR] as the first paper to demonstrate and
emphasise the irrelavance of polynomial reproduction for non-stationary ladders.

In [R1], Ron was able to characterize the actual L.-approximation order of the sta-
tionary ladder (S"(¢)),. He showed that if ¢ € L., was compactly supported and if
Ejezd #(7) # 0 then (S!(¢))s provides Lo.-approximation order k if and only if

(1.3) i1 C Su().

He also showed that, if Ejezd #(7) = 0, then (1.3) is not sufficient for L..-approximation
order k, and left the necessity of (1.3) (for the case Ejezd #(7) = 0) as an open ques-
tion. Following this work, de Boor and Ron [BR] considered again the case p = oo for

non-stationary ladders generated by functions ¢; which decay like O(]- |_(d+€)). They
obtained upper and lower bounds on the L,.-approximation order. It is important to note
that the decay assumption on ¢; does not provide for the convergence on compact sets
of the sum E]‘eZd f(7)on(- — 7) when f € II;, hence (at least for & > 1) the notion of
polynomial reproduction (1.1) is no longer viable. However, even in the absence of any
meaning to polynomial reproduction, the Fourier transform analog of that property re-
mains important. It was shown that the Strang-Fix conditions (1.2) are still necessary
for stationary ladders, and that further, closely related Fourier transform conditions are
necessary for non-stationary ladders, though these other conditions lead to no polynomial
reproduction, even for compactly supported generators.
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In [BDR], de Boor, DeVore, and Ron gave a complete characterization of the Lo-
approximation order of (S2(®));, when @ is a finite subset of Lo, where

S2(®) := closure Z So(®); Lo
oD

Very recently in [J], Jia has generalized the stationary part of the results of Ron [R1] to
1 < p < co. A characterization of the L,-approximation order of (S%(®)), is given under
the assumption that ® consists of finitely many compactly supported functions in L, and
#(0) # 0 for all ¢ € @, where
S(®) = Su(9).

pcd

When specialized to the case when ® = {¢}, this characterization is shown to be equivalent
to the Strang-Fix conditions (1.2). The aspect of that characterization which is most
relevant to the present discussion can be stated as follows.

Theorem 1.4 [J]. Let 1 < p < oo, k € N. Let ¢ € L,(R?) have compact support
and satisfy ¢(0) # 0. Assume that ¢ does not satisfy the Strang-Fiz conditions of order k,
i.e. there exists jo € ZN\0 and |a| < k such that D®$(27jo) # 0. Then the stationary ladder

(SH))n does not achieve L,-density order k — 1, and consequently, the L,-approzimation
order of (S"(¢)) cannot exceed k — 1.

In the present paper, we provide an upper bound on the L,-approximation power of the
non-stationary ladder (S]i’(th))h in terms of the Fourier transform of ¢;. In contrast to
[R1], [BR] and [BDR], we do not assume p = 2, 00, but rather, the full range 1 < p < co.
Also, we do not assume that the basis functions ¢ are compactly supported as in [R1]
and [J]; we allow the basis functions ¢, to decay in a rather mild fashion. Under fortuitous
circumstances (see condition (*) of Theorems 3.1, 4.1, and 4.2) our results can even handle
the troublesome case q/b\h(O) = 0 which in the past has only been handled well by [BDR].
One interesting feature of our stationary results is that when they apply, they show not
just that one function in 600\0 cannot be approximated better than a certain rate, but that
a large class of functions cannot be approximated better than this rate. The following
theorem serves as an illustration. To keep things clean, we consider the stationary case,
and we assume the basis function ¢ satisfies the mild decay condition ¢ € L, and the
regularity condition q/b\(O) # 0.

Theorem 1.5. Let 1 < p < oo. Let ¢ € L, N Ly satisfy q/b\(O) # 0 and assume that

all derwatives up to order k — 1 of q/b\ are continuous in a neighborhood of 2wjg for some
jo € ZNO and k € N. If the Strang-Fiz conditions of order k fail at 2rjo, i.e. there exists

la| < k such that Daq/b\(Qﬂ'jo) # 0, then the stationary ladder (S]?(qb))h does not achieve

L,-density order k — 1, and consequently, the Ly-approzimation order of (S]i’(qb))h cannot
exceed k — 1. In fact,

dist (f,S*(¢); L) # o(R*™') as h — 0
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for all f € W]f_l\() (if1<p<2) fewr! ﬂLg\O (if 2 < p < o), where W]f is the

usual Sobolev space.
Proof. cf. §5.

In other words, for 1 < p < oo, the Strang-Fix conditions of order k (to the extent
that they are meaningful) are necessary for the stationary ladder (S]i’(qb))h to provide L,-

approximation order k under the assumptions that ¢ € L; N L, and q/b\(O) # 0. That the
approximation order moves all the way back to &k — 1 when the Strang-Fix conditions of
order k fail to hold, is due to the smoothness assumed of q/b\ near 27wjg. In the sequel, no
such smoothness will be required of q/b\, and accordingly, the approximation orders will not
be confined to the integers.

The following notations are used throughout this paper. The natural numbers are
denoted by N := {1,2,3,...}, while the non-negative integers are denoted by Z, :=
{0,1,2,...}. The unit cube in R (—1/2..1/2]4, is denoted by C. B := {z ¢ R?: |z| < 1}

denotes the open unit ball in R?, where

2| ==/ a? +ad+ - + a2, v € RY
The bounded functions which decay to 0 at oo are denoted by
L0, = {f € Lac : |f(2)] = 0 as |a] > oo},
It is notationally expedient to define
LY :=Ly(RY)  for 1 <p< co.

The semi-discrete convolution is defined formally by

¢+ ci=> e(i)o(-— ).
jezd
We denote the distance from the function f to a set of functions A, as measured in the X
norm, by

dist (f, 4;.X) = inf |If —s|lx -

We employ the convention that 0 times anything is 0; in particular, 0/0 := 0. o : R¢ —
[0..1] is taken to be an even function in C'2°(B) which satisfies o(x) = 1 for all + € B/2.
Here C*(Q) :={f € C :supp f C }. We denote the conjugate exponent of p € [1.. ]
by p’ defined by ]lj + ]% = 1. The inverse Fourier transform of a tempered distribution f is

denoted fV.

2. PRELIMINARIES

We define now So(¢) for ¢ € Lo,. Since our purpose is to establish an upper bound on
the approximation power of (S"(#))s, it is desirable that So.(¢) be as large as possible.
Note that closure(So(¢); Loo) (C L2 if ¢ € LY) is usually too small to approximate
functions f € Lo \L% . However, if ¢ has sufficient decay at oo, then the sum ¢ *' ¢ is
meaningful in that it converges uniformly on compact sets to a bounded function whenever
¢ €l i= loo(Z%). Tt is desirable that our definition of S, (¢) include functions of the
form ¢ *' ¢, ¢ € {, whenever ¢ has sufficient decay.
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Definition 2.1. For ¢ € L., we define Soo(¢) to be the largest (i.e. union of all) shift-
invariant set & C Lo, which satisfies

dist (f,S; Loo) = dist (£,80(¢); Lee) . ¥ f € LY.

Note that the set Soo(¢) always contains the space closure(So(¢); Loo). In case ¢ has
sufficient decay at oo, then Soo(®) also contains the space {¢ *' ¢ : ¢ € (} as recorded
below:

Proposition 2.2. If ¢ € L., satisfies

Z 120l 1. 4y < o0
JEZ?

then {op+" c:c € l} C Sec(0).

Proof. cf. §5.

In order to explain the approach taken in the sequel, the following definition is needed

(compare with [BDR; th.2.14] and [K; th.2.6]).
Definition 2.3. Let  : R? — C be a measurable function. We denote by S(n) the

collection of all locally integrable functions s : R — C which, when viewed as distributions,
are tempered, and which satisfy

(1) 3 is regular on RY

(i1) 3 =nt for some 2rZ%periodic function T,
where a tempered distribution p is said to be regular on an open set @ C R? if ;1 can be
identified on {2 with a function which is locally integrable on 2.

The relevance of the above definition to the task of establishing an upper bound on the
L ,-approximation power of the ladder (S]i’(th))h is shown in the following:

Proposition 2.4. Let 1 < p < oo, and for h € (0..1], let ¢, € L, be such that qgh 18

reqular on R?; hence, q/b\h can be identified with a locally integrable function n;, : R? — C.
Then, for all f € Lg,

dist (f, SF(¢n); Ly) > dist (£,S"(na); Ly) .

Consequently, any upper bound on the L,-approzimation power of (S™(ns))n is an upper
bound on the L,-approzimation power of (S]i’(th))h.

Proof. The assumptions on ¢ yield immediately that So(¢pn) C S(ns). The proposition is
thus a consequence of the fact that

dist (f, S*(¢n); Lp) = dist (f,8§ (én); Lp) for all f € L,.
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In the present paper, we will in fact be deriving upper bounds on the L,-approximation
power of the non-stationary ladder (S*(n;)), in terms of the measurable functions 1.
In addition to the scenario of Proposition 2.4, there is another important situation (aris-
ing often in the context of Radial Basis functions) which motivates our consideration of
(8™(n1))n-

For h > 0, let ¢y, be a locally integrable function which, When viewed as a distribution,
is tempered, and assume that th is regular on R%\0; hence, th can be identified on Rd\()
with a function 7, : R¢ — C which is locally integrable on R¥\0. A typical approach to
defining a PSI space generated by ¢y, is to first find a function ¢, in either Sp(¢p) or some
super-space of So(¢p), such that ¢, € L,, and then forming the PSI space S,(¢5). ¥ is
referred to as a “localization of ¢5”. In the literature, ¥, generally satisfies two additional
conditions:

;Zh is regular on R%
(2.5) &

Yy, = npTy for some ZWZd—periodic function 7.

Note that So(¢'n) C S(ns) whenever ¢, € L, is a localization of ¢, satisfying (2.5). Hence
for all f € Lg,

dist (f, S, (vn); Lp) = dist (f, S (vn); Lp) > dist (f,5"(mn); L) -
This proves the following:

Proposition 2.6. Let 1 < p < oo, and let ¢, and ny be as in the above paragraph. If
Yy € L, satisfies (2.5), then for all f € Lg,

dist (f, Sy (vn); Lp) > dist (f,S"(nn); Lp) -

Consequently, any upper bound on the L,-approzimation power of (S™(nn))n is an up-
per bound on the L,-approzimation power of (S"(1n))n which does not depend on which
localization of ¢y, is chosen — so long as (2.5) holds.

With Propositions 2.4 and 2.6 in mind, we proceed now toward establishing upper
bounds on the L,-approximation power of the ladder (S"(15))s in terms of the family
(nn)n. Theorem 3.1, although stated in the non-stationary context, is intended primarily
for stationary ladders. Under a certain regularity assumption on the family (np)n, a
condition is given which ensures that for 1 < p < oo, the non-stationary ladder (S*(n))s
does not provide L,-density order v > 0. The reason we focus here on the density order as
opposed to the approximation order is that when a lower bound on the L,-approximation
order of some ladder is known, e.g. it provides L,-approximation of order v, then the
best way to show that this lower bound is optimal is to show that the ladder does not
provide L,-density order . Theorem 3.1 attempts to provide a means for verifying that a
given stationary ladder (or an especially structured non-stationary ladder) does not provide
density order ~. Following its statement, conditions on a family of L;-functions (¢p); are
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given in Proposition 3.4 which, when satisfied, ensure that the regularity assumption of
Theorem 3.1 is satisfied. The theorem is then applied to some PSI spaces generated by
(exponential) box splines, polyharmonic splines, and multiquadrics.

Our most general results are recorded in Theorem 4.1 (1 < p < 2) and Theorem 4.2
(2 < p < o). They are intended for non-stationary or stationary ladders which cannot
be handled by Theorem 3.1. Under a certain regularity assumption on the family (1)
(which is weaker than that of Theorem 2.1) an upper bound on the L,-approximation
power of the ladder (S"(n;)); is given. Following the statements of these theorems, an
analog of Proposition 3.4 is stated which similarly gives easily verifiable conditions on a
family of L;-functions (¢p ), which when satisfied ensure that the regularity assumptions
of Theorems 4.1 and 4.2 are satisfied. All of the theorems and propositions are proved in

§5.

3. THE STATIONARY CASE

In this section, we state a somewhat specialized version of our results and apply it to
the examples of (exponential) box splines, polyharmonic splines, and multiquadrics.

Theorem 3.1. Let 1 < p < oo. Let n, : RE— C, h € (0..1] be a family of measurable
functions which satisfy, for some jo € ZN0, € € (0..7), ¢ < oo, and for all sufficiently

small h € (0..1],
o+ 2mj0) \
(-0 2l 2000 )

<ec.
Ly
Assume that there exists v > 0, and a non-trivial locally bounded measurable function

p: R4 = C such that
nu(h - 427j0)
(b )

Then (S™(ni))n does not provide L,-density order ~ and consequently, the L,-approzimation
order of (S"(nn))n cannot exceed . In fact, dist (f,Sh(nh);Lp> # o(R7) as h — 0 for all
fe Lg N L, which satisfy

(3.3) ,0]?7& 0  say, as a distribution;
(3.4) |7

(*) ‘

(3.2) ‘ ey

=o(h") as h — 0, for all n > 0.
Lo (nB)

=o(h”) as h — 0,
L, (R\h=1B)

where ¢ := min{p, 2}.
Proof. cf. §5

Note that in the stationary case, condition (3.2) is satisfied if there exists a non-trivial
homogeneous function p of order ~ such that

Hn(-+2ﬂjo) _
"

(3.5) =o(h") as h — 0.

Lec(hB)

Condition (*) is somewhat mysterious and seemingly difficult to verify. To make it less
so, we show that in the context of Proposition 2.4, it is implied by other easily verifiable
conditions.
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Proposition 3.6. For h € (0..1], let ¢, € Ly be normalized so that limp_o qgh(O) = 1.

Assume that

(1) sup ignllp, < oo
hE(0..1]

i lim  sup ||on ng = 0.
N A P
Then there exists € € (0..7] and ¢ < 0o such that, with ny = q/b\h, condition (x) of Theorem
9.1 is satisfied for all jo € Z\0.

Proof. cf. §5

—~

In particular, in the stationary case (i.e. n = ¢), if we assume simply that ¢ € Ly and

q/b\(()) £ 0, then condition () of Theorem 3.1 is satisfied for all jo, € Z\0.

Example 3.7. (Exponential) Box Splines: Let = be a multiset of directions in R\0 and
assume that the directions in = span RY For each ¢ € Z, let \¢ € C. The family of
(exponential) box splines ¢, h > 0, is then defined by

1
op 1= H wg, where wg(:zj) = / elhre—ico)t gy
€€ 0

It was shown in [BR] (p = o) that (S%(¢4))s does not provide Lo.-density order k', where
k' is defined by:

k= min{#K; : j € ZN\0};

K;:={¢e=Z:¢ je€Z\0}.
It was shown by Ron in [R3] (p = 2) that (S (¢4))s does not provide Ly-density order k';
in fact, dist (f, St bn); L2> +* o(hk/) as h — 0 for all nontrivial f € Wzk/. (For a detailed
discussion of currently known lower bounds on the approximation order, the reader is
refered to section 3 of [R3].) We will show by applying Theorem 3.1 that for 1 < p < oo,
(S]i’(th))h does not provide L,-density order k' and consequently, the L,-approximation
order of (S]i’(th))h cannot exceed k. In fact, dist (f, S]i’(th);Lp) +* o(hk/) as h — 0 for
all nontrivial f € Lg N L, which satisfy (3.4) (with v := k). Note that this recovers what

was previously known for the case p = 2. We fail to recover what was previously known

for the exceptional case p = 0o only because Soo (@) as defined here is smaller than S(¢p,)
as defined in [BR].

In order to prove the above claim, let 1 < p < oo, and put ny := q/b\h, ~v o=k Tt is
known that (én)re(o..1] is a uniformly bounded family of compactly supported functions
whose support is independent of h (cf. [BR]). It thus follows by Proposition 2.4 that

Now, since limy_g q/b\h(O) = 1, it follows by Proposition 3.6! that there exists e € (0.. 7] and
¢ < oo such that condition (%) of Theorem 3.1 is satisfied for all jo € Z?\0. Let jo € Z%\0

!Note that conditions (i) and (ii) of Proposition 3.6 follow from the above mentioned fact that the
functions ¢p, as well as their support are bounded independently of A € (0..1].
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be such that #K;, = k’. We now consider (3.2). Fix n > 0. Following [BR], note that
|11 —nn(h ')HLoo(nB) — 0 as h — 0, and for each £ € Z\ K., we have wg(Qﬂ'jo) # 0 and

ng(h - +27j0) — wg(Zﬂ'jo)HLoo(nB) —0as h — 0.
On the other hand, if £ € K, then
Ae — 1€ -
sup h_lwg(hx + 27jo) — & —0as h —0.
rEnB —1€ - 27 o
Defining
1 .
Ny = B H wg(h - +27750);
T ECE\Kj,
Zy = H wg(h - +27750);
561&7‘]‘0
, Ae —i€ - x
. 0 g
ple) = H we (2mjo) H T
56:\I&j0 €€I&j0

We conclude from the above that

h—k’M — NN Z, —— in Loo(nB)
p
nh(h ) h—0

which establishes (3.2). Lastly, note that since p is a nonzero polynomial, condition (3.3)
holds whenever f is a non-trivial function in Lg N Ly. The intended result now follows
with an application of Theorem 3.1.

We will use the following lemma in the next example.

Lemma 3.8 [Wiener’s Lemmal. If ¢ € L; and QE(O) # 0, then there exists € > 0 such
that

< 0.

Proof. cf. §5

Example 3.9. Polyharmonic Splines (¢ = 0) and Multiquadrics (a > 0): Let vy > 0, a > 0,
and define ¢ := (|- | +a2)0"D/2 (if y —d € 2Z4), or ¢ := (|- | + ) =D/ 2 1og(] - |* + a?)
(if ¥ —d € 2Z4). Then according to [GS], ¢ can be identified on R?\0 with

n=bl-|"T K,y pa(al- ),
where b = b(d,~) is some non-zero constant, IN&’,,(t) = t"K,(t), and K, is the modified

Bessel function of order v [AS]. In case a = 0, we will be assuming that v > d/p’ in order
to ensure that ¢ is locally in L,.
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It is known that ¢ can be localized to a function ¢ € Ly, satistfying (2.5) and LZ(O) # 0,
and that (S]?(%/)))h provides Ly-approximation order ~ (cf. [Bu], [BuR]). As for upper
bounds on the approximation power, the case p = oo is considered in [BR]. It is shown
that the dilates of a (large) shift-invariant space generated by 1 do not achieve L -density
order v whenever 1 is a localization of ¢ satisfying (2.5) and additionally

Z lib(x — 7)| < const for all z € RY,
JEZA
$(0) £0.

The case p = 2 is considered by Ron in [R2]. It is there shown that if ¢» € Ly is any
localization of ¢ satisfying (2.5), then (S2(¢));, does not achieve Lo-density order v. In fact,
dist (f, Sk(); L2> # o(h7) for all non-trivial f in the Sobolev space W,'. We will show, by
applying Theorem 3.1 that for 1 < p < oo, if ¢ € L, is any localization of ¢ satisfying (2.5),
then (S]?(%/)))h does not achieve Ly-density order v and consequently, the L,-approximation
order of (S]i’(;/)h))h cannot exceed 7. In fact, dist (f, S]i’(;/)); Lp> # o(h") as h — 0 for all

nontrivial f € Lg N L, which satisfy (3.4). Note that this recovers what was previously
known for the case p = 2. We fail to recover what was previously known for the exceptional
case p = oo only because S (¢ ) as defined here is smaller than S(¢;,) as defined in [BR].

In order to verify the above claim, let 1 < p < oo, and let ¢ € L, satisfy (2.5). Put
ny :=n for all h € (0..1]. Recall from Proposition 2.6 that

dist (f,S*(v); L) > dist (£,8"(n); L), V f€ LY.
Let jo be any element of Z%\0 and define

_ Ky pla2mjol)
|27 jo| " Iy 2(0)

-7

That (3.5) holds follows from the fact that IN&’V/Q is continuous on [0..o0) and IN&’V/Q(O) # 0.
Since p is non-zero almost everywhere, (3.3) holds whenever f € Lg N L,\0. We turn now
to condition (%) of Theorem 3.1. There exist (see [AS]) entire functions A;, Ay, and As
with A1(0) # 0 such that

bR o l]) = A (j2]?) + Ap(2f?) 2] + As(1al?) o[ g Je]
Thus, for € > 0 sufficiently small and = € R%\0,
o4 2mjo) o(e /el + 2rjo) Jal
n() Ar(J2l") + As(J2]*) |2|” + As(|2]*) |2[* log ||
o(x/e€) (o(x/2m)n(x + 27 jo) |2[")
~ o(e/2m) (AlaP) + AalaP) lal" + As([ol?) o log o] )
Since n € C*°(RN\0), 4;(0) # 0, and with Lemma 3.8 in view, it is easy to see that condi-

v
tion (%) now follows from the fact that (o(-/€)|-|")" € Ly, and <U( Je)|-[Flog |- |> €Ly
for all € > 0. Applying Theorem 3.1 yields the intended result.

o(zfe) !
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4. THE NON-STATIONARY CASE

In this section we state an upper bound on the L,-approximation power of the non-
stationary ladder (S"(n;)), under a certain regularity assumption on the family (1;).
In order to avoid restrictive assumptions on the ladder (S]i’(th))h (like those adopted in
the previous section), we will not attempt to show that our upper bound is realized by
a large class of smooth approximands; rather, we show simply that there exists at least
one smooth function f which cannot be approximated faster than a certain rate. We then
apply the result to a non-stationary ladder of PSI spaces generated by the Gauss kernel.
We treat separately the case 1 < p < 2 and the case 2 < p < o0.

Theorem 4.1. Let 1 < p < 2, and for h € (0..1], let n, : RY — C be measurable.

Assume that there exists jo € Z\0, € € (0..7), and ¢ < 0o such that for all sufficiently

small h € (0..1],

ne( -+ 27350)
Mh

< e.

|

Leo (heB)
Then there exists a sufficiently smooth function f (i.e. J/C\E C°) such that

nn(h - +27750)

dist (f,Sh(Uh)§Lp> > ‘ nn(h-)

L, (¢B/2)

for sufficiently small h € (0..1]. In particular, (S"(ny))n provides L,-approzimation order
~ >0 (resp. Ly-density order v > 0) only if

Proof. cf. §5

Theorem 4.2. Let 2 < p < oo, and for h € (0..1], let ny : R? — C be measurable.
Assume that there exists jo € Z\0, € € (0..7), and ¢ < 0o such that for all sufficiently
small h € (0..1],

nn(h - +2750)

nn(h-) = O(h") (resp. = o(h")) as h — 0.

L, (eB/2)

< ec.

(- + 277]6))v
Ly

Mh

H (-0

Then for all v € C(eB/4), there exists a sufficiently smooth function f (i.e. J/C\E C)

such that .
dist (f, H(nh +2F]0)> * U

for all sufficiently small h € (0..1]. In particular, (S*(n))n provides L,-approzimation
order v > 0 (resp. L,-density order v > 0) only if

()

Lo(eB/4)

= O(Rh”) (resp. =o(h")) as h — 0
La(cB/4)
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for allv € CX(eB/4).
Proof. cf. §5

Note that condition (%) of Theorem 4.1 is weaker than that of Theorem 4.2 which in
turn is weaker than that of Theorem 3.1. As a result, an analog of Proposition 3.6 for the
present theorems can be proven under weaker assumptions on the family (¢4 ). Indeed:

Proposition 4.3. For h € (0..1], let ¢, € L1 be normalized so that limp_o qgh(O) = 1.

Assume that

(1) sup |ignllp, < oo
ReE(0..1]

i lim  sup ||on —1,p = 0.
@) Jim s ol s

Then there exists € € (0.. 7] and ¢ < oo such that, with n;, = q/b\h, condition (x) of Theorems
4.1 and 4.2 is satisfied for all jo € Z9\0.

Proof. cf. §5

Note that the only difference between the hypothesis of Proposition 4.3 and that of
Proposition 3.6 is condition (ii). In the following example, we take advantage of this and
are thus able to apply Theorems 4.1 and 4.2.

Example 4.4. Gauss Kernel: Let v > 0 be fixed, and for h € (0..1/¢] define ¢, by
bn(x) 1= e~ Vlos(/B)lel*fan® r e R

This particular family was studied in [BeLl] for integer values of v and p = oo where
almost optimal lower bounds on the approximation power were derived. Furthermore,
the general results of [BR] apply here (for all v > 0) and show that, for p = oo, the
optimal approximation order is v. We will show, by applying Theorems 4.1 and 4.2 that
for all 1 < p < oo, (S]i’(th))h does not provide L,-density order «, and consequently, the

L ,-approximation order of (S]i’(th))h cannot exceed ~.

For that, put ny, := q/b\h, and note that by Proposition 2.4,
dist (f, S (¢n); Lp) > dist (£,8"(na); Ly) feL.

Since, ¢p(x) = (log(l/h))_d/ngl/e(x/\/log(l/h)) it follows that the hypothesis of Propo-

sition 4.3 is satisfied (while that of Proposition 3.6 is not) and therefore, there exists
€ € (0..7] and ¢ < oo such that condition (%) of Theorems 4.1 and 4.2 are satisfied for all

jo € ZN0. Put jo := (1,0,0,...,0), and let € eB. A straightforward calculation then

reveals that RYR"YE/™ < W < hYh~hve/™ Therefore, there exists Ay, Ay > 0 such
n(he

that for all h € (0..1/¢] and « € €B,

—~

on(ha 4+ 2750)
on(ha)

The stated conclusion now follows easily from Theorems 4.1 and 4.2.

A R7 < < Ash7.
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5. THE PROOFS

Before proving the above-stated results, we state the Hausdorff-Young Theorem and
then prove two lemmas.

Theorem 5.1. Let 1 <p <2, and let f € L,. Then ]?E L, and

277 4/’ HfHL

Proof. cf. [Ka; p.142].

Lemma 5.2. Let 1 < p < 2. Let n: R = C be a measurable function, and suppose that
there exists jo € Z\0 and § € (0..7) such that

n( -+ 27jo0)
n

< 0.

(1) el jo.d) im H
L. (6B)

Let f € L,. Then for all h > 0,

[

L, (h=16B)

< (27T)d/2 (1 + cl(nv.jov )) dist <f78h(

Ly (R\R=15B)

Proof. Let h > 0, and let s € S*(n)NL,. Let 7 be a 2T”Zd—periodic function which satisfies
$=mn(h-)r. Note that

(5.3) Hxh_léBf -5 I > HgHLp,(h—l(Zn-jo—l—éB)) = |[n(h - ‘|'27Tj0)THLp,(h—16B)‘
Hence,
n(h - +27j0)
. f
n(h-) Ly (h=16B)
n(h-4+27j50) , ~ . .
|1z g 4ot 42wi0) it )
n(h-) L, (h=16B) !
N (- +2mjo) H ~ .
< - _ _ — by (5.3
o Hf L, (h=14B) n Lo (8B) + Xh 6Bf S L, y< )

< (1+cl(777.j075)) Hf—? I + Hxh—l(;BJ/C\_J/C\HL

< (L+ei(n.jo, 8) M) P || f = sy, + HfHL J(BI\h-16B)

where the last inequality follows from the Hausdorfl-Young Theorem. Taking the infimum
over all s € S*(n) N L, completes the proof. O
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Lemma 5.4. Let 2 < p < oco. Let n: R — C be a measurable function, and suppose that
there exists jo € Z\0 and § € (0..7) such that

< Q.

n(- +27TJ'0)>v
L.

n

(*)  c2(n,40,9) := H (0('/5)

Let f € L,N Ly. Then for all h >0 and v € C(h~'6B/4),

H (n(h : ‘|‘27TJ0)J?> .
n(h-) Lo(h=16B/4)

S 03(7/) (1 —I_ 02(777j075)) dlSt <f78h(77)7LP> —I_ HyHLl

f

Lo(RA\R=16B)

where c3(v) 1= (QW)d/ZZjEZd H’/)HLOOU"'C)'

Proof. Let h >0 and v € C*(h™'6B/4). Note that
(5.5) g+ vllp, <es)lgllz,, Ygely

Indeed, if g € L,, then

g% vz, = 27 g VI, < @03 g0 by ee)
JEZA
< (2m)* Z 91l o400 177N ey
jez
< @Y gl vy 19V v
JEZA

< @m) gl Y WPl ey = es)llally, -
jez

Now let s € S"() N L,, and let 7 be a 2ZZ"%periodic function which satisfies 5 = n(h-)r.
Since § < 7,

supp <(Xh_153f) * V) (\n " (2mjo + 6B/4) = 0.

Hence,

(5.6) H <Xh_16BJ/C\_ §> * U

L > |5+ VHL2(h—1(2ﬂ'jo+5B/4))

= |[(n(h - +27jo)7) * VHL2(h—15B/4) :
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Now

Lo(h=16B/4)
h-+2779) -
0 7 3.,

+ [[(n(R - +27jo)7) * VHLQ(h—léB/AL)
Lo(h=16B/4)

< (U(h . /5)%(]?—3\)) * U . + H(Xh—%Bf_ §> * U . by (5.6)
< (otn- oy ) )

TG R e [ B
< es() ‘(am-/a)%(f— @))v el =,

vl s =, by G5)

n(h - —|—27Tj0)>v
n(h-)

+lwllz,

< e3(v) (1 +

(a(h - /8)

)Hf—ﬂhp
Ly

Ly(RI\R=16B)

f

f

= 03(7/) (1 + CZ(nv.jOv(s)) Hf o SHLP + HyHLl

Lo(RINR=16B)

Taking the infimum over all s € S*(5) N L, completes the proof. O

Remark 5.7. In the above Lemmas, S(n) can be replaced with S(n;d) defined to be the
collection of all locally integrable functions s : R? — C which when viewed as distributions
are tempered, and which satisfy

i) 5 is regular on 27Z% + §B:
(4) g ,

(11) §=nTon 277 + § B for some ZWZd—periodic function .

Remark 5.8. In Lemma 5.4, condition (*) is unnecessarily strong when p # co. It can be
replaced by

n( -+ 27jo)

(') c2(n,jo, ) = ;

a(-/9)

< o0,

‘Mp

where M, is the algebra of bounded multipliers of L, (see [L]).
We show now that Theorems 4.1 and 4.2 are immediate consequences of Lemmas 5.2

and 5.4.
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Proof of Theorem 4.1. WLOG assume that (%) holds for all h € (0..1]. ]/C\
(2m)42(1 + ¢)o(-/e), and let h € (0..1]. In order to apply Lemma 5.2 put n =
and 0 := he. Note that the hypothesis of Lemma 5.2 is satisfied and

Tk

Cl(naj075) = cl(nhvjovhe) S C.
Thus, by Lemma 5.2,

(20)?2(1 4 )| 0L 20n) il 2k 7

nu(h ) aus
< (2m)4% (1 + ¢) dist (f.S™"n) L) + HJ?HL J(EA\R-16B)

= (2m)Y2 (1 4 ¢) dist (£,S"(nm); L)

L(eBj2) ‘ L, (h=15B)

which proves the Theorem. @O

Proof of Theorem 4.2. WLOG assume that condition (*) holds for all A € (0..1]. Let
v € CX(eB/4), put f:=c3(v)(1+¢)o(-/e), and let h € (0..1]. In order to apply Lemma
5.4 put n :=np and § := he. Note that the hypothesis of Lemma 5.4 is satisfied with

02(777j075) - 02(77h7j07h€) S C.

Thus, by Lemma 5.4,

(25

— H (Uh(h : ‘|'27TJ0)J?> .
nn(h-) Lo(h—16B/4)

< es(v) (14 ) dist (£,8"(n); L) + v,
=c3(v) (14 ¢)dist (f,Sh(nh); Lp> ,

which proves the theorem. [

Lo(eB/4)

f

Ly(RI\R=16B)

Theorem 3.1 is also a consequence of Lemmas 5.2 and 5.4.

Proof of Theorem 3.1. WLOG assume that condition (%) holds for all h € (0..1]. We
consider first the case 1 < p < 2. Note that ¢ = p. Let f € L, satisfy (3.3) and (3.4).

Since ,0]?7& 0, there exists n > 0 such that

(5.9)

L, (nB)
Assume 0 < h < 5% and put 7 :=np, § := €/2. It follows from (*) that

n(-+2mjo)
n

a(-/e)

Lo
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Hence the hypothesis of Lemma 5.2 is satisfied with ¢1(n,jo,d) < ¢. Now since nB C
h=1éB,

L, (nB)
h-+2rj - h- 4215
e
n(h-) L, (nB) n(h-) L,/ (nB)
< ‘hy,o— n(h-+277j0) H n(h - —|—27T]0)f
n(h-) Leo(nB) Ly (nB) n(h-) L, (h=16B)

< (2m)"2(1 + e)dist (£,8"(na); Lp) + o(h”).
by (3.2), Lemma 5.2, and (3.4). Therefore by (5.9),
dist (f,Sh(nh); Lp> # o(h7).

We consider now the case 2 < p < co. Note that ¢ = 2. Let f € Lg N Ly satisty (3.3)

and (3.4). Since o(x) # 0 for almost all € R¢ and ,0]?7& 0, it follows that there exists
n > 1 such that

(5.10) H(,of) *o > 0.

LQ(TLB)

Assume that 0 < h < %, and put n := 4, § := ¢ and v := 0. Note that v €
C>(h=1§B/4), and the hypothesis of Lemma 5.4 is satisfied with c2(1, jo,d) < ¢. Now
since nB C h™1éB/4,

< (o555 7)o

B n(h-+277j0)
n(h-)

() -
La(nB) n(h-)

f

()

< c3(v)(1 + e)dist (f,8"(nn); L,) + o(hY),

LQ(TLB)

< lo !

Iz,

Lo(h=16B/4)

by (3.2), Lemma 5.4, and (3.4). Therefore by (5.10),

dist (f,Sh(nh); Lp> # o(h7).
O

Theorem 1.5 is a consequence of Theorem 3.1.
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Proof of Theorem 1.5. WLOG assume that q/b\(O) =1. Putn:= q/b\ Since ¢ € Ly, it follows
by Proposition 2.4 that

dist (f, 8} (¢); Lp) > dist (f,S™(n);Ly), YV f €Ly, h>0.

p

By Proposition 3.6, there exists € € (0..7) and ¢ < oo such that condition (%) of Theorem

3.1 holds. Since ¢ is smooth near 27jy and the Strang-Fix conditions of order k fail at
2mjo, there exists a non-trivial homogeneous polynomial p of degree < k — 1 such that
(3.5) holds with v := deg p < k — 1. Let f € W]f_l\() (if1<p<2),fe Wzk_l N Lg\()
(if 2 < p < 00). Since p is non-zero almost everywhere, condition (3.3) of Theorem 3.1 is
satisfied. It is a straightforward matter to verify that the smoothness assumptions made
on f ensure that condition (3.4) is also satisfied. The proof is now completed by applying
Theorem 3.1. O

Proof of Proposition 2.2. Since So(¢) C X 1= {¢p*' ¢ : ¢ € (.}, it suffices to show that
(5.11) dist (f,So(¢); Loo) < dist (f,X;Lo), YV feL2.
Solet f € LY. . Let ¢ € (o, € > 0. We will show that

dist (£, 80(6); Loo) < 16+ c = Fll,_ +e

Clarm. There exists N € Nand 0 < rg < ry < --- < ry < oo such that if ¢g := ¢ and for

1<n<N,
. cn—1(7), 17l <
en(]) = ;

Stel)s il > ra,

then for n =0,1,..., N,
(5.12) [+ en — fll, <llx"c—Ffll,  +e
proof. Put M := E]‘eZd quHLoo(j—i—C)‘ Then

lo+"all, < Mllall, , Va€/lx.

Let N € N be such that N > 2M HCHZOO /€. Let rg > 0 be so large that HfHLOO(Rd\roB) <

€/10. Clearly, (5.12) holds for n = 0. Proceeding inductively, assume that r, has been
chosen for all n <k < N and that (5.12) holds for all n < k. Consider n = k 4 1. There
exists 741 > 1 so large that

(5.13) lell,. Z | o( - _j)HLOO(Rd\'Fk+1B) < €/5.

|71 <7,

There exists rg4q > Tpy1 so large that

(5.14) el > NG =ilps gy < et llox e = Fll, = llo* ek = fllp_

|71 > 7841
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Now

16+ k1 = fllpmora )

<lg*" (cry1 — Ck)HLOO('kaB) + ¢ *" e — fHLOO('kaB)

<lelle, > 160 =Dlr oprm + 165 ex = Fll

[71>7re+1
<|lp*"ec—fll,_ +e by (5.14).

On the other hand,

Hgb « Cht1 — fHLoo(Rd \Tk41B)

<|l¢*" (crg1 — ck)HLoo(Rd\'Fk+1B) + o ex — fHLOO(Rd \Fry1B)

N —k
o (557))
N Lo (RE\Ty 41 B)

N —k k
TN ¢ +" ¢ = fllr_ra\Fus, ) T I 1Al 2. (re\F )

M .
< 5 llellen +llelley Y 160 = Dllpe @\mg s + 16 e = fll +e/10

71 <rx
<|l¢*"c—fll,_ +e by (5.13) and the choice of N.

< M |leg+1 — exll, +

Therefore, (5.12) holds for n = k + 1, and the claim is proven.

Note that c¢y(j) = 0 for all |j| > rn. Hence ¢ ' ¢y € So(¢) and thus by the claim,
dist (f,So0(¢); Loc) < ||@#" en — fllp. <llo*"c—fll;. +e

Since f € L%, ¢ € {4 and € > 0 were arbitrary, we have proven (5.11). O

Proof of Proposition 3.6. WLOG we may assume that q/b\h(O) = 1forall h € (0..1]. By
(1),

c1:= sup quhHLl < oa.
Re(0..1]

By (ii), there exists r € (0..0o0) such that

1

1=,

sup HﬁbhHLl(Rd \rB) <
he(0..1]
There exists € € (0.. 7] such that

1
/ |o(x) — (2 — 2ey)| de < — for all y € rB.
R4 C1
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Let h € (0..1]. Note that,

— (27)%(2¢)" /Rd
(5.15) = (27 /Rd /Rd (0(2) = 5(z = 2ey)) dn(y) dy‘ de,  since ¢5(0) =1,

< (277)_d /Rd ( g |o(x) — o(x — 2ey)| d:z;) lon(y)| dy, by Fubini,
<™ [ ol den™ [ 21l i)l

(/200 — )

= (2)" [lo¥(2e7) — 0¥ (2¢) * il ,

Ly

o(2ex) — /Rd o(2ex — 2ey)on(y) dy‘ dx

1
< (277)_d + (277)_d2 < 3"

It follows from (5.15) that

‘0‘( /2€)(1 — q/b\h)HL < 1/2. Consequently,

o]

”<;/€>:a<-/e><1+ U<'/2€><1‘¢”Z)):a (HZ( (+/2€)( 1—%)))-

L—o(-/26)(1 = on

And so by (5.15), it follows that

(516 H(%) < 0", (1 £y (;)) —2jo¥]l,
Ly n=1
Hence, for all jo € Z\0,
(et ma) (")

Therefore, condition (*) of Theorem 3.1 holds for all jo € Z%\0. Thus completing the
proof. [

< [lonllz,

< 2¢; HUVHLl =:c.
Ly

Ly

Note that Lemma 3.8 is proved at (5.16).

Proof of Proposition 4.3. Since condition (*) of Theorem 4.1 is weaker than that of Theo-
rem 4.2, it suffices to show that condition (*) of Theorem 4.2 is satisfied. WLOG we may

assume that q/b\h(O) = 1forall h € (0..1]. By (i),

c1:= sup quhHLl < 00.
Re(0..1]
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By (ii), there exists r € (0..0o0) such that

1

sup ||l /By S T
heoy L HENMTIER =g

For h € (0..1], put fiy := q/b\h(h -). Then g5, = h=%;(-/h) and hence for all b € (0..1],

leenllp, = lenlly, < e

1
"Mh"Ll(Rd\rB) = HﬁbhHLl(Rd\h—er) < 7= :
1ol

Since we also have that [,(0) = 1 for all A € (0..1], it follows by Proposition 3.6 that
there exists € € (0..7] and ¢ < oo such that for h € (0..1] and jo € Z%\0,

o(-/he) ( + 27j0) fin (- ‘|‘27TJ0)>
ébh Hh

Ly

Thus completing the proof. [
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