On Radon’s recipe for choosing correct sites for multivariate polynomial interpolation
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Abstract. A class of sets correct for multivariate polynomial interpolation is defined and verified, and shown to
coincide with the collection of all correct sets constructible by the recursive application of Radon’s recipe, and a
recent concrete recipe for correct sets is shown to produce elements in that class.
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For X C F? for some natural number s and with I either R or C, denote by

b(X) := {Z zw(z) : Z w(z) =1, #suppw < oo}

reX rzeX

the affine hull of, or the flat spanned by, X. Its dimension,
dx := dimb(X),

is the affine dimension of X and equals the dimension of the subspace b(X) — z for any = € b(X).

(1) Definition. Call the set X C F° n-correct if there is, for every a : X — F, exactly one polynomial p
of degree < n on b(X) that agrees with a on X, i.e., satisfies p(r) = a(z) for all x € X. Equivalently, the
map

Men (6(X)) = FX s p o ply = (ple) : 7 € X)

is invertible. More explicitly, we call such a set (n,dx)-correct, and observe that, provided #X <
dimII<,, (b(X)) = ("Jrndx), this is equivalent to the map p — p|y being 1-1 on1Il<, (b(X)), i.e., p € H<, (b(X))
and p|x = 0 implying p = 0.

In [R48], Radon proposes (albeit only for the bivariate case) the following recipe for the construction
of an (n, d)-correct set: In F?, choose an (n,d — 1)-correct set Y and an (n — 1, d)-correct set Z that has no
intersection with the hyperplane b(Y'); then Y U Z is (n, d)-correct. This recipe even works for n = 1 and
arbitrary d as long as we interpret (0, d)-correctness to mean (0, 0)-correctness as we will do from now on.

In the present note, we present a characterization of (n,d)-correct sets obtained by the recursive appli-
cation of Radon’s recipe.

(2) Definition. Denote by
Rn,d

the collection of all X C F* whose affine dimension is bounded by d and for which there is a map a — x4
onto X from the set
An,d = {Oé S Zi : |a| = Zaj < n}
J



of multi-indices such that, for each
jeld = {1,2,...,d}

and each v € A,_15, X = {zo : a € A, 4} satisfies the following condition.
Condition(v, j): The affine hull of

(3) Y,Yj::{a:an:oai:%- for 0 <i<j}
has only Y,f in common with
(4) X%::{IQEX:(J@:% for 0<i<y; ongfyj},

Note that Condition(v, ) is satisfied in case there is a hyperplane containing ij whose intersection with
X% is Yj. Note also that there is no assumption that the map « — z, be 1-1, though this readily follows
directly from the Condition(v, j). Indeed, if a, 8 € A, 4 with o # (3, then there is a smallest j for which
a; # B; and, assuming wlog that o; < §;, then v := (a1, ..., ;) satisfies |y| < n and so, by Condition(v, 7),
2o must lie in some flat that does not contain xg, therefore z, # zg. Note finally that we require the
affine dimension dx of X € R, 4 to be bounded by d, yet it will follow from the definition that, for n > 0,
necessarily dx = d. In fact, the definition of R, 4 is tailor-made for an inductive proof of the following claim.

(5) Proposition. Forn,d >0, X C F° isin R, q if and only if X is constructible by recursive application
of the Radon recipe. In particular, X € Ry, 4 is (n,d)-correct for n,d > 0, and dx = d for n > 0.

Proof: The proof is by induction on n and d. For n =0 or d =0, any X € R,, 4 consists of exactly
one point, hence is evidently (n, d)-correct. Now assume n,d > 0 and let X € R, 4. Then X is the disjoint
union of the two sets

Yi={z4:a1=0,a €A, 4}

and
Z :={xq:01 >0, € A, 4}

with
bY)NX =Y,

hence dy < dx —1 < d—1, while dz < dx < d. Thus we know that X is obtainable by the recursive
application of the Radon recipe once we know that each of Y and Z is so obtainable (or, else, contains just
one point), and this we know by induction hypothesis once we show that Y € R,, 4—1 and Z € R,,_; 4. For
this, we observe that Y satisfies the other requirements of being an R,, q—1-set with the assignment

Ya < T(0,0), € An,d—lu
while Z satisfies the other requirements for being in R, _; 4 with the assignment
Za < Tate, a € An—l,du

with € := (1,0,0,...) of the appropriate length. Hence, by induction hypothesis, Y is (n,d — 1)-correct,
and dy = d — 1, therefore dx = d, hence dimIl<, (b(X)) = #A, ¢ = dim FX. Therefore, we know that
X is n-correct as soon as we have shown that the linear map p + p|y is 1-1 on Il<,(b(X)). For this, if
p € <, (b(X)) vanishes on X, therefore vanishes on Y, then it must vanish on all of b(Y) by induction
hypothesis, therefore, with h any polynomial of degree 1 on b(X) vanishing on b(Y'), h must be a factor of
p, i.e., p = hq for some ¢ € T, (b(X)) and since, by assumption, h fails to vanish anywhere on Z, therefore
¢ must vanish on Z, hence must be identically zero by the induction hypothesis, therefore, finally, p = 0,
showing that the linear map Il<,(h(X)) — F~ : p — p|x is 1-1, hence invertible, therefore X is, indeed,
(n, d)-correct, and obtainable by the recursive application of the Radon recipe, thus advancing the induction
hypothesis.



If, on the other hand, X is an (n, d)-correct set obtainable by the recursive application of the Radon
recipe, then dx = d and X must be the disjoint union of two sets Y and Z, with Y an (n, d—1)-correct set and
Z an (n — 1, d)-correct set, both obtainable by recursive application of the Radon recipe, and b(Y) N Z = (.
By induction hypothesis, Y € R,, g1 and Z € R,,_1 4, hence, in terms of the appropriate indexing of the
elements of Y and Z, we may index the elements of X thusly

Yoo.qy Q1 = 07
Ty = : a €A
* {Za—eu oy > 0; ’ nd>

(using the facts that X =Y U Z, Y N Z = 0 to be sure that the resulting map A, q — X : a — x4 is 1-1
and onto), and observe that X, so indexed, satisfies
(i) Condition(0,1) by the Radon recipe;

(ii) Condition((0,7),7) for 1 < j < d and v € A,_1 j_1 since that corresponds to the Condition(y,j — 1)
satisfied by Y

(ili) Condition(y+e€,7) for 1 <j <d and v € A,,_2 ; since that corresponds to the Condition(v, j) satisfied
by Z.

In short, then X € R, 4, thus advancing the induction hypothesis. |

Since any affine map carries flats to flats, the set R, 4 is closed under invertible affine maps of F°. The
index set A,, 4 as a subset of F is evidently in R, q since, for any j € l:d and vy € A, j, {a € Apg: s =
~i,i € 1:5} lies in the hyperplane {z € F%: xj = 7;} which does not contain any 8 € A, ¢4 with §; > ;.

More than that, any fully generalized principal lattice is in R, 4. To see this, recall from [B09] the
following definition.

(6) Definition. A fully generalized principal lattice of degree n (or, FGPL,-set for short) is a set
X in F¢ that can be so indexed as X = {Z(n—jal,a) : @ € Ay g} that

(7) Br<n = xp€Hgj
and
(8) e H = p;<i

hold for some collection (Hf 21 € 0:(n—1),7 € 0:d) of hyperplanes and all applicable /3, r, and i.

Let X be such an FGPL,-set and let 2o := T(_|q|,a) for @ € A, 4. Then, as a subset of Fd, its affine
dimension is bounded by d. Further, for any j € 1:d and v € A,,_1 ;, the hyperplane H,{j mentioned in the
above definition (6) contains, according to (7), the set Y7 defined in (3), since H,{j contains every zg with

B; = +;, hence also contains b(Y,Yj), but, according to (8), fails to contain any zz with 8; > ~;, therefore
Condition(y, j) holds. Thus, X € R,, 4.

[CYT77] introduced the more general notion of a GC,,-set as an n-correct set X for which, for each z € X,
the subset X'\ {x} is contained in the union of < n hyperplanes. It is known that every FGPL,,-set is a GC,,-
set. If we knew that every GC,,-set were in R,, 4, then we would know that the outstanding Gasca-Maeztu
conjecture from [GM82] were true which asserts that, in the bivariate case, there is, for every GC,-set X,
a straight line containing n 4+ 1 points from X. See [B07] for the state of this challenging conjecture as of
2006.

Here is a simple R »-set X that fails to be a GCsz-set:

{a, if g <2
Ty =

(2,2), ifa; =2 @ €A

Indeed, X\{(0,0)} fails to be contained in the union of two straight lines.

In [S10], a recipe for an (n, d)-correct set is given which can be described in the following terms.
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(9) Definition. Denote by
Sn,d

the collection of all subsets X of F? that can be so indexed by A, q that, for every j € 1:d and every
a,B € Ay q, if oy = B; fori < j, then (z4); = (xg); if and only if a; = f3;.

Any X € 5, 4 is shown in [S10] to be n-correct by an argument involving elimination and determinants.
We show it here by the following

(10) Observation. S, 4 C Ry 4. In particular, any S, 4-set is (n, d)-correct.

Proof: Let X € S, 4. Since X C Fe, dy < d. Also, for j € 1:d and v € A, _1,j, the hyperplane
{xeF: ;= (T(+,8));} with :=0 € F?~7 contains z, € X with a; = ; for i < j and o > 7; if and only
if a;j = 5, hence Condition(v, j) holds. Thus, X € R,, 4. O
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